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B O O K III. 

D E F I N I T I O N S . 

1. Equal circles are those the diameters of which are 
equal, or the radii of which are equal. 

2. A straight line is said to touch a circle which, 
meeting the circle and being produced, does not cut the 
circle. 

3. Circles are said to touch one another which, 
meeting one another, do not cut one another. 

4. In a circle straight lines are said to be equal ly 
distant from the centre when the perpendiculars drawn 
to them from the centre are equal. 

5. And that straight line is said to be at a greater 
distance on which the greater perpendicular falls. 

6. A segment of a circle is the figure contained by a 
straight line and a circumference of a circle. 

7. An angle of a s egment is that contained by a 
straight line and a circumference of a circle. 

8 . An angle in a segment is the angle which, when 
a point is taken on the circumference of the segment and 
straight lines are joined from it to the extremities of the 
straight line which is the base of the segment , is contained 
by the straight lines so joined. 

9. And, when the straight lines containing the angle cut 
off a circumference, the angle is said to stand upon that 
circumference. 



10. A sector of a circle is the figure which, when an 
angle is constructed at the centre of the circle, is contained by 
the straight lines containing the angle and the circumference 
cut off by them. 

n . Similar s e g m e n t s of circles are those which 
admit equal angles, or in which the angles are equal to one 
another. 

D E F I N I T I O N I . 

"Io"OI xvxXot curiY, mv al Sid/itrpoi Icrai turiv, r) wv al jic T<Z>V K&TpW tcrai eicriV. 

M a n y edi tors have he ld tha t this should no t have been inc luded among 
definit ions. Some , e.g. Tar tagl ia , would call it a postulate; o thers , e.g. Borelli 
a n d Playfair, would call it an axiom; o thers again, as Billingsley a n d Clavius, 
while admi t t ing it as a definition, a d d explana t ions based on the m o d e of 
cons t ruc t ing a c i r c l e ; S imson a n d Pfleiderer ho ld tha t it is a theorem. I 
t h ink however t ha t Euc l id would have ma in t a ined that it is a definition in 
t h e p roper sense of t h e t e r m ; a n d certainly it satisfies Aristotle 's requ i rement 
t ha t a "def in i t iona l s t a t e m e n t " (6/JIO-TIKOS Aoyos) shou ld no t only s tate the 
fact (TO o n ) bu t should indica te the cause a s well (De anima 11. 2, 4 1 3 a 
1 3 ) . T h e equal i ty of circles with equa l radi i can of course be proved by 
superposi t ion, bu t , as we have seen, Euc l id avoided this m e t h o d wherever h e 
could , a n d there is no th ing technical ly wrong in saying " By equal circles 1 
m e a n circles with equal radi i . " N o flaw is thereby in t roduced into the system 
of t h e Elements; for the definition could only b e objected to if it could be 
proved tha t t h e equali ty p red ica ted of the two circles in the definition was 
not t h e s a m e th ing as t h e equali ty p red ica ted of o the r equal figures in the 
Elements on t h e basis of the Congruence-Axiom, and , needless to say, this 
c a n n o t be proved because it is no t t rue . T h e existence of equal circles (in 
the sense of t h e definit ion) follows from the existence of equal straight lines 
a n d I. Pos t . 3. 

T h e Greeks h a d n o dis t inct word for radius, which is with them, as here , 
the (straight line drawn) from the centre 17 CK TOS Ktvrpov (ev6>eia); a n d so 
definitely was t h e expression appropr i a t ed to the radius that « TOC Ktvrpov 

was used wi thout t h e ar t ic le as a pred ica te , jus t as if it were one word. T h u s , 
e.g., in III. 1 « Ktvrpov yap m e a n s " f o r they are r a d i i " : cf. Archimedes , On 
the Sphere and Cylinder 11. 2, 1; B E in TOV Ktvrpov «rr i TOV...KVK\OV, BE is a 
radius of the circle. 

D E F I N I T I O N 2. 

E v & t a KVKXOV c<fxxT7T((r$ai Xc'ycrat, J J T I S airropivr) TOV KVKXUV KCLI iKJiaWopivij 

OV TC/iVCt TOV ICVKXOV. 

Eucl id ' s phraseology he re shows t h e regular dis t inct ion be tween airrttrdai 
a n d its c o m p o u n d i^aimadai, t he former mean ing " t o meet" a n d the latter 
" t o touch." T h e dis t inct ion was general ly observed, by Greek geometers 
from Euc l id onwards . T h e r e a re however except ions so far as amtadu is 
c o n c e r n e d ; t h u s it m e a n s " t o touch" in Eucl . iv. Def. 5 a n d somet imes in 
Arch imedes . O n the o the r h a n d , itpanrttrBai is used by Aristot le in certain 



III. DEFF. 2 — 4 ] D E F I N I T I O N S 3 

cases where the o r thodox geometr ica l t e rm would be arrrto-Oai. T h u s in 
Meteorologica i l l , 5 ( 3 7 6 b 9 ) he says a cer ta in circle will pass through all the 
angles (anaoiov t ^ a t ^ e T o i i w yiaviiov), a n d ( 3 7 6 a 6) M will lie on a given 
(circular) circumference (ScSo/ i tn;? irtpuptptias itpd^/trai TO M). W e shall find 
airtta-Bax used in these senses in Book iv. Deff. 2, 6 a n d Deff. 1, 3 respectively. 
T h e latter of the two expressions q u o t e d from Aris tot le m e a n s tha t the locus 
of M is a given circle, jus t as in P a p p u s aij/trai TO 0-qp.etov dio-ti $t$opa>t)s 
ivdtias m e a n s that the locus of the po in t is a s traight l ine given in posit ion. 

D E F I N I T I O N 3. 

KD'KAOI itpdrrrto-Bai a\\ij\<i>v \fyovrai. o"n«! a.irr6p.tvoi dAAijAw OU ri/ivovo-tv 
aAA)/Aovs. 

T o d h u n t e r remarks that different opin ions have b e e n h e l d as to what is, 
or should be, inc luded in this definition, one op in ion be ing tha t it only m e a n s 
that the circles d o not cut in t h e ne ighbourhood of the po in t of contac t , 
and that it mus t be shown tha t they d o not cut e lsewhere , while a n o t h e r 
opinion is tha t the definition m e a n s tha t the circles d o no t cut a t all. 
T o d h u n t e r th inks t h e latter opinion correct . I d o not th ink this is p r o v e d ; 
a n d I prefer t o read the definition as mean ing simply tha t the circles mee t 
at a point but d o not cut at that point. I th ink this in terpre ta t ion 
preferable for the reason that , a l t hough Euc l id does practical ly a s sume in 
in . 1 1 — 1 3 , wi thout stating, the t h e o r e m that circles touch ing a t one po in t 
d o not intersect anywhere else, h e has given us , before reaching tha t 
po in t in the Book, m e a n s for p roving for ourselves t h e t ru th of t ha t 
s ta tement . I n particular, he has given us t h e propos i t ions i n . 7, 8 which, 
taken as a whole, give us more informat ion as to the genera l na tu re of a 
circle than any o ther proposi t ions tha t have preceded , a n d which can b e used, 
as will be seen in the sequel , to solve any d o u b t s arising ou t of Eucl id ' s 
unproved assumpt ions . Now, as a ma t te r of fact, t he proposi t ions are no t used 
in any of the genu ine proofs of t h e theorems in Book i l l . ; 111. 8 is required 
for t h e second proof of III. 9 which Simson selected in preference to the first 
proof, bu t the first proof only is regarded by H e i b e r g as genuine . H e n c e it 
would not be easy to accoun t for the appea rance of III. 7, 8 a t all unless as 
affording means of answering possible objections (cf. P roc lus ' explanat ion of 
Eucl id ' s reason for insert ing the second par t of 1. 5 ) . 

External a n d internal con tac t a re no t d is t inguished in Euc l id unti l i n . 
1 1 , 1 2 , though the figure of i n . 6 (no t the enunciation in t h e original text) 
represents the case of internal con tac t only. Bu t t h e definition of touch ing 
circles here given must be taken to imply so m u c h a b o u t internal a n d external 
contac t respectively as tha t (a) a circle touch ing ano the r internal ly must , 
immediately before " m e e t i n g " it, have passed th rough po in t s within t h e 
circle tha t it touches , a n d (b) a circle touch ing ano the r externally must , 
immediately before meet ing it, have passed th rough points outside t h e circle 
which it touches . T h e s e facts mus t i ndeed b e admi t t ed if internal a n d 
external are to have any mean ing at all in this connexion , a n d they cons t i tu te 
a min imum admission necessary to t h e proof of i n . 6. 

D E F I N I T I O N 4. 

"Er KVKAO) UTOV airi)(tiv drrb TOV Ktvrpov tvOtiax Aeyorrcu, orav a t dirb TOV 

Ktvrpov in a u r a ; KtiBtroi dyOfttvai ?o*ui wtjiv. 
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D E F I N I T I O N 8. 

'Ev TP.qp.ARL Sc ytuvta iariv, orav liri t̂ s irtpttptpttas TOV Ttt^/xaTos Xipttdj} TI 

o~qp.tiov KOX air' avrov ciri to irepara tijs euOcias, rj t o r i fido-K tow TPR)PATO<s, 

IIRI^tv^OWITLV cvdciai , yj irepie\op.ivi] ymvia virb TTOV eirifcevxOcio-vv evOttwv. 

D E F I N I T I O N 9. 

"Orav S« a i irepieypva'ai TVV ywiav tvOttai diroXap^dvitioi n v a Trtpitpepttav, 
iir ixtivrj'! Xiyerai /3e/Jij/«'vai ij ywvia. 

D E F I N I T I O N 5. 

M€t£ov Bi aVtY,'"' AeycTai, <<p' Vv V jMffiw "oflcro? v'mrti. 

D E F I N I T I O N 6. 

Tui jua kvkXov t o r t to irtpifxop.fvov o-\fjpa vrro Tt ivBtlas xal KVK\OV 

ircpiipcpeias. 

D E F I N I T I O N 7. 

T/iij/iaTOS 8e yama « T T U ' ij 7repieYoaeViJ viro Tt iv6tia% xal KVK\OV ir«pi<pcpeu«. 

T h i s definit ion is only interest ing historically. T h e angle of a segment, 
being the " ang le " formed by a straight line and a " circumference," is of the 
k ind desc r ibed by Proc lus as " mixed." A part icular " angle " of this sort is 
the "angle of a semicircle" which we meet with again in 111. 1 6 , a long with 
the so-called " horn-l ike angle " (KcparotiSijs), the supposed " angle " be tween 
a tangent t o a circle a n d the circle itself. T h e " angle of a semicircle " occurs 
once in P a p p u s (vii. p . 6 7 0 , 1 9 ) , bu t it the re means scarcely more than the 
corner of a semicircle regarded as a po in t to which a straight line is directed. 
H e r o n does no t give the definition of t h e angle of a segment, and we may 
conc lude tha t t h e men t ion of it a n d of the angle of a semicircle in Eucl id is a 
survival from earlier text-books ra ther t h a n an indication that Eucl id cons idered 
ei ther t o b e of impor tance in e lementa ry geometry (cf. the note on III. 1 6 
below). 

W e have however, in t h e no te on 1. 5 above (Vol. 1. pp . 2 5 2 — 3 ) , seen evi
d e n c e tha t the angle of a segment h a d p layed some part in geometrical proofs u p 
to Euc l id ' s t ime. I t would appear from the passage of Aristotle there q u o t e d 
(Anal, prior. 1. 24, 4 1 b 1 3 sqq.) t ha t t h e theorem of 1. 5 was, in the text-books 
immedia te ly preceding Eucl id , proved by means of the equality of the two 
"angles of" any one segment . T h i s lat ter property must therefore have been 
regarded as m o r e e lementary (for whatever reason) than the theorem of 1. 5 ; 
indeed the definition as given by Eucl id practically implies t he same thing, 
s ince it speaks of only one " a n g l e of a segment , " namely "the angle con ta ined 
by a straight l ine a n d a circumference of a circle." Eucl id a b a n d o n e d the 
actua l use of the " angle " in quest ion, bu t n o doub t thought it unnecessary 
to break with t radi t ion so far as to strike the definition out also. 

http://Tp.qp.arL


in. DEFF. 10 , u ] N O T E S O N D E F I N I T I O N S 5 — 1 1 S 

D E F I N I T I O N 1 0 . 

Touevs 8J KVK\OV to-riv, orav irpbs rip KcYrpw rov KVK\OV (rwrra^p ywv ia , 
TO rrtpitxpptvov o-yrjpa uiro Te w TI}!/ ymvlav irepif\ovmov tvOtuav not rffs 
airoXaiijSafoi icn/t tnr' a v r u v mpuptptim. 

A scholiast says tha t it was t h e shoemaker's knife, O-KUTOTOIUKO; TO/MM, 
which suggested the n a m e TO/*«J'S for a sector of a circle. T h e derivation of 
the n a m e from a resemblance of shape is parallel to the use of app-qkm (also 
a shoemaker's knife) to d e n o t e t h e well known figure of t h e Book of L e m m a s 
partly a t t r ibu ted to Arch imedes . 

A wider definition of a sector than that given by Euc l id is found in a 
Greek scholiast (He iberg ' s Eucl id , Vol. v. p . 260) a n d in an-Nairizi (ed. Cur tze , 
p . 1 1 2 ) . " T h e r e are two varieties of s e c t o r s ; the o n e k i n d have the angula r 
vertices a t the centres , the o ther a t the circumferences. T h o s e o the r s which 
have their vertices nei ther at the c i rcumferences n o r a t the cent res , bu t at 
some o ther points , a re for tha t reason not called sectors bu t sector-like 
figures (ropotiBi) o-xypnra)." T h e exact ag reemen t between the scholiast a n d 
an-Nairizi suggests that H e r o n was t h e au thor i ty for this explanat ion. 

T h e sector-like figure b o u n d e d by a n arc of a circle a n d two l ines drawn 
from its extremities to mee t a t any poin t actual ly appears in Eucl id ' s book On 
divisions (irtpl Btatpio-aov) d iscovered in a n Arabic MS. a n d ed i ted by 
Woepcke (cf. Vol. I. pp . 8 — 1 0 above) . T h i s treatise, a l luded to by Proclus , 
had for its object the division of figures such as tr iangles, trapezia, 
quadri laterals a n d circles, by means of s traight lines, into par ts equal or 
in given ratios. O n e proposi t ion e.g. is, To divide a triangle into two equal 
parts by a straight line passing through a given point on one side. T h e 
proposi t ion (28) in which the quasi-sector occurs is, To divide such a figure by a 
straight line into two equal parts. T h e solut ion in this case is given by Can to r 
(Gesch. d. Math. ! „ pp . 2 8 7 — 8 ) . 

If ABCD b e the given figure, E t he midd le poin t 
of BD and EC a t r ight angles to BD, 
the b roken line AEC clearly divides the figure in to 
two equal parts . 

Jo in AC, a n d draw EF parallel to it meet ing 
AB in F. 

Join CF, when it is seen tha t CF divides the c 
figure in to two equal par ts . 

D E F I N I T I O N I I . 

"Ouota rprjpara KVKXWV « m To Sc^outra yaina? wros, rj iv oil at ytuviai laai 
aX\rj\m% tUriv. 

D e Morgan remarks tha t the use of the word similar in " s imi l a r 
segments " is an ant ic ipat ion, a n d tha t similarity of form is mean t . H e a d d s 
that the definition is a t heo rem, or would b e if " similar " had taken its final 
meaning . 



B O O K I I I . P R O P O S I T I O N S . 

PROPOSITION I . 

To find the centre of a given circle. 
Let ABC be the given circle ; 

thus it is required to find the centre of the circle ABC. 
Let a straight line AB be drawn 

5 through it at random, and let it be bisected c 

at the point D ; 
from D let DC be drawn at right angles 
to AB and let it be drawn through to E; 
let CE be bisected at F; 

10 I say that F is the centre of the circle 
ABC. 

For suppose it is not, but, if possible, E 
let G be the centre, 
and let GA, GD, GB be joined. 

15 Then, since AD is equal to DB, 
and DG is common, 

the two sides AD, DG are equal to the two sides 
BD, DG respectively; 
and the base GA is equal to the base GB, for they are 

20 radii; 
therefore the angle ADG is equal to the angle GDB. [1. 8] 

But, when a straight line set up on a straight line makes 
the adjacent angles equal to one another, each of the equal 
angles is right; [1. Def. 10] 

25 therefore the angle GDB is right. 
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But the angle FDB is also right; 
therefore the angle FDB is equal to the angle GDB, the 
greater to the less : which is impossible. 

Therefore G is not the centre of the circle ABC. 
30 Similarly we can prove that neither is any other point 

except F. 
Therefore the point F is the centre of the circle ABC. 

PORISM. From this it is manifest that, if in a circle a 
straight line cut a straight line into two equal parts and at 

35 right angles, the centre of the circle is on the cutting straight 
line. 

0 . E . F . 

12. For suppose it is not. This is expressed in the Greek by the two words Mt; YIP, 
but such an elliptical phrase is impossible in English. 

17. the two sides AD, DG are equal to the two sides BD, DG respectively. 
As before observed, Euclid is not always careful to put the equals in corresponding order. 
The text here has " GD, DB." 

T o d h u n t e r observes that , when, in the const ruct ion, DC is said to b e 
produced to E, it is a s sumed that D is within the circle, a fact which Euc l id 
first demons t ra tes in m . 2. T h i s is n o d o u b t t rue , a l though the word Sofy&u, 
" let it be drawn through," is used ins tead of «/?e/3A.>?o-6'u>, " let it b e produced." 
And, a l though it is no t necessary to a s s u m e tha t D is within t h e circle, it is 
necessary for the success of the cons t ruc t ion tha t the straight l ine d rawn 
th rough D at r ight angles to AB shall mee t the circle ir. two poin t s ( and n o 
more ) : an assumpt ion which we are no t ent i t led to m a k e on the basis of wha t 
has gone before only. 

H e n c e there is m u c h to be said for t h e a l ternat ive p rocedure r e c o m m e n d e d 
by D e Morgan as preferable to that of Eucl id . D e Morgan would first p rove 
the fundamenta l theorem tha t " t h e line which bisects a chord perpendicular ly 
must conta in the cen t re , " a n d t h e n m a k e III. 1, i l l . 25 a n d iv. 5 immed ia t e 
corollaries of it. T h e fundamenta l t heo rem is a direct c o n s e q u e n c e of the 
theorem that , if P is any po in t equidis tant from A 
a n d B, then P lies on the straight l ine bisect ing AB 
perpendicular ly. W e t h e n take any two chords AB, 
AC of the given circle a n d draw DO, EO bisect ing 
them perpendicular ly . Un less BA, AC a re in one 
straight line, t he straight l ines DO, EO mus t mee t 
in some point O (see no te on iv. 5 for possible 
me thods of proving this). A n d , since bo th DO, 
EO must conta in the centre , O mus t be t h e cen t re . 

T h i s method , which seems now to b e generally 
preferred to Eucl id 's , has the advan tage of showing 
that , in order to find the cent re of a circle, it is sufficient to know three po in t s 
on the circumference. If therefore two circles have th ree poin ts in c o m m o n , 
they must have the same cen t re a n d radius , so tha t two circles canno t have 
three points in c o m m o n wi thout coinc id ing entirely. Also, as ind ica ted by 
De Morgan, t h e same construct ion enab les u s ( 1 ) to draw the comple te circle 
of which a segment or a rc only is given ( i n . 25) , a n d (2) to c i rcumscr ibe a 
circle to any tr iangle (iv. 5 ) . 



But , if t h e Greeks h a d used this cons t ruc t ion for finding the cen t re of a 
circle, they would have cons idered it necessary t o a d d a proof tha t n o o the r 
po in t t h a n tha t ob ta ined by the cons t ruc t ion can b e t h e centre , as is clear 
b o t h from t h e similar reductio ad absurdum in HI I a n d also from the fact 
tha t Euc l i d th inks it necessary t o prove as a separa te theorem (HI. 9) that , if 
a poin t within a circle b e such tha t three straight lines (at least) drawn from it 
t o the c i rcumference a re equal , tha t po in t mus t b e the cent re . I n fact, 
however, t h e proof a m o u n t s t o n o m o r e t h a n the remark tha t the two 
perpendicu la r bisectors can have n o m o r e than o n e poin t c o m m o n . 

A n d even in D e Morgan ' s m e t h o d there is a yet unproved assumpt ion. 
I n o rde r tha t DO, EO m a y meet , it is necessary tha t AB, AC should not b e 
in o n e straight l ine or, in o the r words, tha t BC should no t pass through A. 
T h i s resul ts from HI. 2 , which therefore , strictly speaking, should precede . 

T o re tu rn to Euc l id ' s own proposi t ion Hi. 1, it will b e observed that the 
demons t r a t i on only shows tha t t h e cen t re of the circle canno t lie on either 
s ide of CD, so tha t it mus t lie on CD or CD p roduced . I t is however taken 
for g ran ted ra ther than p ioved tha t t h e cen t re mus t be the middle point of 
CE. T h e proof of this by reductio ad absurdum is however so obvious as to 
be scarcely worth giving. T h e same cons idera t ion which would prove it may 
be used to show tha t a circle cannot have more than one centre, a proposi t ion 
which, if t hough t necessary, may be a d d e d to III. 1 as a corollary. 

S imson observed tha t t h e proof of III. 1 could no t bu t b e by reductio ad 
absurdum. At t h e beginning of Book III. we have no th ing more to base the 
proof u p o n t h a n t h e definition of a circle, and this c a n n o t b e m a d e use of 
unless we as sume s o m e poin t t o b e the cen t re . W e c a n n o t however assume 
tha t t h e poin t found by t h e cons t ruc t ion is t h e cent re , because that is t h e 
th ing t o b e proved . N o t h i n g is therefore left to us b u t to assume tha t some 
o the r po in t is t h e cen t re a n d then to prove that , whatever o ther point is 
taken, a n absurd i ty r e s u l t s ; whence we can infer tha t the point found is 
t h e cen t re . 

T h e Por i sm to HI. 1 is inser ted, as usual , parenthet ical ly before the words 
oirep I 8 « woujo-ai, which of course refer to the p rob lem itself. 

PROPOSITION 2. 

If on the circumference of a circle two points be taken at 
random, the straight line joining the points will fall within 
the circle. 

Let ABC be a circle, and let two points A, B be taken 
at random on its circumference ; 
I say that the straight line joined from 
A to B will fall within the circle. 

For suppose it does not, but, if 
possible, let it fall outside, as AEB ; 
let the centre of the circle ABC be 
taken [m. 1 ] , and let it be D; let DA, 
DB be joined, and let DFE be drawn 
through. 



Then, since DA is equal to DB, 
the angle DAE is also equal to the angle DBE. [1. 5 ] 

And, since one side AEB of the triangle DAE is produced, 
the angle DEB is greater than the angle DAE. [1. 1 6 ] 

But the angle DAE is equal to the angle DBE; 
therefore the angle DEB is greater than the angle DBE. 

And the greater angle is subtended by the greater side ; [1. 1 9 ] 
therefore DB is greater than DE. 

But DB is equal to DE; 
therefore DE is greater than DE, 

the less than the greater : which is impossible. 
Therefore the straight line joined from A to B will not 

fall outside the circle. 
Similarly we can prove that neither will it fall on the 

circumference itself; 
therefore it will fall within. 

Therefore etc. 
Q. E. D . 

T h e reductio ad absurdum form of proof is no t really necessary in this case, 
a n d it has the addi t iona l d i sadvantage tha t it requires t h e des t ruc t ion of two 
hypotheses , namely tha t the chord is ( 1 ) outs ide , ( 2 ) o n 
the circle. T o prove the proposi t ion directly, we have 
only to show that , if E b e any point on t h e straight l ine 
AB be tween A a n d B, DE is less than the radius of the 
circle. Th i s may b e d o n e by the m e t h o d shown above , 
u n d e r 1. 24, for proving what is a s sumed in tha t 
proposi t ion, namely that , in the figure of t h e proposi t ion, 
/ " fa l l s below EG if DE is no t grea ter t h a n DF. T h e 
assumpt ion a m o u n t s to t h e following proposi t ion, which 
D e Morgan would m a k e to p r e c e d e 1. 2 4 : " Every 
straight l ine drawn from the vertex of a tr iangle to the base is less t h a n 
the greater of t h e two sides, or t h a n e i ther if they b e equa l . " T h e case 
here is that in which the two sides a re e q u a l ; a n d , s ince t h e angle DAB is 
equal to the angle DBA, while the exterior angle DEA is grea ter t han t h e 
interior and oppos i te angle DBA, it follows tha t the angle DEA is grea ter 
than the angle DAE, whence DE mus t be less than DA o r DB. 

Camere r poin ts ou t tha t we may a d d t o this propos i t ion the further 
s ta tement tha t all poin ts on AB produced in e i ther d i rec t ion a re ou t s ide t h e 
circle. T h i s follows from the proposi t ion (also p roved by m e a n s of the 
theorems that the exterior angle of a tr iangle is grea ter t h a n e i ther of t h e 
interior a n d opposi te angles a n d that the greater angle is s u b t e n d e d by 
the greater side) which D e Morgan proposes to in t roduce after 1. 2 1 , namely , 

" T h e perpendicular is t h e shor tes t s traight l ine tha t c an b e drawn from a 



PROPOSITION 3. 

If in a circle a straight line through the centre bisect a 
straight line not through the centre, it also cuts it at right 
angles ; and if it cut it at right angles, it also bisects it. 

Let ABC be a circle, and in it let a straight line CD 
through the centre bisect a straight line 
AB not through the centre at the point c 

F; 
I say that it also cuts it at right angles. 

For let the centre of the circle ABC 
be taken, and let it be E; let EA, EB 
be joined. A 

Then, since AF is equal to FB, 
and EE is common, 

two sides are equal to two sides ; 
and the base EA is equal to the base EB; 
therefore the angle AFE is equal to the angle BEE. [ 1 . 8 ] 
But, when a straight line set up on a straight line makes 

the adjacent angles equal to one another, each of the equal 
angles is right; [1. Def. 10 ] 

therefore each of the angles AFE, BEE is right. 
Therefore CD, which is through the centre, and bisects 

AB which is not through the centre, also cuts it at right 
angles. 

Again, let CD cut AB at right angles ; 
I say that it also bisects it, that is, that AFis equal to FB. 

given poin t t o a given straight l ine, a n d of o thers tha t which is nearer to the 
perpendicu la r is less t h a n the more remote , and the c o n v e r s e ; also no t more 
than two equal s traight l ines can b e drawn from the poin t to the line, one on 
each s ide of the perpendicu la r . " 

T h e fact tha t no t m o r e than two equal straight l ines can b e drawn from a 
given poin t to a given straight l ine no t passing through it is proved by Proclus 
on i. 1 6 (see the n o t e to that propos i t ion) a n d can alternatively be proved by 
m e a n s of i. 7, a s shown above in the n o t e on 1. 1 2 . I t follows tha t 

A straight line cannot cut a circle in more than two points 
a proposi t ion which D e Morgan would in t roduce here after 111. 2. T h e proof 
given does no t apply to a straight l ine passing through the centre; bu t tha t 
such a l ine only cu ts t h e circle in two poin t s is self-evident. 
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For, with the same construction, 
since EA is equal to EB, 

the angle EAF is also equal to the angle EBF. [i. 5 ] 
But the right angle AFE is equal to the right angle BFE, 

30 therefore EAF, EBF are two triangles having two angles 
equal to two angles and one side equal to one side, namely 
EE, which is common to them, and subtends one of the equal 
angles; 

therefore they will also have the remaining sides equal to 
35 the remaining sides; [1. 26] 

therefore AF\s equal to FB. 
Therefore etc. 

Q. E. D. 

16. with the same construction, rutv avrGiv KdraffKewurdivruv. 

T h i s proposi t ion asserts the two partial converses (cf. no te on 1. 6) of t h e 
Por ism to III. I. D e Morgan would place it next to i l l . 1. 

PROPOSITION 4. 

If in a circle two straight lines cut one another which are 
not through the centre, they do not bisect one another. 

Let ABCD be a circle, and in it let the two straight lines 
AC, BD, which are not through the 
centre, cut one another at E; 
I say that they do not bisect one 
another. 

For, if possible, let them bisect one 
another, so that AE is equal to EC, 
and BE to ED ; 
let the centre of the circle ABCD be 
taken [ i u . 1 ] , and let it be F; let FE be 
joined. 

Then, since a straight line FE through the centre bisects 
a straight line AC not through the centre, 

it also cuts it at right angles ; [in. 3 ] 
therefore the angle FEA is right. 

Again, since a straight line FE bisects a straight line BD, 
it also cuts it at right angles ; [m. 3 ] 

therefore the angle FEB is right. 



But the angle FEA was also proved right; 
therefore the angle FEA is equal to the angle FEB, 

the less to the greater : which is impossible. 
Therefore AC, BD do not bisect one another. 
Therefore etc. 

Q. E. D. 

PROPOSITION 5. 

If two circles cut one another, they will not have the same 
centre. 

For let the circles ABC, CDG cut one another at the 
points B, C; 
I say that they will not have the same 
centre. 

For, if possible, let it be E\ let EC 
be joined, and let EFG be drawn 
through at random. 

Then, since the point E is the 
centre of the circle ABC, 

EC is equal to EE. [i . Def. 1 5 ] 
Again, since the point E is the centre of the circle CDG, 

EC is equal to EG. 
But EC was proved equal to EF also ; 

therefore EF is also equal to EG, the less to the 
greater : which is impossible. 

Therefore the point E is not the centre of the circles 
ABC, CDG. 

Therefore etc. 
Q. E. D. 

T h e propos i t ions l i t . 5, 6 could be c o m b i n e d in one. I t makes no 
difference whether the circles cut , or mee t wi thout cut t ing, so long as they d o 
no t coinc ide a l t o g e t h e r ; in ei ther case they c a n n o t have the same centre. 
T h e two cases a re covered by the enunc ia t ion : If the circumferences of two 
circles meet at a point they cannot have the same centre. O n the o the r hand , If 
two circles have the same centre and one point in their circumferences common, 
they must coincide altogether. 



PROPOSITION 6. 

If two circles touch one another, they will not have the 
same centre. 

For let the two circles ABC, CDE touch one another 
at the point C; 

I say that they will not have the 
same centre. 

For, if possible, let it be F; let 
FC be joined, and let FEB be drawn 
through at random. 

Then, since the point F is the 
centre of the circle ABC, 

FC is equal to FB. 

Again, since the point F is the 
centre of the circle CDE, 

FC is equal to FE. 

But FC was proved equal to FB ; 

therefore FE is also equal to FB, the less to the greater: 
which is impossible. 

Therefore F is not the centre of the circles ABC, CDE. 

Therefore etc. 
Q. E . D. 

T h e Engl ish edi t ions enunc ia t e this proposi t ion of circles t ouch ing 
internally, bu t t h e word (tWos) is a mere in terpolat ion, which was n o d o u b t 
m a d e because Eucl id ' s figure showed only the case of internal contac t . T h e 
fact is that , in his usual manner , h e chose for demons t r a t ion t h e more difficult 
case, and left the o ther case ( tha t of external con tac t ) to t h e intel l igence of 
the reader . I t is indeed sufficiently self-evident tha t circles t ouch ing externally 
canno t have the same c e n t r e ; bu t Eucl id ' s proof can really b e used for this 
case too . 

Camerer remarks that the proof of i n . 6 seems t o a s s u m e tacitly tha t t h e 
points E and B canno t coincide, or tha t circles which touch internally a t C 
canno t meet in any o ther point , whereas this fact is no t proved by Euc l i d till 
111. 1 3 . But no such general a s sumpt ion is necessary h e r e ; it is only 
necessary that one line drawn from t h e a s sumed c o m m o n cen t re should mee t 
the circles in different po in t s ; a n d t h e very no t ion of in ternal con tac t requi res 
that , before one circle meets t h e o the r on its inner side, it mus t have passed 
through points within t he latter circle. 



PROPOSITION 7. 

If on the diameter of a circle a point be taken which is not 
the centre of the circle, and from the point straight lines fall 
upon the circle, that will be greatest on which the centre is, the 
remainder of the same diameter will be least, and of the rest 

5 the nearer to the straight line through the centre is always 
greater than the more remote, and only two equal straight 
lines will fall from the point on the circle, one on each side 
of the least straight line. 

Let ABCD be a circle, and let AD be a diameter of it; 
10 on AD let a point F be taken which is not the centre of the 

circle, let E be the centre of the circle, 
and from F let straight lines FB, FC, FG fall upon the circle 
ABCD; 
I say that FA is greatest, FD is least, and of the rest FB is 

15 greater than FC, and FC than FG. 
For let BE, CE, GE be joined. 
Then, since in any triangle two 

sides are greater than the remaining 
one, [1. 20] 

20 EB, EF are greater than BE. 
But AE is equal to BE ; 
therefore AF is greater than BE. 
Again, since BE is equal to CE, 

and FE is common, 
25 the two sides BE, EF are equal to the two sides CE, EF. 

But the angle BEF is also greater than the angle CEF; 
therefore the base BF is greater than the base CF. [1. 24] 

For the same reason 
CF is also greater than FG. 

30 Again, since OF, FE are greater than EG, 
and EG is equal to ED, 

GF, FE are greater than ED. 
Let EF be subtracted from each ; 
therefore the remainder GF is greater than the remainder 

3sFD. 
Therefore FA is greatest, FD is least, and FB is greater 

than FC, and FC than FG. 
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I say also that from the point F only two equal straight 
lines will fall on the circle ABCD, one on each side of the 

4° least FD. 
For on the straight line EF, and at the point £ on it, let 

the angle FEN be constructed equal to the angle GEF [i. 2 3 ] , 
and let FH be joined. 

Then, since GE is equal to EH, 
45 and EF is common, 

the two sides GE, EF are equal to the two sides HE, EF; 
and the angle GEF is equal to the angle HEF; 

therefore the base FG is equal to the base FH. [1. 4 ] 
I say again that another straight line equal to FG will no; 

5° fall on the circle from the point F. 
For, if possible, let FK so fall. 
Then, since FK is equal to FG, and FH to FG, 

FK is also equal to FH, 
the nearer to the straight line through the centre being 

55 thus equal to the more remote : which is impossible. 
Therefore another straight line equal to GF will not fall 

from the point F upon the circle ; 
therefore only one straight line will so fall. 

Therefore etc. 
Q. E. D. 

4. of the same diameter. I have inserted these words for clearness' sake. The text 
has simply Aaxkrn; & q X W T T J , " and the remaining (straight line) least." 

7, 39. one on each side. The word " one' is not in the Greek, but is necessary to 
give the force of i<t> hdrepa rrp l\axL0TV*, literally " on both sides," or " on each of the two 
sides, of the least." 

D e Morgan points ou t that the re is an u n p r o v e d assumpt ion in this 
demonst ra t ion . W e draw straight lines from F, as FB, FC, such tha t the 
angle DFB is greater than the angle DFC a n d then assume, with respect to 
the straight lines drawn from the centre E to B, C, t ha t 
the angle DEB is greater than the angle DEC. T h i s 
is most easily proved, I think, by means of the converse 
of part of the theorem abou t the lengths of different 
straight lines drawn to a given straight line from a n 
external point which was ment ioned above in t h e no te 
on III. 2. T h i s converse would be to the effect that , If 
two unequal straight lines be drawn from a point to a 
given straight line which are not perpendicular to the 
straight line, the greater of the two is the further from the perpendicular from the 
point to the given straight line. T h i s can ei ther be proved from its converse by 
reductio ad absurdum, or es tabl ished direct ly by m e a n s of 1. 47 . T h u s , in the 
accompanying figure, FB mus t cut EC in some po in t M, s ince t h e angle BFE 
is less than the angle CFE. 

Therefore EM is less than EC, a n d therefore than EB. 



H e n c e t h e po in t B in which FB mee t s t h e circle is further from the foot 
of t h e perpendicu la r from £ on FB t h a n M i s ; 

therefore t h e ang le BEFxs g rea ter t han t h e angle CEF. 
A n o t h e r way of enunc ia t ing t h e first par t of the proposi t ion is tha t of 

M r H . M. Taylor , viz. " Of all s t raight l ines drawn to a circle from an internal 
po in t no t t h e cen t re , the o n e which passes th rough t h e cent re is the greatest, 
a n d the o n e which when p r o d u c e d passes th rough t h e cen t re is the least ; a n d 
of any two o thers t h e o n e which subtends the greater angle at the centre is the 
grea ter . " T h e subst i tu t ion of t h e angle subtended at the centre as t h e criterion 
n o d o u b t h a s t h e effect of avoiding t h e necessity of deal ing with t h e unproved 
assumpt ion in Euc l id ' s proof referred to above , a n d t h e similar subst i tut ion in 
the enunc ia t ion of t h e first par t of m . 8 has the effect of avoiding the necessity 
for deal ing with l ike unp roved assumpt ions in Eucl id ' s proof, as well as the 
compl ica t ion caused by t h e dis t inct ion in Eucl id ' s enuncia t ion be tween lines 
falling from a n external po in t o n t h e convex circumference a n d on t h e concave 
circumference of a circle respectively, t e rms which are no t d e n n e d bu t taken as 
unde r s tood . 

M r Nixon (Euclid Revised) similarly subst i tu tes as the cri terion the angle 
s u b t e n d e d a t t h e cent re , bu t gives as his reason tha t the words " nearer " a n d 
" more r e m o t e " in Eucl id ' s enuncia t ion are scarcely clear enough without 
s o m e definition of t h e sense in which they are used, Smi th a n d Bryant m a k e 
the subst i tu t ion in III. 8, bu t follow Euc l id in III. 7. 

O n the whole, I th ink tha t Eucl id ' s p lan of taking straight lines drawn from 
t h e po in t which is no t the cen t re direct t o the circumference a n d mak ing 
greater or less angles at that point with the straight l ine conta in ing it a n d t h e 
cen t re is t h e m o r e instruct ive a n d useful of the two, since it is such lines 
d rawn in any m a n n e r to t h e circie from the point which are immediately useful 
in t h e proofs of later proposi t ions or in resolving difficulties connec ted with 
those proofs. 

H e r o n again (an-Nairizi , ed. Curtze , p p . 1 1 4 — 5 ) has a note on this 
proposi t ion which is curious. H e first of all says that Eucl id proves tha t lines 
nearer the centre a re greater t han those more r emote from it. T h i s is a 
different view of the ques t ion from that t aken in Eucl id ' s proposi t ion as we 
have it, in which t h e lines are no t nearer to a n d more remote from t h e centre 
but from the line through the centre. Euc l id takes lines incl ined to t h e latter 
l ine a t a greater o r less angle ; H e r o n in t roduces dis tance from the centre in 
the sense of Deff. 4, 5 , i.e. in the sense of the length of the perpendicular drawn 
to t h e l ine from t h e cen t re , which Euc l id does no t use till l i t 1 4 , 1 5 . H e r o n 
t h e n observes tha t in Euc l id ' s proposi t ion the lines compared are all drawn on 
o n e s ide of t h e l ine th rough t h e cent re , a n d sets himself to prove the same 
t ru th of l ines on opposite s ides which are more or less d is tant from the centre. 
T h e new poin t of view necessi tates a qui te different line of proof, ant icipat ing 
t h e m e t h o d s of later proposi t ions . 

T h e first case t aken by H e r o n is t ha t of two straight l ines such that the 
perpendicu la rs from t h e cen t re o n t h e m fall on the lines themselves and not 
in e i ther case on the l ine p roduced . ^ 

L e t A b e t h e given point , D t he cent re , and let f 
AE b e nearer t h e cen t re t h a n AF, so that the / _-==»\e 

perpendicu la r DG on AE is less t h a n the perpen- ^r'^^s^C^^'^X 
dicular DH on AF. ^^/0~~~~~A* 

T h e n sqs. on DG, GE = sqs. on DH, HF, \ H \ V J 
a n d sqs . o n DG, GA = sqs. on DH, HA. \ \ \ / 

But sq. on DG < sq. on DH. 



Therefore sq. on GE > sq. on HF, 
and sq. on GA > sq. on HA, 
whence GE > HE, 

GA > HA. 
Therefore, by addi t ion, AE> AF. 
T h e o ther case taken by H e r o n is tha t where 

one perpendicular falls on the line p roduced , as in 
the annexed figure. I n this case we prove in like 
manner that GE > HF, 

a n d GA > AH. 
T h u s AE is greater than the sum of HF, AH, 

whence, a fortiori, AE is greater t han t h e difference 
of HF, AH, i.e. than AF. 

H e r o n does not give the thi rd possible case, that , namely , where both 
perpendiculars fall on the lines p roduced , T h e fact 
is that , in this case, t he foregoing m e t h o d breaks 
down. T h o u g h AE be nearer to the cen t re t h a n 
AF in the sense that DG is less t h a n DH, 

AE is not greater bu t less t han AF. 
Moreover this canno t b e proved by t h e same 

method as before. 
For, while we can prove tha t 

GE > HF, 
GA > AH, 

we cannot m a k e any inference as to the compara t ive length of AE, AF. 
T o judge by H e r o n ' s cor responding no te to i n . 8, h e would, to prove this 

case, practically prove III. 35 first, i.e. prove that , if EA b e p r o d u c e d to K 
and FA to L, 

rect. FA, AL = rect. EA, AK, 
from which he would infer-that, s ince AK> AL by t h e first case, 

AE < AF. 
A n excellent moral can, I think, b e drawn from the n o t e of H e r o n . 

Having the appearance of supplement ing , or giving a n al ternat ive for, Eucl id ' s 
proposi t ion, it cannot be said to d o more than confuse t h e subject . N o r was 
it necessary to find a new proof for the case where the two lines which are 
compared are on opposite sides of the d iameter , s ince Euc l id shows tha t for each 
line from the poin t to the circumference on one side of the d iamete r the re is 
another of the same length equally incl ined to it on the o the r side. 

PROPOSITION 8. 

If a point be taken outside a circle and from the point 
straight lines be drawn through to the circle, one of which 
is through the centre and the others are drawn at random, 
then, of the straight lines which fall on the concave circum
ference, that through the centre is greatest, while of the rest 
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the nearer to that through the centre is always greater than 
the more remote, but, of the straight lines falling on the convex 
circumference, that between the point and the diameter is least, 
while of the rest the nearer to the least is always less than the 
more remote, and only two equal straight lines will fall on the 
circle from the point, one on each side of the least. 

Let ABC be a circle, and let a point D be taken outside 
ABC; let there be drawn through 
from it straight lines DA, DE, DE, 
DC, and let DA be through the centre; 
I say that, of the straight lines falling A 
on the concave circumference A EEC, //\\\ 
the straight line DA through the centre / //II 1 
is greatest, J^\l\Tlr\ 
while DE is greater than DE and DE // V '// / V 
than DC; 0 £ L . /hWS \ 
but, of the straight lines falling on the 
convex circumference HLKG, the I 
straight line DG between the point F\T u I J 
and the diameter AG is least; and E S - / 
the nearer to the least DG is always A 

less than the more remote, namely DK 
than DL, and DL than DH. 

For let the centre of the circle ABC be taken [m. i ] , and 
let it be M; let ME, ME, MC, MK, ML, MH be joined. 

Then, since AM is equal to EM, 
let MD be added to each ; 

therefore AD is equal to EM, MD. 
But EM, MD are greater than ED; [i . 20] 

therefore AD is also greater than ED. 
Again, since ME is equal to ME, 
and MD is common, 

therefore EM, MD are equal to EM, MD; 
and the angle EMD is greater than the angle FMD ; 

therefore the base ED is greater than the base FD. 
[1. 24] 

Similarly we can prove that FD is greater than CD; 
therefore DA is greatest, while DE is greater than DE, 
and DF than DC. 
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Next, since MK, KD are greater than MD, [1. 20] 
and MG is equal to MK, 
therefore the remainder KD is greater than the remainder 
GD, 

so that GD is less than KD. 
And, since on MD, one of the sides of the triangle MLD, 

two straight lines MK, KD were constructed meeting within 
the triangle, 
therefore MK, KD are less than ML, LD; [1. 2 1 ] 
and MK is equal to ML ; 

therefore the remainder DK is less than the remainder 
DL. 

Similarly we can prove that DL is also less than DH; 
therefore DG is least, while DK is less than DL, and 

DL than DH. 
I say also that only two equal straight lines will fall from 

the point D on the circle, one on each side of the least DG. 
On the straight line MD, and at the point M on it, 

let the angle DMB be constructed equal to the angle KMD, 
and let DB be joined. 

Then, since MK is equal to MB, 
and MD is common, 

the two sides KM, MD are equal to the two sides BM, 
MD respectively; 
and the angle KMD is equal to the angle BMD; 

therefore the base DK is equal to the base DB. [1. 4 ] 
I say that no other straight line equal to the straight line 

DK will fall on the circle from the point D. 
For, if possible, let a straight line so fall, and let it be DN. 

Then, since DK is equal to DN, 
while DK is equal to DB, 

DB is also equal to DN, 
that is, the nearer to the least DG equal to the more remote: 
which was proved impossible. 

Therefore no more than two equal straight lines will fall 
on the circle ABC from the point D, one on each side of 
DG the least. 

Therefore etc. 
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As De Morgan points out , there are here two assumpt ions similar to 
tha t tacitly m a d e in the proof of ill . 7, namely that 
K falls within t h e tr iangle DLM a n d E ou ts ide 
the t r iangle DFM. T h e s e facts can b e proved 
in t h e same way as the assumpt ion in III. 7. Let 
DE mee t FM in Y and LM in Z. T h e n , as 
before, MZ is less than ML a n d therefore than 
MK. Therefore K lies further than Z from 
the foot of t h e perpendicu la r from M on DE. 
Similarly E lies further than Y from t h e foot of the 
same perpendicular . 

H e r o n deals with l ines on opposite sides of the 
d i amete r th rough the external point in a m a n n e r similar t o that adop ted in 
his previous no te . 

For the case where E, F are the second poin ts in 
which AE, AF mee t the circle the m e t h o d answers 
well enough . 

If AE is nearer the centre D t han AF'is, 
sqs. on DG, GE = sqs. on DH, HF 

a n d sqs. o n DG, GA = sqs. on DH, HA, 
whence, s ince 
it follows tha t 

a n d 
so that , by addi t ion , 

DG < DH, 
GE > HF, 
AG> AH, 
AE > AF-

But, if K, L be t h e poin ts in which AE, AF first 
meet the circle, the m e t h o d fails, a n d H e r o n is r educed to proving, in the first 
ins tance, t h e proper ty usually d e d u c e d from i n . 36 . H e argues thus : 

AKD being an ob tuse angle, 
sq. on AD = sum of sqs. on AK, KD a n d twice rect. AK, KG. [11. 1 2 ] 

ALD is also an ob tuse angle, a n d it follows tha t 
s u m of sqs. on AK, KD and twice rect. AK, KG is equal to 

sum of sqs. on AL, LD a n d twice rect. AL, LH. 
Therefore , the squares on KD, LD be ing equal , 

sq on AK and twice rect. AK, KG = sq. on AL a n d twice rect. AL, LH, 
or sq on AK and rect. AK, KE = sq. on AL and rect . AL, LF, 
i.e. rect. AK, AE = rect. AL, AF. 

But , by the first part , AE > AF. 
There fo re AK < AL. 

i n . 7, 8 dea l with the lengths of t h e several lines drawn to the circum
ference of a circle ( 1 ) from a point within it, (2) from a point outs ide i t ; but a 
similar proposi t ion is t rue of straight lines drawn from a poin t on the 
c i rcumference itself: If any point be taken on the circumference of a circle, 
then, of all the straight lines which can be drawn from it to the circumference, the 
greatest is that in which the centre is ; of any others that which is nearer to the 
straight line which passes through the centre is greater than one more remote; 
and from the same point there can be drawn to the circumference two straight 
lines, and only two, which are equal to one another, one on each side of the 
greatest line. 



T h e converses of i n . 7, 8 a n d of the proposi t ion just given are also t rue 
and can easily be proved by reductio ad absurdum. T h e y could be employed 
t o throw light on such ques t ions as t ha t of internal contac t , a n d the relative 
position of the centres of circles so touching . T h i s is clear when pa r t of t h e 
converses is s t a t e d : thus ( 1 ) if from any poin t in the p lane of a circle a 
n u m b e r of straight lines be drawn to the circumference of t h e circle, a n d o n e 
of these is greater t han any other , t he cent re of the circle mus t lie on tha t one , 
(2) if one of them is less than any other, then, (a) if t he poin t is within t h e 
circle, t he cent re is on the m i n i m u m straight l ine p r o d u c e d beyond the point, 
(b) if the point is outs ide the circle, t he cent re is on the m i n i m u m straight l ine 
p roduced beyond the point in which it meets the circle. 

PROPOSITION 9. 

If a point be taken within a circle, and more than two 
equal straight lines fall from the point on the circle, the point 
taken is the centre of the circle. 

Let ABC be a circle and D a point within it, and from 
D let more than two equal straight 
lines, namely DA, DB, DC, fall on 
the circle ABC; 
I say that the point D is the centre 
of the circle ABC. 

For let AB, BC be joined and 
bisected at the points E, F, and let 
ED, FD be joined and drawn through 
to the points G, K, H, L. 

Then, since AE is equal to EB, 
and ED is common, 

the two sides AE, ED are equal to the two sides BE, ED ; 
and the base DA is equal to the base DB; 

therefore the angle A ED is equal to the angle BED. 
[1. 8] 

Therefore each of the angles A ED, BED is right; 
[1. Def. 1 0 ] 

therefore GK cuts AB into two equal parts and at right 
angles. 

And since, if in a circle a straight line cut a straight line 
into two equal parts and at right angles, the centre of the 
circle is on the cutting straight line, [lit 1, Po r . ] 

the centre of the circle is on GK. 



For the same reason 
the centre of the circle ABC is also on HL. 

And the straight lines GK, HL have no other point 
common but the point D ; 

therefore the point D is the centre of the circle ABC. 
Therefore etc. Q. E. D . 

T h e resul t of this proposi t ion is quo ted by Aristotle, Meteorologica nr . 3, 
3 7 3 a l3—16 (cf- n o t e o n >• 8 ) . 

III. 9 is, as D e Morgan remarks , a logical equivalent of par t of i n . 7, 
where it is p roved that every «<?«-central point is not a poin t from which three 
equal s t ra ight l ines can b e d r a w n to t h e circle. T h u s III. 7 says that every 
not-A is not-B, a n d HI. 9 s tates t h e equivalent fact tha t every B is A. 
Mr H . M. T a y l o r does in effect m a k e a logical inference of the theorem that, 
If from a point three equal straight lines can be drawn to a circle, that point is 
the centre, by mak ing it a corollary t o his proposit ion which includes the part of 
i n . 7 referred to . Eucl id does no t allow himself these logical inferences, as we 
shall have occas ion to observe elsewhere also. 

Of the two proofs of this proposi t ion given in earlier texts of Eucl id, 
August a n d H e i b e r g regard tha t t rans la ted above as genuine , relegating the 
other , which S imson gave a lone, t o a p lace in an Appendix . Camerer remarks 
that the genu ine proof shou ld also have con templa ted t h e case in which one 
or o ther of t h e straight lines AB, BC passes through D. T h i s would however 
have been a depa r tu re from Eucl id ' s m a n n e r of taking t h e mos t obscure case 
for proof a n d leaving o thers to t h e reader . 

T h e o the r proof, tha t selected by Simson, is as fol lows: 
" For let a poin t D be t aken within the circle ABC, a n d from D let more 

than two equa l straight lines, namely AD, DB, DC, 
fall on the circle ABC; 
I say that t h e poin t D so t aken is the cent re of the 
circle ABC. 

For s u p p o s e it is n o t ; bu t , if possible, let it be 
E, and let DE be jo ined a n d carr ied th rough to the 
points F, G. 

Therefore FG is a d iamete r of the circle ABC. 
Since, then, on the d iamete r FG of the circle 

ABC a po in t has been taken which is no t the centre 
of the circle, namely D, 

DG is greatest , and DC is greater than DB, and DB t han DA. 
But the lat ter a re also e q u a l : which is impossible 

Therefore E is no t the cent re of the circle. 
Similarly we can prove tha t ne i ther is any other point except D; 

therefore the poin t D is the cen t re of the circle ABC. 
Q. E. D." 

O n this T o d h u n t e r correctly poin ts ou t that the point E might be 
supposed to fall within the angle ADC. I t canno t then be shown that DC 
is greater t h a n DB a n d DB t h a n DA, bu t only that ei ther DC or DA is less 
than DB; this however is sufficient for establishing the proposi t ion. 



PROPOSITION I O . 

A circle does not cut a circle at more points than two. 
For, if possible, let the circle ABC cut the circle DEF 

at more points than two, namely 
B, C, F, H; 

let BH, BG be joined and 
bisected at the points K, L, 
and from K, L let KC, LM be 
drawn at right angles to BH, 
BG and carried through to the 
points A, E. 

Then, since in the circle 
ABC a straight line AC cuts a 
straight line BH into two equal 
parts and at right angles, 

the centre of the circle ABC is on A C. [m. i , Por . ] 
Again, since in the same circle ABC a straight line NO 

cuts a straight line BG into two equal parts and at right 
angles, 

the centre of the circle ABC is on NO. 
But it was also proved to be on AC, and the straight 

lines AC, NO meet at no point except at P; 
therefore the point P is the centre of the circle ABC. 

Similarly we can prove that P is also the centre of the 
circle DEF; 

therefore the two circles ABC, DEF which cut one 
another have the same centre P: which is impossible, [ i n . 5] 

Therefore etc. Q. E. D . 
1 . The word circle (*IM\OS ) is here employed in the unusual sense of the circumference 

(rcpuptpcia) of a circle. Cf. note on I . Def. I G . 

T h e r e is no th ing in the demons t ra t ion of this proposi t ion which assumes 
tha t the circles cut o n e a n o t h e r ; it proves t ha t two circles canno t meet a t m o r e 
than two points , whe the r they cut or mee t without cut t ing, i.e. touch o n e 
another . 

H e r e again, of two demons t ra t ions given in the earlier texts, S imson chose 
the second, which Augus t a n d K e i b e r g relegate to an A p p e n d i x a n d which is 
as follows: 

" For again let t h e circle ABC cut t h e circle DEF a t more po in t s t han 
two, namely B, G, H, F; 

let the cent re K of the circle ABC b e taken, a n d let KB, KG, KF b e 
joined. 
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Since t h e n a po in t K has been t aken within the circle DEF, 
a n d from K m o r e t h a n two straight l ines, namely 
KB, KF, KG, h a v e fallen on t h e circle DEF, a 
t h e point K'\s t h e cen t re of the circle DEF. [ i l l . 9] / ^ - ^ ^ s > \ 

Bu t K is a lso t h e cent re of the circle ABC. H / ^ ^ D / \ 
Therefore two circles cut t ing o n e ano the r have f\ ) J 

t h e same cen t re K: which is impossible . [ l i t 5] I \ / ^^~~^V 
Therefore a circle does no t cut a circle at more ^ y L 

poin t s t han two. 
Q. E. D." 

T h i s demons t r a t i on is c la imed by H e r o n (see an-Nairizi, ed. Curtze, 
p p . 1 2 0 — 1 ) . I t is incomple te because it assumes tha t the poin t K which is 
t aken as the cen t re of the circle ABC is within t he circle DEF. I t can 
however b e comple t ed by m e a n s of III. 8 a n d the cor responding proposit ion 
with reference t o a poin t on t h e c i rcumference of a circle which was enuncia ted 
in the n o t e o n III. 8. For ( 1 ) if t h e po in t K is on t h e circumference of the 
circle DEF, we obta in a cont rad ic t ion of the latter proposi t ion which asserts 
that only two equa l straight l ines can b e drawn from K to the circumference 
of the circle DEF; (2) if t h e point K is outside the circle DEF, we obtain a 
cont rad ic t ion of the cor responding pa r t of m . 8. 

Euc l id ' s proof conta ins a n unproved assumpt ion , namely that the lines 
b isec t ing BG, BH a t r ight angles will mee t in a poin t P. Fo r a discussion 
of th i s assumpt ion see n o t e o n iv. 5. 

PROPOSITION I I . 

If two circles touch one another internally, and their centres 
be taken, the straight line joining their centres, if it be also 
produced, will fall on the point of contact of the circles. 

For let the two circles ABC, ADE touch one another 
internally at the point A, and let 
the centre F of the circle ABC, and 
the centre G of ADE, be taken ; 
I say that the straight line joined 
from G to F and produced will fall 
on A. 

For suppose it does not, but, 
if possible, let it fall as FGH, and 
let AF, AG be joined. 

Then, since AG, GFare greater 
than FA, that is, than FN, 

let FG be subtracted from each; 
therefore the remainder AG is greater than the remainder 
GH. 



But A G is equal to GD ; 
therefore GD is also greater than GH, 

the less than the greater: which is impossible. 
Therefore the straight line joined from F to G will not 

fall outside ; 
therefore it will fall at A on the point of contact. 

Therefore etc. 
Q. E. D. 

2. the straight line joining their centres, literally "the straight line joined to their 
centres " ewi ra tcivrpa, avrwv iJwt$€vyvvp.lvT) €&0«m). 

3. point of contact is here trvntf, and in the enunciation of the next proposition 

Again August and He ibe rg give in an Append ix the addi t iona l or 
alternative proof, which however shows little o r n o variat ion from the genu ine 
proof a n d can therefore well be d ispensed with. 

T h e genuine proof is beset with difficulties in consequence of what it 
tacitly assumes in the figure, on t h e g round , probably , of its be ing obvious t o 
the eye. Camerer has set ou t these difficulties in a most careful note , t he 
heads of which may b e given as follows : 

H e observes, first, tha t t he straight l ine jo in ing t h e centres , when p roduced , 
must necessarily ( though this is no t s ta ted by Euc l id ) be p r o d u c e d in the 
direction of the centre of the circle which touches the other internally. ( F o r 
brevity, I shall call this circle the " inner circle," t hough I shall imply no th ing 
by that te rm except tha t it is the circle which touches the o the r on the inner 
side of the latter, a n d therefore that , in accordance with the definition of 
touching, points on it in the immed ia t e ne ighbourhood of t h e poin t of contac t 
are necessarily within t h e circle which it touches . ) Camere r t h e n proceeds by 
the following steps. 

1. T h e two circles, t ouch ing a t the given point , c a n n o t intersect a t any 
point. For , since points on the " i n n e r " in t h e immedia t e ne ighbou rhood of 
the point of contact a re within t h e " o u t e r " circle, t he inner circle, if it 
intersects the o ther anywhere , mus t pass ou ts ide it a n d then re turn . T h i s is 
only possible (a) if it passes ou t a t o n e poin t a n d re turns a t ano the r point , o r 
(b) if it passes ou t a n d re turns th rough one a n d t h e same point , (a) is impossible 
because it would require two circles to have three c o m m o n p o i n t s ; (b) would 
require that the inner circle shou ld have a node a t t h e po in t where it passes 
outs ide the other , a n d this is p roved to b e imposs ib le by drawing any radius 
cut t ing bo th loops. 

2. Since the circles c a n n o t intersect , o n e mus t b e entirely within the 
other. 

3. Therefore the outer circle mus t b e greater t h a n t h e inner , a n d t h e 
radius of the outer greater t han tha t of the inner . 

4. Now, if F b e the cen t re of the greater a n d G of t h e inner circle, a n d 
if FG p roduced beyond G doe s not pass th rough A, t he given poin t of 
contact , t hen there are th ree possible hypotheses . 

(a) A may lie on GF p r o d u c e d b e y o n d F. 



26 BOOK i n [HI. II 

(b) A m a y lie ou t s ide t h e line FG a l together , in which case FG p roduced 
b e y o n d G must , in c o n s e q u e n c e of result 2 above, ei ther 

(i) mee t t h e circles in a po in t c o m m o n to bo th , or 
(ii) mee t t h e circles in two points , of which that which is on the inner 

circle is neare r t o G t h a n t h e o the r is. 
(a) is t h e n p roved to b e imposs ib le by m e a n s of the fact tha t the radius of the 
inner circle is less than t h e radius of t h e outer . 
(b) (ii) is Euc l id ' s c a s e ; a n d his proof ho lds equally of (b) (i), t h e hypothesis , 
namely , tha t D a n d H in t h e figure coincide . 

T h u s all a l ternat ive hypotheses are successively shown to be impossible, 
a n d t h e proposi t ion is complete ly establ ished. 

I th ink, however, tha t this p rocedure m a y b e somewhat shor tened in the 
following m a n n e r . 

I n o rde r to m a k e Euc l id ' s proof absolutely conclusive we have only ( 1 ) to 
t ake care to p r o d u c e FG beyond G, t h e cen t re of the " inner " circle, a n d then 
(2 ) to prove tha t t h e po in t in which FG so p roduced mee t s the " inner " circle 
is not further from G t h a n is the poin t in which it meets the o the r circle. 
Euc l id ' s proof is equal ly valid whe the r the first po in t is nearer to G t han the 
second or t h e first po in t a n d the second coincide . 

If FG p r o d u c e d b e y o n d G does not pass through A, there are two 

conceivable h y p o t h e s e s : (a) A may lie on GF p r o d u c e d beyond F, or (b) A 
may b e outs ide FG p r o d u c e d e i ther way. I n ei ther case, if FG p roduced 
meets the " i n n e r " circle in D a n d the o the r in H, a n d if GD is greater than 
GH, t hen the " i n n e r " circle mus t cut t h e " o u t e r " circle a t some point 
be tween A a n d D, say X. 

But if two circles have a c o m m o n poin t X lying on one side of t h e line of 
centres , they mus t have a n o t h e r cor responding point on the o the r s ide of the 
line of cent res . T h i s is clear from in . 7, 8 ; for the point is de te rmined by 
drawing from F a n d G, on the opposi te side to that where X is, straight 
l ines FY, GY m a k i n g with FD angles equal to the angles DFX, DGX 
respectively. 

H e n c e t h e two circles will have at least three poin ts c o m m o n : which is 
impossible . 

There fore GD c a n n o t b e greater t h a n GH; accordingly GD must be 
ei ther equal to , o r less than , GH, a n d Euc l id ' s proof is valid. 

T h e par t icular hypothes is in which FG is supposed to be in the same 
straight l ine with A b u t G is on the side of i ^ a w a y from A is easily disposed 
of, a n d would in any case have been left to t h e reader by Eucl id . 

F o r GD i s e i ther equa l to or less t h a n GH. 
Therefore GD is less than FH, a n d therefore less than FA. 
But GD is equa l to GA, a n d therefore greater t han FA: which is 

impossible . 



[PROPOSITION 12. 

If two circles touch one another externally, the straight 
line joining their centres will pass through the point of 
contact. 

For let the two circles ABC, ADE touch one another 
5 externally at the point A, and let the centre Foi ABC, and 

the centre G of ADE, be taken ; 

Subject to the same prel iminary investigation as tha t r equ i red by Euc l id ' s 
proof, t he proposi t ion can also b e proved directly from i n . 7. 

For , by III. 7, GHis t he shor tes t s t ra ight l ine t ha t c an b e d rawn from G 
to the circle with cen t re F; 

therefore GH is less t h a n GA, 

a n d therefore less than GD : which is absurd . 

Th i s proposi t ion is the crucial one as regards circles which t o u c h in te rna l ly ; 
and , when it is once establ ished, the relative posi t ion of t h e circles can b e 
completely e luc idated by means of it a n d the proposi t ions which have p receded 
it. T h u s , in the annexed figure, if Fbe t he cen t re 
of the outer circle a n d G t he cen t re of the inner, 
and if any radius FQ of the outer circle meet the 
two circles in Q, P respectively, it follows, from 
in . 7, i n . 8, or the cor responding theorem with 
reference to a point on the ci rcumference, that FA 
is the max imum straight line from Fto t he ci rcum
ference of the inner circle, FP is less than FA, 
and FP d iminishes in length as FQ moves r o u n d 
from FA unti l FP reaches its m i n i m u m length 
FB. H e n c e the circles d o no t meet at any o the r 
point t han A, and the dis tance PQ cu t off between t h e m on any radius FQ 
of the outer circle becomes grea ter a n d greater as FQ moves r o u n d from FA 
to FC a n d is a m a x i m u m when FQ co incides with FC, after which it 
diminishes again on the o the r side of FC. 

T h e s a m e considerat ion gives the partial converse of i n . 1 1 which forms 
the 6 th l e m m a of P a p p u s to the first book of the Tactiones of Apol lonius 
(Pappus , VII. p. 826) . T h i s is to the effect that , if AB , A C are in one straight 
line, and on one side of A, the circles described on AB , A C as diameters touch 
(internally at the point A) . P a p p u s conc ludes this from the fact tha t t h e 
circles have a c o m m o n tangent a t A ; but t h e t ru th of it is clear from t h e fact 
that FP d iminishes as FQ moves away from FA on ei ther side ; whence the 
circles meet at A bu t d o not cut one another . 

P a p p u s ' 5 th l emma (vn . p . 824) is ano the r part ial converse , namely that , 
given two circles touching internally at A, and a line A B C drawn from A cutting 
both, then, if the centre of the outer circle lies on A B C , so does the centre of the 
inner. P a p p u s himself proves this , by m e a n s of t h e c o m m o n t a n g e n t to the 
circles at A, in two ways. ( 1 ) T h e tangent is a t right angles to AC a n d 
therefore to AB: therefore the cen t re of the inner circle lies on AB. (2) By 
in . 32 , the angles in the a l te rna te segments of b o t h circles a re right angles, so 
that ABC is a d iameter of bo th . 



I say that the straight line joined from F to G will pass 
through the point of contact at A. 

For suppose it does not, b 
1 0 but, if possible, let it pass as 

FCDG, and let AF, AG be 
joined. 

Then, since the point F is 
the centre of the circle ABC, 

i s FA is equal to FC. 
Again, since the point G is 

the centre of the circle ADE, 
GA is equal to GD. 

But FA was also proved equal to FC; 
20 therefore FA, AG are equal to FC, GD, 

so that the whole FG is greater than FA, AG; 
but it is also less [1. 20] • which is impossible. 

Therefore the straight line joined from F to G will not 
fail to pass through the point of contact at A ; 

2 S therefore it will pass through it. 
Therefore etc. Q. E. D . ] 

23. will not fail to pass. The Greek has the double negative, TIN IPA ^...TIBTIA... 

OI>K AeiJ<reT(u, literally " the straight line...will not «0/-pass...." 

H e r o n says on i n . 1 1 : " Euc l id in proposi t ion 1 1 has supposed the two 
circles t o touch internally, m a d e his proposi t ion deal with this case and proved 
what was sought in it. But I will s/tow how it is to be proved if the contact is 
external." H e t h e n gives substant ia l ly t h e proof a n d figure of i n . 1 2 . I t 
seems clear tha t ne i ther H e r o n nor an-Nairizi h a d l i t 12 in this place. 

C a m p a n u s a n d the Arabic edi t ion of Nas l raddin a^-fusl have no th ing more 
of i n . 12 t h a n t h e following add i t ion to l i t I t . " I n the case of external 
con tac t the two l ines ae a n d eb will be greater t han ab, whence ad and cb will 
b e greater t han t h e whole ab, which is false." ( T h e points a, b, c, d, e cor
respond respectively t o G, F, C, D, A in the above figure.) I t is most 
p robab le tha t T h e o n or some o ther edi tor a d d e d H e r o n ' s proof in his edit ion 
a n d m a d e P r o p . 1 2 ou t of it (an-Nairizi, ed. Curtze , pp . 1 2 1 — 2 ) . An-Nairizi 
a n d C a m p a n u s , conformably with what has been said, n u m b e r P rop . 1 3 of 
He ibe rg ' s text P rop . 1 2 , a n d so on th rough the Book. 

W h a t was said in the n o t e on t h e last proposi t ion applies, mutatis mutandis, 
to this . C a m e r e r p roceeds in t h e same m a n n e r as b e f o r e ; a n d we may use 
t h e s a m e a l te rna t ive a rgumen t in this case also. 

Euc l id ' s proof is valid provided only that , if FG, jo ining the assumed 
centres , mee t s t h e circle with cen t re Fin C a n d the o ther circle in D, C is 
no t within t h e circle ADE a n d D is no t within the circle ABC. ( T h e proof 
is equally valid whether C, D co inc ide or the successive poin ts are, as drawn 
in t h e figure, in t h e order F, C, £>, G.) Now, if C is within the circle ADE 
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and D within the circle ABC, t he circles mus t have cut be tween A a n d C 
and between A a n d D. H e n c e , as before, they mus t also have ano the r 
corresponding point c o m m o n on t h e o ther side of CD. T h a t is, t he circles 
must have three c o m m o n points : which is impossible . 

H e n c e Eucl id ' s proof is valid if F, A, G form a tr iangle, a n d the only 
hypothesis which has still to be d isproved is t h e 
hypothesis which h e would in any case have left to 
the reader, namely that A does no t lie on FG bu t 
on FG produced in ei ther direct ion. I n this case, as 
before, ei ther C, D mus t coinc ide or C is neare r 
Fthan D is. T h e n the radius FC mus t b e equal 
to FA : which is impossible, s ince FC c anno t b e 
greater than FD, a n d mus t therefore b e less t han 
FA. 

Given the same prel iminaries , III. 12 can be p roved by m e a n s of lit, 8. 
Again, when the proposi t ion i l l . 12 is once proved, in . 8 he lps us to prove 

at once that the circles lie entirely outs ide each o the r a n d have no o the r 
c o m m o n point t han the point of contact . 

Among P a p p u s ' l emmas to Apol lon ius ' Tactiones a re the two partial 
converses of this proposi t ion cor responding to those given in the last note . 
L e m m a 4 (vn . p . 824) is to the effect that , / / A B , A C be in one straight line, B 
and C being on opposite sides of A, the circles drawn on A B , A C as diameters 
touch externally at A. L e m m a 3 ( v n . p . 822) states that , if two circles touch 
externally at A and B A C is drawn through A cutting both circles and containing 
the centre of one, B A C will also contain the centre of the other. T h e proofs, as 
before, use the c o m m o n tangent a t A. 

Mr H . M. Taylor gets over the difficulties involved by III. 1 1 , 12 in a 
manner which is most ingenious but no t Euc l idean . H e first proves that , if two 
circles meet at a point not in the same straight line with their centres, the circles 
intersect at that point; this is very easily es tabl ished by m e a n s of ill , 7, 8 a n d 
the thi rd similar theorem. T h e n h e gives as a corollary the s t a t emen t that , if 
two circles touch, the point of contact is in the same straight line with their 
centres. I t is no t expla ined how this is inferred from t h e subs tant ive 
p ropos i t ion ; it seems, however, to be a logical inference simply. By t h e 
proposit ion, every A (circles mee t ing at a poin t no t in the s a m e straight l ine 
with the centre) is B (circles which in te rsec t ) ; therefore every not-2? is n o t - ^ , 
i.e. circles which d o not intersect d o not mee t a t a po in t no t in t h e same 
straight l ine with the cent res . N o w non-intersect ing circles may e i ther mee t 
(i.e. touch) or not meet . I n t h e former case they mus t mee t on t h e line of 
c e n t r e s : for, if they met at a po in t no t in that line, they would intersect . Bu t 
such a purely logical inference is foreign to Eucl id ' s manner . A s D e Morgan 
says, " Euc l id may have been ignorant of t h e ident i ty of ' Every X is Y' a n d 
' Every not- Y is not-A",' for any th ing tha t appears in his wr i t i ngs ; h e makes 
the one follow from the o ther by a new proof each t ime " (quo ted in K e y n e s ' 
Formal Logic, p . 8 1 ) . 

T h e r e is n o difficulty in proving, by means of 1. 20, M r Taylor ' s next 
proposit ion that , if two circles meet at a point which lies in the same straight 
line as their centres and is between the centres, the circles touch at that point, and 
each circle lies without the other. But the similar proof, by m e a n s of 1. 20, of 
the cor responding theo rem for internal contac t seems to be o p e n to the s a m e 
objection as Eucl id ' s proof of HI. 1 1 in t ha t it assumes wi thout proof tha t t h e 
circle which has its cen t re neares t t o the poin t of mee t ing is the " i n n e r " 
circle. Lastly, in order to prove that , if two circles have a point of contact, they 
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do not meet at any other point, Mr Tay lor uses the quest ionable corollary. 
There fore in any case his a l ternat ive p rocedure does not seem preferable to 
Eucl id ' s . 

T h e a l ternat ive t o Euc l . m . n — 1 3 which finds most favour in modern 
cont inen ta l text-books (e.g. Legendre , Baltzer, Hen r i c i a n d Treut le in , 
Veronese , Ingrami , E n r i q u e s a n d Amaldi) connec t s the number , posit ion and 
na ture of the co inc idences be tween points on two circles with the relation in 
which the d i s tance be tween their centres s t ands to the length of their radii . 
En r iques a n d Amald i , whose t r ea tmen t of t h e different cases is typical, give 
the following proposi t ions (Veronese gives them in the converse form). 

1. If the distance between the centres of two circles is greater than the sum 
of the radii, the two circles have no point common and are external to one 
another. 

Let O, O" b e the cent res of the circles (which we will call " the circles 
O, O "), r, r their radii respectively. 

Since then OO >r+rl, a fortiori OO > r, a n d O is therefore exterior to 
t h e circle O. 

Next , t h e c i rcumference of t h e circle O intersects 00' in a point A, a n d 
since OO > r + r', AO>r', a n d A is 
external to the circle O. 

But OA is less than any straight X 
line, as OB, d r a w n to the c i rcum- / C : \ _ 
ference of the circle O [HI. 8 ] ; hence / \ \ 
all points , as B, on t h e c i rcumference I q JA 
of t h e circle O a re external to t h e circle V / . 

o . V A 
Lastly, if C b e a n y poin t internal 

to t h e circle O, t he sum of OC, OC is 
greater t han OO, a n d a fortiori greater t han r + /. 

But OC is less than r: therefore OC is greater t han r1, or C is external 
to O. 

Similarly we prove tha t any poin t on or within the circumference of t h e 
circle O is external t o t h e circle O. 

2 . If the distance between the centres of two unequal circles is less than the 
difference of the radii, the two circumferences have no common point and the lesser 
circle is entirely within the greater. 

L e t O, O b e t h e cen t res of the two circles, r, r their radii respectively 
(r<¥% 

Since OO <r —r,a fortiori OO < r1, so tha t O is 
in ternal to the circle O. 

If A, A' be t h e po in t s in which the straight l ine 
OO in tersects respectively the c i rcumferences of t h e 
circles O, O, 

OO is less t h a n OA'-OA, 
so tha t 0 0 + OA, or OA, is less t h a n OA', 
a n d therefore A is in ternal to the circle O. 

But , of all t h e s t ra ight l ines from O to the c i rcumference of the circle O, 
OA pass ing th rough t h e cen t re O is the greatest [ in . 7] ; 
whence all t h e po in t s of the c i rcumference of O a re internal to the circle O. 

A similar a r g u m e n t to t h e preced ing will show tha t all points within t h e 
circle O a re in te rna l to t h e circle O'. 
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3. If the distance between the centres of two circles is equal to the sum of the 
radii, the two circumferences have one point common and one only, and that point 
is on the line of centres. Each circle is external to the other. 

Let O, O b e the cent res , r, r t he radii of the circles, so tha t OO is equal 
to r*- r. 

T h u s OO is greater t han r , so tha t O 
is external to the circle O, a n d the c i rcum
ference of the circle O cuts OO in a 
point A. 

A n d , s ince OO is equal to r + r', a n d 
OA to r, it follows tha t OA is equa l to r, 
so that A belongs also to the c i rcumference 
of the circle O. 

T h e proof that all o ther poin ts on , a n d 
all poin ts within, the c i rcumference of t h e circle O a re external to the circle O 
follows the similar proof of prop . 1 above . A n d similarly all po in t s (except A) 
on, and all poin ts within, the c i rcumference of the circle O a re external to t h e 
circle O. 

T h e two circles, having one c o m m o n poin t only, touch a t t ha t point , which 
lies, as shown, on the line of cent res . A n d , s ince the circles are external to 
one another , they touch externally. 

4. If the distance between the centres of two unequal circles is equal to the 
difference between the radii, the two circumferences have one point and me only in 
common, and that point lies on the line of centres. The lesser circle is within the 
other. 

T h e proof is tha t of prop. 2 above, mutatis mutandis. 
T h e circles he re touch internally a t t h e poin t o n t h e l ine of cent res . 

5. If the distance between the centres of two circles is less than the sum, and 
greater than the difference, of the radii, the two circumferences have two common 
points symmetrically situated with respect to the line of centres but not lying on 
that line. 

Let O, O b e t h e centres of the two circles, r, r the i r radii , r1 be ing t h e 
greater, so tha t 

r - r < 0 O <r+r/. 
I t follows that in any case OO + r>r', so that , if OM b e t aken on OO 

produced equal to r (so that M is on the c i rcumference of t h e circle O), M is 
external to the circle O'.' 

W e have to use the same Pos tu la te as in Euc l . 1. 1 tha t 
An arc of a circle which has one extremity within and the other without a 

given circle has one point common with the 
latter and only one; from which it follows, 
if we consider two such arcs mak ing a 
comple te circumference, that , if a circum
ference of a circle passes through one point 
internal to, and one point external to a 
given circle, it cuts the latter circle in two 
points. 

W e have then to prove tha t t h e circle O, 
besides having one point M of its c i rcum
ference external to the circle O, has o n e o the r poin t of its c i rcumference ( Z ) 
internal to t h e lat ter circle. 



T h r e e cases have to b e dis t inguished accord ing as Off is greater than, equal 
to, or less than , the radius r of the lesser circle. 

( 1 ) Off > r. (See the preced ing figure.) 
Measure OL a long Off equa l to r, so that 

Z lies on the circumference of t h e circle O. 
T h e n , s ince OO' <r+r>, ffL will b e less 

than r, so tha t Z is within the circle ff. 
(2 ) Off = r. 
I n this case the circumference of the circle 

O passes th rough ff, or Z coincides with ff. 
(3) Off <r. 
If we measure OL a long Off equal to r, t he point L will lie on the 

circumference of the circle O. 
T h e n OL = r - Off, 

so tha t ffL < r, a n d a fortiori ffL<r, so tha t L 
lies within t h e circle ff. 

T h u s , in all th ree cases, s ince t h e circumference 
of O passes th rough one poin t (M) external to, a n d 
o n e point ( Z ) in ternal to, the circle ff, t he two 
circumferences intersect in two points A, B [Post . ] 

A n d A, B c a n n o t lie on the l ine of centres Off, 
since this straight l ine intersects the circle O in 
Z , M only, a n d of these poin ts o n e is inside, the o ther outside, the circle ff. 

Since AB is a c o m m o n c h o r d of bo th circles, the straight line bisecting it 
a t right angles passes th rough bo th centres , i.e. is identical with Off. 

A n d again by m e a n s of 111. 7, 8 we prove that all points except A, B on 
t h e arc ALB lie within t h e circle ff, a n d all points except A, B on the arc 
A MB ou ts ide tha t circle ; a n d so on. 

PROPOSITION 13. 

A circle does not touch a circle at more points than one, 
whether it touch it internally or externally. 

For, if possible, let the circle ABDC touch the circle 
EBFD, first internally, at more 

5 points than one, namely D, B. 
Let the centre G of the circle 

ABDC, and the centre H of 
EBFD, be taken. 

Therefore the straight line 
10 joined from G to H will fall on 

B, D. [m. I I ] 
Let it so fall, as BGHD. 
Then, since the point G is 

the centre of the circle ABCD, 
' 5 BG is equal to GD ; 



therefore BG is greater than HD ; 
therefore BH is much greater than HD. 

Again, since the point / / is the centre of the circle 
EBFD, 

<o BH is equal to HD ; 
but it was also proved much greater than it: which is 

impossible. 
Therefore a circle does not touch a circle internally at 

more points than one. 
'5 I say further that neither does it so touch it externally. 

For, if possible, let the circle ACK touch the circle 
ABDC at more points than one, namely A, C, 
and let AC be joined. 

Then, since on the circumference of each of the circles 
\oABDC, ACK two points A, C have been taken at random, 

the straight line joining the points will fall within each 
circle; [ni, 2] 

but it fell within the circle ABCD and outside ACK 
[m. Def. 3]: which is absurd, 

is Therefore a circle does not touch a circle externally at 
more points than one. 

And it was proved that neither does it so touch it 
internally. 

Therefore etc. Q. E. D . 
3, 7, 14, 17, 30, 33. ABDC. Euclid writes ABCD (here and in the next proposition), 

notwithstanding the order in which the points are placed in the figure. 
25> 37- does it so touch it. It is necessary to supply these words which the Greek 

(*ri oiSi 4KT6> and tn oiti irrSt) leaves to be understood. 

T h e difficulties which have been felt in regard to the proofs of this 
proposit ion need not t roub le u s now, because they have already been disposed 
of in the discussion of the more crucial proposi t ions III. n , 1 2 . 

Eucl id 's proof of the first par t of the proposi t ion differs from S i m s o n ' s ; 
and we will deal with Euc l id ' s first. O n this Camere r remarks tha t it is 
assumed tha t t h e supposed second point of contac t lies on the line of centres 
produced beyond the centre of the "outer" circle, whereas all that is proved in 
i n . 1 1 is that the l ine of centres produced beyond the centre of the "inner" circle 
passes through a point of contact . But , by t h e same a rgument as tha t given 
on HI. 1 1 , we show tha t t h e circles canno t have a point of contact , or even 
any c o m m o n point , outs ide t h e line of centres , because , if there were such a 
point , there would b e a cor responding c o m m o n poin t on the o^her side of the 
line, and the circles would have three c o m m o n points . H e n c e the only 
hypothesis left is that t he second poin t of con tac t may be on the l ine of 
centres but in the direct ion of the cen t re of the "outer" c i rc le ; a n d Eucl id ' s 
proof disposes of this hypothesis . 
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H e r o n (in an-Nairizi , ed. Cur tze , p p . 1 2 2 — 4 ) , curiously enough, does not 
ques t ion Euc l id ' s a s sumpt ion tha t the line of centres passes through both 
po in t s of contac t (if d o u b l e contac t is pos s ib l e ) ; bu t he devotes some space to 
proving tha t t h e cen t re of t h e " o u t e r " circle mus t lie within the " i n n e r " circle, a 
fact which he represents Euc l id a s assert ing ( " sicut dixit Eucl ides ") , though 
the re is n o such asser t ion in our text. T h e proof of the fact is of course easy. 
If t h e l ine of centres passes th rough both poin ts of contact , a n d the centre of 
t h e " o u t e r " circle lies e i ther on or ou ts ide the " i n n e r " circle, the line of 
cent res mus t cut t h e " i n n e r " circle in three poin ts in a l l : which is impossible, 
as H e r o n shows by t h e lemma, which h e places here (and proves by 1. 16) , 
t ha t a straight line cannot cut the circumference of a circle in more points 
than two. 

Simson 's proof is as follows ( there is n o real n e e d for giving two figures as 
h e does) . 

" I f it b e possible, let the circle EBF touch the circle ABC in more 
points t han one, a n d first on the inside, in t h e 
po in t s B, D; join BD, a n d d raw GH bisecting 
BD a t right angles. 

Therefore , because the po in t s B, D a re in the 
circumference of each of t h e circles, t he straight 
l ine BD falls within each of t h e m : A n d their 
cen t res are in t h e straight l ine GH which bisects 
BD a t right angles : 

Therefore GH passes th rough t h e Doint of 
contac t [HI. I I ] ; bu t it does no t pass th rough it, 
because the points B, D a re without the straight l ine GH: which is absurd . 

Therefore o n e circle canno t touch ano the r on the inside in more points 
t han one . " 

O n this Camere r remarks that , unless III. 1 1 . b e more completely elucidated 
than it is by Euc l id ' s demons t ra t ion , which Simson has, it is no t sufficiently 
clear tha t , bes ides the point of contac t in which GH meets the circles, they 
canno t have ano the r point of con tac t e i ther ( 1 ) on GH or (2) outside it. 
H e r e again the latter supposi t ion (2) is r endered impossible because in that 
case there would be a thi rd c o m m o n poin t on t h e opposi te side of GH; and 
the former s u p p o s i t i o n a l ) is tha t which Eucl id ' s proof destroys. 

S imson retains Eucl id ' s proof of the second part of the proposit ion, though 
his own proof of the first par t would apply to the second part also if a 
reference to m . 1 2 were subs t i tu ted for the reference to 111, 1 1 . Euc l id might 
also have proved the second par t by the same me thod as that which he 
employs for the first par t . 

PROPOSITION 14. 

In a circle equal straight lines are equally distant from 
the centre, and those which are equally distant from the centre 
are equal to one another. 

Let ABDC be a circle, and let AB, CD be equal straight 
lines in it; 
I say that AB, CD are equally distant from the centre. 

For let the centre of the circle ABDC be taken [MI. I] , 
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and let it be E; from E let EF, EG be drawn perpendicular 
to AB, CD, and let AE, EC be joined. 

Then, since a straight line EF through 
the centre cuts a straight line AB not through 
the centre at right angles, it also bisects it. 

[HI. 3 ] 

Therefore AF is equal to FB; 
therefore AB is double of AF. 

For the same reason 
CD is also double of CG; 

and AB is equal to CD ; 
therefore AFis also equal to CG. 

And, since -̂ -fi" is equal to EC, 
the square on AE is also equal to the square on EC. 

But the squares on AF, EF are equal to the square on AE, 
for the angle at F is right; 
and the squares on EG, GC are equal to the square on EC, 
for the angle at G is right; [1. 4 7 ] 

therefore the squares on AF, FE are equal to the 
squares on CG, GE, 
of which the square on AF is equal to the square on CG, 
for AFis equal to CG ; 

therefore the square on FE which remains is equal to 
the square on EG, 

therefore EF is equal to EG. 
But in a circle straight lines are said to be equally distant 

from the centre when the perpendiculars drawn to them from 
the centre are equal; [in. Def. 4 ] 

therefore AB, CD are equally distant from the centre. 

Next, let the straight lines AB, CD be equally distant 
from the centre; that is, let EF be equal to EG. 

I say that AB is also equal to CD. 
For, with the same construction, we can prove, similarly, 

that AB is double of AF, and CD of CG. 
And, since AE is equal to CE, 

the square on AE is equal to the square on CE. 
But the squares on EF, FA are equal to the square on AE, 
and the squares on EG, GC equal to the square on CE. [1. 4 7 ] 



Therefore the squares on EF, FA are equal to the 
squares on EG, GC, 
of which the square on EF is equal to the square on EG, 
for EF is equal to EG ; 
therefore the square on AF which remains is equal to the 
square on CG; 

therefore AFis equal to CG. 
And AB is double of AF, and CD double of CG; 

therefore AB is equal to CD. 
Therefore etc. 

Q. E. D. 

H e r o n (an-Nairizi, pp . 1 2 5 — 7 ) has an e labora te add i t ion to this proposi t ion 
in which h e proves, first by reductio ad absurdum, a n d t h e n directly, tha t the 
cen t re of t h e circle falls be tween the two chords . 

PROPOSITION 15. 

Of straight lines in a circle the diameter is greatest, 
and of the rest the nearer to the centre is always greater than 
the more remote. 

Let ABCD be a circle, let AD be its diameter and E 
the centre; and let BC be nearer to the 
diameter AD, and FG more remote ; 
I say that AD is greatest and BC 
greater than FG. 

For from the centre E let EH, EK 
be drawn perpendicular to BC, FG. 

Then, since BC is nearer to the 
centre and FG more remote, EK is 
greater than EH. [ m . Def. 5 ] 

Let EL be made equal to EH, 
through L let LM be drawn at right 
angles to EK and carried through to N, and let ME, EN, 
FE, EG be joined. 

Then, since EH is equal to EL, 
BC is also equal to MN. [HI. 1 4 ] 

Again, since AE is equal to EM, and ED to EN, 
AD is equal to ME, EN. 



But ME, EN are greater than MN, [1. 20] 
and MN is equal to BC; 

therefore AD is greater than BC. 
And, since the two sides ME, EN are equal to the two 

sides FE, EG, 
and the angle MEN greater than the angle FEG, 
therefore the base MN is greater than the base EG. [1. 24 ] 

But MN was proved equal to BC. 
Therefore the diameter AD is greatest and BC greater 

than EG. 
Therefore etc. Q. E. D. 

1. Of straight lines. The Greek leaves these words to be understood. 
5. Nearer to the diameter A D . As BC, FG are not in general parallel to AD, 

Euclid should have said " nearer to the centre." 

I t will be observed that Euc l id ' s proof differs from that given in our text
books (which is Simson's) in tha t Euc l id in t roduces ano the r l ine MN, which 
is drawn so as to be equal to BC but at right angles to EK and therefore 
parallel to FG. Simson d ispenses with MNvA bases his proof on a similar 
proof by Theodos ius (Sphaerica I. 6) . H e proves tha t the sum of t h e squares 
on EH, HB is equal to t h e sum of the squares on EK, KF: whence h e 
infers that , since the square on EH is less than the square on EK, the square 
on BH is greater than the square on FK. I t may b e that Euc l id would have 
regarded this as too compl ica ted a n inference to m a k e without explana t ion or 
without an increase in the n u m b e r of his axioms. But, on the o ther h a n d , 
Eucl id himself assumes that the angle sub tended a t the cen t re by MN is 
greater than the angle sub t ended by FG, or, in o ther words, tha t M, N bo th 
fall outs ide the triangle FEG. T h i s is a similar a s sumpt ion to that m a d e in 
in . 7, 8, as already not iced ; a n d its t ru th is obvious because EM, EN, be ing 
radii of the circle, are greater t han the dis tances from E to the points in which 
MN cuts EF, EG, and therefore the latter poin ts a re nearer t han M, Naxe to 
L, t he foot of the perpendicular from E to MN. 

Simson adds the converse of the proposi t ion, proving it in the same way 
as he proves the proposi t ion itself. 

PROPOSITION 16. 

The straight line drawn at right angles to the diameter 
of a circle from its extremity will fall outside the circle, and 
into the space between the straight line and the circumference 
another straight line cannot be interposed; further the angle 
of the semicircle is greater, and the remaining angle less, than 
any acute rectilineal angle. 

Let ABC be a circle about D as centre and AB as 
diameter; 
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I say that the straight line drawn from A at right angles 
to AB from its extremity will fall 
outside the circle. 

For suppose it does not, but, 
if possible, let it fall within as CAt 

and let DC be joined. 
Since DA is equal to DC, 
the angle DA C is also equal to 

the angle A CD. [i . 5 ] * 
But the angle DA C is right; E 

therefore the angle A CD is also right: 
thus, in the triangle A CD, the two angles DAC, A CD are 
equal to two right angles : which is impossible. [1. 1 7 ] 

Therefore the straight line drawn from the point A at 
right angles to BA will not fall within the circle. 

Similarly we can prove that neither will it fall on the 
circumference; 

therefore it will fall outside. 
Let it fall as AE; 

I say next that into the space between the straight line A E 
and the circumference CHA another straight line cannot be 
interposed. 

For, if possible, let another straight line be so interposed, 
as FA, and let DG be drawn from the point D perpendicular 
to FA. 

Then, since the angle AGD is right, 
and the angle DAG is less than a right angle, 

AD is greater than DG. [1 . 1 9 ] 
But DA is equal to DH; 

therefore DH is greater than DG, the less than the 
greater : which is impossible. 

Therefore another straight line cannot be interposed into 
the space between the straight line and the circumference. 

I say further that the angle of the semicircle contained by 
the straight line BA and the circumference CHA is greater 
than any acute rectilineal angle, 
and the remaining angle contained by the circumference CHA 
and the straight line AE is less than any acute rectilineal angle. 

For, if there is any rectilineal angle greater than the 
angle contained by the straight line BA and the circumference 
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CHA, and any rectilineal angle less than the angle contained 
by the circumference CHA and the straight line AE, then 
into the space between the circumference and the straight line 
AE a. straight line will be interposed such as will make an 
angle contained by straight lines which is greater than the 
angle contained by the straight line BA and the circumference 
CHA, and another angle contained by straight lines which 
is less than the angle contained by the circumference CHA 
and the straight line AE. 

But such a straight line cannot be interposed ; 
therefore there will not be any acute angle contained by 

straight lines which is greater than the angle contained by 
the straight line BA and the circumference CHA, nor yet 
any acute angle contained by straight lines which is less than 
the angle contained by the circumference CHA and the 
straight line AE.— 

PORISM. • From this it is manifest that the straight line 
drawn at right angles to the diameter of a circle from its 
extremity touches the circle. 

7 O. E. D . 
t . cannot be interposed, literally " will not fall in between " (oi irapepwe<ruTtu). 

T h i s proposit ion is historically interest ing because of t h e controversies to 
which the last par t of it gave rise from the 1 3 t h to the 1 7 t h centur ies . 
History was here repeat ing itself, for it is certain that , in anc ien t Greece , bo th 
before and after Eucl id ' s t ime, there had been a great deal of t h e same sort 
of content ion abou t the na ture of the " angle of a s emic i r c l e " a n d t h e 
" r e m a i n i n g a n g l e " be tween the circumference of the semicircle a n d t h e 
tangent at its extremity. As we have seen (note on 1. Def. 8), t h e latter angle 
had a recognised name , MpaToeiSijs ywvta, horn-like or cornicular a n g l e ; 
though this term does no t appear in Euclid, it is often used by Proclus , 
evidently as a term well unders tood . While it is from Proclus that we get the 
best idea of the anc ien t controversies on this subject , we may, I th ink, infer 
their prevalence in Eucl id ' s t ime from this solitary appea rance of the two 
" a n g l e s " in the Elements. Along with the definition of t h e angle of a 
segment, it seems, to show that , a l though these angles are only men t ioned to 
be d ropped again immediate ly , and are of no use in e lementary geometry , o r 
even a t all, Eucl id though t tha t an allusion to t h e m would b e expected of 
h i m ; it is as if he merely meant to guard himself against appear ing to ignore 
a subject which the geometers of his t ime regarded with interest . I f this 
conjecture is right, t he ment ion of these angles would cor respond t o t h e 
insertion of definitions of which h e makes n o use, e.g. those of a r h o m b u s a n d 
a rhomboid . 

Proclus has n o hesitat ion in speaking of the " a n g l e of a s emic i r c l e " a n d 
the "horn- l ike a n g l e " as t rue angles. T h u s h e says tha t "ang les are conta ined 
by a straight l ine a n d a circumference in two w a y s ; for they are ei ther 
conta ined by a straight line a n d a convex circumference, like, tha t of the semi-



circle, or by a s t ra ight l ine a n d a concave circumference, like t h e MpaToeiSi/? " 
(p . 1 2 7 , 1 1 — 1 4 ) . " T h e r e are mixed l ines, as spirals, a n d angles , as the angle 
of a semicircle a n d t h e KcpaTociSr/s " (p . 104 , 1 6 — 1 8 ) . T h e difficulty which 
t h e ancients felt a rose from t h e very fact which Euc l id embodies in this 
proposit ion. S ince a n angle can b e divided by a line, it would seem to b e a 
m a g n i t u d e ; " b u t if it is a magn i tude , a n d all homogeneous magni tudes which 
are finite h a v e a rat io to one ano the r , t hen all homogeneous angles, or rather 
all those on surfaces, will have a ra t io to one another , so tha t the cornicu/ar 
will also h a v e a rat io to the rectil ineal. But things which have a ratio to one 
ano the r c a n , if multiplied, exceed o n e another . Therefore the cornicular 
angle will a lso somet ime exceed t h e rec t i l inea l ; which is impossible, for it is 
proved tha t t h e former is less than any rectilineal a n g l e ' ' (Proclus, p . 1 2 1 , 
2 4 — 1 2 2 , 6 ) . T h e na ture of contac t between straight l ines and circles was 
also involved in the ques t ion, a n d tha t this was the subject of controversy 
before Euc l id ' s t ime is clear from the title of a work a t t r ibu ted to Democr i tus 
(fl. 4 2 0 — 4 0 0 B.C.) irepi Stcupopijf yv<ap.ovos r) jrcpi i/rawios KUKAOV K<U (r<£aip>)s, 
On a difference in a gnomon or on contact of a circle and a sphere. T h e r e is, 
however , ano the r reading of the first words of th is title as given by Diogenes 
Lae r t i u s ( ix . 4 7 ) , namely irepi &«<£opf}s yvwp.rp. On a difference of opinion, e tc . 
M a y it not be that ne i the r reading is correct , b u t tha t the words should b e 
wept &(.a<poprjs ywvi'jjs r) irtpi xf/avaitK KVK\OV KOX o-tpaipr/i, On a difference in an 
angle or on contact with a circle and a sphere} T h e r e would, of course, 
hardly be any " angle " in connexion with the s p h e r e ; bu t I d o not th ink that 
this const i tutes any difficulty, because the sphere might easily b e tacked on as 
a k indred subject t o t h e circle. A curiously similar collocation of words 
appears in a passage of Proclus, though this may be an accident . H e says 
(p. 50, 4 ) TTIU? Si ywviwv Siacpopai Xeyopa' xal aifrjtrtK avnav . . . a n d then , in 

the next l ine bu t one , iru!s Si TOS cupat i w KVK\O>V r) rmv tiBtuov, " I n what 
sense d o we speak of differences of angles and of increases of them ... a n d in 
what sense of the contacts (or meet ings) of circles or of straight l i n e s ? " 
I canno t he lp th ink ing tha t this subject of cornicular angles would have had 
a fascination for Democr i tus as being ak in to the quest ion of infinitesimals, 
a n d very m u c h of the same character as the o ther quest ion which P lu ta rch 
(On Common Notions, x x x i x . 3 ) says that h e raised, namely that of the 
relation be tween the base of a cone a n d a section of it by a plane parallel to 
the base a n d apparent ly , to j udge by the context, infinitely near t o i t : " if 
a cone were cut by a p lane parallel to its base, what mus t we th ink of the 
surfaces of t h e sections, tha t they are equal or u n e q u a l ? For , if they are 
unequal , they will m a k e t h e c o n e irregular, as having many inden ta t ions like 
s teps, a n d u n e v e n n e s s e s ; but , if they are equal , the sect ions will be equal , 
a n d t h e c o n e will appear to have t h e proper ty of the cylinder, as be ing made 
u p of equa l a n d not unequa l circles, which is the height of absurdi ty ." 

The cont r ibu t ions by Democr i t u s t o such investigations a re further at tested 
by a passage in the Method of A r c h i m e d e s d iscovered by H e i b e r g in 1906 
(Archimedes, ed . He ibe rg , Vol . II. 1 9 1 3 , p . 4 3 0 ; T . L. H e a t h , The M e t h o d 
of Archimedes, 1 9 1 2 , p . 1 3 ) , which says that , t hough E u d o x u s was the first to 
discover t h e scientific proof of the propos i t ions (a t t r ibu ted to h im) tha t the 
c o n e a n d the pyramid are one- thi rd of the cyl inder a n d pr ism respectively 
which have the s a m e base a n d equa l height , they were first stated, without 
proof, by D e m o c r i t u s . 

A full history of the later controvers ies abou t t h e cornicular " a n g l e " 
c a n n o t be given h e r e ; m o r e on t h e subject will be found in Camerer ' s 
Euc l id (Excur sus iv. on i l l . 1 6 ) or in Can tor ' s Geschichte der Mathematik. 



III. 16] P R O P O S I T I O N 16 41 

Vol. 11. (see Contingenzwinkel in the index) . Bu t t h e following shor t n o t e 
about the a t t i tude of certain well-known ma themat i c i ans to t h e ques t ion will 
perhaps not b e out of place. J o h a n n e s C a m p a n u s , who ed i t ed Euc l id in 
the 1 3 t h century, inferred from i n . 1 6 tha t the re was a flaw in t h e pr inciple 
that the transition from the less to the greater, or vice versa, takes place through 
all intermediate quantities and therefore through the equal. I f a d i ame te r of a 
circle, he says, b e m o v e d a b o u t its extremity unti l it t akes the posi t ion of t h e 
tangent to tha t circle, then , as long as it cuts t h e circle, it m a k e s an a c u t e 
angle less t han t h e " angle of a semicircle " ; bu t the m o m e n t it ceases to cut , 
it makes a right angle greater t h a n t h e same " angle of a semic i rc le ." T h e 
rectilineal angle is never, du r ing the t ransi t ion, equal to t h e " angle of a semi
circle." T h e r e is therefore an appa ren t inconsis tency with x . 1, a n d C a m p a n u s 
could only observe (as h e does on tha t proposi t ion) , in explana t ion of t h e 
paradox, tha t " t h e s e a r e no t angles in the s a m e sense (univoce) , for the 
curved a n d the straight are no t th ings of the s a m e k ind without qualification 
(simplici ter) ." T h e a rgumen t assumes , of course, tha t t h e right ang le is 
greater t han the " a n g l e of a semicirc le ." 

Very similar is the s t a t emen t of the paradox by C a r d a n o ( 1 5 0 1 — 1 5 7 6 ) , 
who observed tha t a quantity may continually increase without limit, and 
another diminish without limit; and yet the first, however increased, may be less 
than the second, however diminished. T h e first quant i ty is of course the angle 
of contact, a s h e calls it, which may b e " increased " indefinitely by drawing 
smaller a n d smaller circles touch ing the same straight l ine at t h e s a m e point , 
bu t will always be less than any a c u t e recti l ineal angle however small . 

W e next c o m e to t h e F r e n c h geometer , Pele t ier (Pele tar ius) , who ed i ted t h e 
Elements in 1 5 5 7, a n d whose views on this subject seem to m a r k a great advance . 
Peletier 's op in ions a n d a rguments a re most easily accessible in t h e a c c o u n t of 
them given by Clavius (Chr i s toph Klau [?], 1 5 3 7 — 1 6 1 2 ) in the 1607 edi t ion of 
his Eucl id . T h e violence of the controversy be tween t h e two will b e u n d e r s t o o d 
from the fact tha t t h e a rgumen t s a n d coun te r -a rguments (which somet imes r u n 
in to o ther mat te rs than the par t icular quest ion at issue) cover, in that book , 
26 pages of small pr int . Pelet ier held tha t the " a n g l e of c o n t a c t " was no t an 
angle a t all, tha t the " c o n t a c t of two circles," i.e. t he " a n g l e " be tween the 
circumferences of two circles touch ing o n e ano the r internal ly or external ly, is 
no t a quantity, a n d tha t t h e " con tac t of a straight l ine with a circle " is no t a 
quantity e i t h e r ; tha t angles con ta ined by a d i amete r a n d a c i rcumference 
whether inside or ou ts ide the circle a re right angles a n d equa l to recti l ineal 
right angles , a n d tha t angles con t a ined by a d iamete r a n d t h e c i rcumference 
in all circles a re equal. T h e proof which Pelet ier gave of the lat ter p ro 
position in a let ter to C a r d a n o is sufficiently ingenious. If a grea ter a n d 
a less semicircle be placed with their d iameters t e rmina t ing at a c o m m o n 
point and lying in a straight l ine, t hen ( 1 ) t h e angle of t he larger obviously 
canno t be less t han the angle of t h e smal ler . Ne i t he r (2) can t h e former b e 
greater t han the l a t t e r ; for, if it were, we could obta in a n o t h e r angle of a 
semicircle greater still by drawing a still larger semicircle, a n d so on, unt i l we 
should ult imately have a n angle of a. semicircle greater t h a n a r ight a n g l e : which 
is impossible. H e n c e the angles of semicircles mus t all be equal, a n d t h e dif
ferences between them nothing. H a v i n g satisfied himself tha t all angles of 
contact a re wo/-angles, «o/-quantit ies, a n d therefore nothings, Pele t ier ho lds the 
difficulty abou t x . 1 to b e a t a n end . H e a d d s t h e in teres t ing r e m a r k tha t 
the essence of an angle is in cutting, no t contac t , a n d tha t a t angen t is no t 
inclined to the circle a t the point of con tac t bu t is, as it were, immersed in it a t 
tha t point , jus t as much as if the circle d id not diverge from it on e i ther s ide. 



T h e reply of Clavius need not de ta in us. H e argues, ' evidently appeal ing 
to t h e eye, tha t the angle of contac t can b e divided by the arc of a circle 
greater t h a n the given one, that the angles of two semicircles of different sizes 
canno t be equal , s ince they d o not coinc ide if they are appl ied to one another , 
tha t the re is no th ing to prevent angles of contact from being quantities, it being 
only necessary, in view of x . i , to a d m i t tha t they are no t of the same kind as 
recti l ineal a n g l e s ; lastly that , if the angle of contac t had been a nothing, 
Euc l id would not have given himself so much t rouble to prove that it is less 
t h a n any acu te angle . ( T h e word is desudasset, which is certainly an 
exaggerat ion as appl ied to what is little more than an obiter dictum in HI. 16 . ) 

Vie ta ( 1 5 4 0 — 1 6 0 3 ) ranged himself on the side of Peletier, maintaining 
tha t the angle of contact is no a n g l e ; only h e uses a new me thod of proof. 
T h e circle, he says, may b e regarded as a p lane figure with an infinite n u m b e r 
of sides a n d a n g l e s ; bu t a straight line touching a straight line, however short 
it may be, will coincide with that straight line and will not make an angle. 
Never before, says Can to r ( n , , p . 540) , h a d it been so plainly declared what 
exactly was to b e unde r s tood by contact. 

Gali leo Galilei ( 1 5 6 4 — 1 6 4 2 ) seems to have held the same view as Vieta 
a n d t o have suppor t ed it by a very similar a rgumen t derived from the com
parison of the circle a n d an inscr ibed polygon with an infinite n u m b e r of 
s ides. 

T h e last writer on t h e quest ion who mus t be ment ioned is J o h n Wallis 
( 1 6 1 6 — 1 7 0 3 ) . H e publ i shed in 1 6 5 6 a paper enti t led De angulo contactus et 
semicirculi tractatus in which h e also main ta ined that the so-called angle was 
not a t rue angle, a n d was no t a quantity. Vincent Leo taud ( 1 5 9 5 — 1 6 7 2 ) 
t ook u p the cudgels for Clavius in his Cyclomathia which appea red in 1 6 6 3 . 
T h i s b rough t a reply from Wallis in a let ter to Leo taud da ted 17 February , 
1 6 6 7 , bu t no t apparent ly publ i shed till it appeared in A defense of the treatise 
of the angle of contact which, with a separate title-page, and da te 1684 , was 
inc luded in the Engl ish edi t ion of his Algebra da ted 1 6 8 5 . T h e essence of 
Wall is ' posi t ion may b e put as follows. Accord ing to Eucl id ' s definition, a 
p lane angle is an inclination of two l ines ; therefore two lines forming an angle 
mus t incline to o n e another , and , if two lines meet without being inclined to 
one ano the r a t the poin t of meet ing (which is the case when a circumference 
is t o u c h e d by a straight line), the l ines d o not form a n angle. T h e " angle of 
c o n t a c t " is therefore n o angle, because at the point of contact t he straight l ine 
is no t incl ined to t h e circle b u t lies on it d<c\u/<3s, or is coincident with it. 
Again , as a poin t is not a line bu t a beginning of a line, and a line is not a 
surface bu t a beginning oi a surface, so a n angle is not the dis tance between 
two lines, bu t their initial t endency towards sepa ra t ion : Angulus (seu gradus 
divaricationis) Distantia non est sed Inceptivus distantiae. H o w far lines, which 
at their po in t of mee t ing d o not form an angle, separate from one ano ther as 
they pass on d e p e n d s on the degree of curvature (gradus curvitatis), a n d it is 
t h e la t ter which has to b e compared in the case of two lines so meet ing. T h e 
a rc of a smaller circle is m o r e curved as having as much curvature in a lesser 
length , a n d is therefore curved in a greater degree . T h u s what Clavius called 
angulus contactus becomes with Wallis gradus curvitatis, t he use of which 
expression shows tha t curva ture and curvature can be compared according to 
one a n d the s a m e s tandard . A straight l ine has the least possible curvature ; 
bu t of the " a n g l e " m a d e by it with a curve which it touches we cannot say that 
it is greater or less than the " angle " which a second curve touching the same 
straight l ine a t the same point makes with the first c u r v e ; for in both cases 
the re is n o t rue angle a t all (cf. Can to r HI,, p. 24) . 



T h e words usually given as a par t of t h e corollary " a n d tha t a s t ra ight l ine 
touches a circle at one point only, s ince in fact the straight l ine mee t ing it in 
two points was proved to fall within i t " a re omi t t ed by H e i b e r g as be ing an 
undoub ted addi t ion of Theon ' s . I t was Simson who a d d e d the further r emark 
that " it is evident that there can be b u t one straight l ine which touches the 
circle a t the same poin t . " 

PROPOSITION 17. 

From a given point to draw a straight line touching a 
given circle. 

Let A be the given point, and BCD the given circle ; 
thus it is required to draw from the point A a straight line 
touching the circle BCD. 

For let the centre E of the circle 
be taken ; [MI. I ] 
let AE be joined, and with centre E 
and distance EA let the circle AFG 
be described ; 
from D let DF be drawn at right 
angles to EA, 
and let EF, AB be joined ; 
I say that AB has been drawn from 
the point A touching the circle BCD. 

For, since E is the centre of the circles BCD, AFG, 
EA is equal to EF, and ED to EB ; 

therefore the two sides AE, EB are equal to the two sides 
FE, ED: 
and they contain a common angle, the angle at E; 

therefore the base DF is equal to the base AB, 
and the triangle DEF is equal to the triangle BE A, 

and the remaining angles to the remaining angles ; [1. 4] 
therefore the angle EDF is equal to the angle EBA. 

But the angle EDF is right; 

therefore the angle EBA is also right. 
Now EB is a radius ; 

and the straight line drawn at right angles to the diameter 
of a circle, from its extremity, touches the circle ; [m. 1 6 , Por . ] 

therefore AB touches the circle BCD. 
Therefore from the given point A the straight line AB 

has been drawn touching the circle BCD. 



T h e const ruct ion shows, of course, tha t two straight lines can be drawn 
from a given external po in t to touch a given c i r c l e ; and it is equally obvious 
tha t these two straight l ines are equal in length and equally inclined to the 
straight l ine jo ining the external po in t to the cen t re of the given circle. 
T h e s e facts a re given by H e r o n (an-Nairizi, p . 1 3 0 ) . 

I t is t rue tha t Euc l id leaves ou t the case where t h e given point lies on the 
circumference of t h e circle, doubt less because the const ruct ion is so directly 
ind ica ted by lit. 1 6 , Por . a s to b e scarcely worth a separate s ta tement . 

A n easier solut ion is of course possible as soon as we know (ill . 3 1 ) that 
the angle in a semicircle is a right a n g l e ; for we have only to describe a 
circle on AE as d iameter , a n d this circle cu ts t h e given circle in the two points 
of contact . 

PROPOSITION 18. 

If a straight line touch a circle, and a straight line be 
joined from the centre to the point of contact, the straight line 
so joined will be perpendicular to the tangent. 

For let a straight line DE touch the circle ABC at the 
point C, let the centre F of the 
circle ABC be taken, and let FC 
be joined from F to C; 
I say that FC is perpendicular to 
DE. 

For, if not, let FG be drawn 
from F perpendicular to DE. 

Then, since the angle FGC is 
right, 

the angle FCG is acute; [1. 1 7 ] 
and the greater angle is subtended 
by the greater side ; [1. 1 9 ] 

therefore FC is greater than FG. 
But FC is equal to FB ; 
therefore FB is also greater than FG, 

the less than the greater: which is impossible. 
Therefore FG is not perpendicular to DE. 
Similarly we can prove that neither is any other straight 

line except EC; 
therefore FC is perpendicular to DE. 

Therefore etc. 
Q. E. D. 



3. the tangent, 4 E^M-TOIIA-I). 

Jus t as i n . 3 conta ins two partial converses of t h e Por i sm to i n . 1, so 
the present proposi t ion a n d the next give two part ial converses of t h e 
corollary to l i t 1 6 . W e may show their re lat ion t h u s : suppose three th ings , 
( 1 ) a tangent a t a poin t of a circle, (2) a s traight l ine drawn from t h e cen t re to 
the point of contact , (3 ) right angles m a d e a t t h e poin t of con tac t [with ( 1 ) o r 
(2 ) as the case may b e ] . T h e n the corollary t o III. 16 asserts tha t (2) a n d (3 ) 
together give ( 1 ) , l i t 1 8 tha t ( 1 ) a n d (2 ) give (3) , a n d l i t 1 9 tha t ( 1 ) a n d (3) 
give (2), i e . tha t t h e straight l ine d rawn from t h e poin t of contac t a t r ight 
angles to the tangent passes th rough the cen t re . 

PROPOSITION I 9. 

If a straight line touch a circle, and from the point of 
contact a straight line be drawn at right angles to the tangent, 
the centre of the circle will be on the straight line so drawn. 

For let a straight line DE touch the circle ABC at the 
point C, and from C let CA be 
drawn at right angles to DE; 
I say that the centre of the circle 
is on A C. 

For suppose it is not, but, if 
possible, let F be the centre, 
and let CF be joined. 

Since a straight line DE touches 
the circle ABC, 
and FC has been joined from the d c e 
centre to the point of contact, 

FC is perpendicular to DE ; [lit 1 8 ] 
therefore the angle FCE is right. 

But the angle A CE is also right; 
therefore the angle FCE is equal to the angle A CE, 

the less to the greater: which is impossible. 
Therefore F is not the centre of the circle A BC. 
Similarly we can prove that neither is any other point 

except a point on A C. 
Therefore etc. 

Q. E. D . 

W e may also regard i n . 1 9 as a partial converse of i n . 1 8 . T h u s suppose 
( 1 ) a straight l ine t h rough t h e cent re , (2) a s t ra ight l ine th rough t h e po in t of 
contact , a n d suppose (3 ) t o m e a n perpendicular to t h e t a n g e n t ; t hen i n . 1 8 
asserts tha t ( 1 ) a n d (2 ) c o m b i n e d p r o d u c e (3 ) , a n d III. 1 9 tha t (2 ) a n d (3 ) 



PROPOSITION 20. 

In a circle the angle at the centre is double of the angle 
at the circumference, when the angles have the same circum
ference as base. 

Let ABC be a circle, let the angle BEC be an angle 
sat its centre, and the angle BAC an 

angle at the circumference, and let 
them have the same circumference BC 
as base; 
I say that the angle BEC is double of A / 

10 the angle BAC. 
For let AE be joined and drawn 

through to F. 
Then, since EA is equal to EB, 

the angle EAB is also equal to the 
is angle EBA ; [1. 5] 

therefore the angles EAB, EBA are double of the angle 
EAB. 

But the angle BEE is equal to the angles EAB, EBA ; 
[>• 32 ] 

therefore the angle BEE is also double of the angle 
20 EAB. 

For the same reason 
the angle EEC is also double of the angle EA C. 

Therefore the whole angle BEC is double of the whole 
angle BAC. 

25 Again let another straight line be inflected, and let there 
be another angle BDC; let DE be joined and produced 
to G. 

p r o d u c e ( 1 ) ; while again we may enunc ia t e a second partial converse of in . 1 8 , 
cor responding to the s ta tement tha t ( 1 ) a n d (3) p roduce (2) , to the effect that 
a straight l ine drawn th rough the cen t re perpendicular to the tangent passes 
th rough t h e poin t of contact . 

W e may a d d at this point , or even after t h e Por ism to in . 1 6 , the theorem 
tha t two circles which touch one another internally or externally have a common 
tangent at their point of contact. F o r the l ine jo ining their centres , p roduced 
if necessary, passes t h rough their po in t of contac t , a n d a straight l ine drawn 
th rough tha t point a t right angles to the line of centres is a t angent to both 
circles. 



Similarly then we can prove that the angle GEC is 
double of the angle EDC, 

30 of which the angle GEB is double of the angle EDB ; 
therefore the angle BEC which remains is double of the 

angle BDC. 
Therefore etc. Q. E. D . 

' 15. let another s t ra ight l ine be inflected, KexXdoBa Sri rd\iv (without eideta). The 
verb K\&U (to break off) was the regular technical term for drawing from a point a (broken) 
straight line which first meets another straight line or curve and is then bent back from it 
to another point, or (in other words) for drawing straight lines from two points meeting at a 
point on a curve or another straight line. Kcic\&<r6at is one of the geometrical terms the 
definition of which must according to Aristotle be assumed {Anal. Post. I, 10, 76 b 9). 

T h e early editors , Tartagl ia , C o m m a n d i n u s , Peletar ius , Clavius a n d others , 
gave the extension of this proposi t ion to the case where the segment is less 
than a semicircle, a n d where accordingly the " a n g l e " cor responding to 
Eucl id ' s " a n g l e at the c e n t r e " is greater t han two right angles. T h e 
convenience of the extension is obvious, a n d t h e proof of it is the same as the 
first par t of Eucl id ' s proof. By means of the extension in . 21 is demons t r a t ed 
without making two c a s e s ; in . 22 will follow immediate ly from the fact that 
the sum of the " angles a t the cent re " for two segments making u p a whole 
circle is equal to four right a n g l e s ; also in . 3 1 follows immedia te ly from the 
ex tended proposit ion. 

But all t h e edi tors referred to were forestalled in this ma t te r by H e r o n , as 
we now learn from the commenta ry of an-Nairizi (ed. Cur tze , p . 1 3 1 sqq.) . 
H e r o n gives the extension of Eucl id ' s proposi t ion which, h e says, it had been 
left for him to make , bu t which is necessary in order tha t t h e caviller may not 
be able to say tha t the next proposi t ion (about the equali ty of the angles 
in any segment) is no t establ ished generally, i.e. in the case of a segment less 
than a semicircle as well as in the case of a segment greater t han a semicircle, 
inasmuch as III. 20, as given by Euclid, only enables us to prove it in the 
latter case. H e r o n ' s enunc ia t ion is impor tan t as showing how h e descr ibes 
what we should now call an " a n g l e " greater than two right angles. ( T h e 
language of Ghera rd ' s t ranslat ion is, in o ther respects , a little o b s c u r e ; bu t 
the meaning is m a d e clear by what follows.) 

" T h e angle ," H e r o n says, " which is at the cen t re of any circle is doub le 
of the angle which is a t the circumference of it when one arc is the base of both 
angles; a n d the remaining angles which are at the centre, and fill up the four 
right angles, a re doub le of the angle at the circumference of the afc which is 
sub tended by the [original] angle which is at the cen t re . " 

T h u s the " angle greater t han two right angles " is for H e r o n the sum of 
certain " angles " in t h e Euc l idean sense of angles less than two right angles . 
T h e particular me thod of spli t t ing up which H e r o n adop t s will be seen from 
his proof, which is in subs tance as follows. 

Let CDB be an angle at the centre , CAB tha t a t the c i rcumference. 
P r o d u c e BD, CD to F, G; 

take any point E on BC, and join BE, EC, ED. 

T h e n any angle in the segment BAC is half of the angle BDC; a n d 
the sum of the angles B D G , G D F , F D C is double of any angle in the 
segment B E C . 



Proof. S ince CD is equal , to ED, 
the angles DCE, DEC a re equal . 

Therefore the exterior angle GDE is equal to r> A 
twice the angle DEC. 
Similarly t h e exterior angle FDE is equal to 
twice the angle DEB. 
By addi t ion , the angles GDE, FDE a re doub le 
of the angle BEC. 

But 
t h e angle BDC is equa l to the angle FDG, 

therefore the sum of the angles B D G , G D F , F D C 
is double of the angle B E C . 

A n d Euc l id h a s p roved t h e first par t of the 
proposi t ion, namely tha t the angle BDC is doub le 
of t h e angle BA C. 

Now, says H e r o n , BAC is any angle in the segment BAC, and therefore 
any angle in t h e segment BA C is half of the angle BDC. 

Therefore all t h e angles in the segment BA C a r e equal . 
Again , BEC is any angle in the segment BEC a n d is equal to half the 

sum oft/u angles B D G , G D F , F D C . 
Therefore all t h e angles in t h e segment BEC a re equal . 
H e n c e m . 21 is proved generally. 
Lastly, says H e r o n , 

s ince the sum of the angles B D G , G D F , F D C is doub le of the angle BEC, 
a n d the angle BDC is d o u b l e of the angle BA C, 
therefore, by addi t ion , t h e sum of four right angles is doub le of the sum of 
the angles BAC, BEC. 

H e n c e t h e angles BAC, BEC are together equal to two right angles, a n d 
i l l . 22 is proved. 

T h e above no te s of H e r o n show conclusively, if proof were wanted, that 
Euc l id h a d n o idea of III. 20 applying in terms (either as a matter of 
enunc ia t ion or proof) to t h e case where the angle at the circumference, or the 
angle in t h e segment , is obtuse. H e would not have recognised the " angle " 
greater t han two right angles o r the so-called " s t r a igh t a n g l e " as being an 
angle a t all. T h i s is i ndeed clear from his definition of an angle as the 
inclination K.T.L, a n d from t h e language used by other later Greek mathe
mat ic ians where there would b e a n oppor tuni ty for in t roducing t h e extension. 
T h u s Proc lus ' no t ion of a " four-sided t r i a n g l e " (cf. the no te above on the 
definition of a tr iangle) shows tha t h e d id no t coun t a re-entrant angle as a n 
angle , a n d Zenodo rus ' appl icat ion t o the same figure of the word "ho l low-
ang led " shows tha t in tha t case it was the exterior angle only which h e would 
have called a n angle . Fu r the r it would have been inconvenient to have 
in t roduced a t t h e beginning of the Elements a n " a n g l e " equal to or greater 
t h a n two right angles , because o ther definitions, e.g. tha t of a right angle, 
would have n e e d e d a qualification. If an " a n g l e " might be equal to two 
right angles, o n e straight l ine in a straight l ine with ano the r would have 
satisfied Eucl id ' s definition of a r ight angle. T h i s is not iced by Dodgson 
(p . 160) , bu t it is practically b rought ou t by Proclus on 1. 1 3 . " F o r he did 
no t merely say tha t ' any straight l ine s tanding on a straight l ine either makes 
two right angles or angles equal to two right a n g l e s ' but ' / / /'/ make angles.' 
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If it s tand on the straight l ine a t its extremity a n d m a k e o n e angle, is it 
possible for this to be equa l to two right angles ? I t is of course i m p o s s i b l e ; 
for every rectilineal angle is less than two right angles, as every solid angle is 
less than four right angles (p. 292 , 1 3 — 2 0 ) . " [ I t is t rue tha t it has b e e n 
generally held that the mean ing of " angle " is tacitly ex tended in vi. 3 3 , b u t 
there is no real g round for this view. See the n o t e on the proposi t ion.] 

I t will be observed that , following his usual habit , Euc l id omi ts t h e 
demons t ra t ion of the case which some editors , e.g. Clavius, have t h o u g h t it 
necessary to give separately, t he case namely where one of t h e lines forming 
the angle in t h e segment passes th rough the centre . Euc l id ' s proof gives so 
obviously the means of proving this that it is properly left out . 

T o d h u n t e r observes, what Clavius h a d also r emarked , tha t the re are two 
assumpt ions in t h e proof of III, 20, namely that , if A is doub le of £ a n d C 
double of D, t hen the sum, or difference, of A a n d C is equal to doub le the 
sum, or difference, of B a n d D respectively, the assumpt ions be ing part icular 
cases of v. 1 a n d v. 5. Bu t of course it is easy to satisfy ourselves of the 
correctness of the assumpt ion wi thout any recourse to Book v. 

PROPOSITION 2 1 . 

In a circle the angles in the same segment are equal to one 
another. 

Let ABCD be a circle, and let the angles BAD, BED 
be angles in the same segment BAED; 
I say that the angles BAD, BED are 
equal to one another. 

For let the centre of the circle 
ABCD be taken, and let it be E; let 
BE, ED be joined. 

Now, since the angle BED is at 
the centre, 

and the angle BAD at the circum- c 
ference, 

and they have the same circumference BCD as base, 
therefore the angle BED is double of the angle BAD. [111. 20] 

For the same reason 
the angle BED is also double of the angle BED ; 

therefore the angle BAD is equal to the angle BED. 
Therefore etc. 

Q. E. D. 

U n d e r t h e restr ict ion tha t the " ang le a t t h e cen t re " used in i n . 20 mus t 
b e less than two right angles, Eucl id ' s proof of this proposi t ion only appl ies 
to t h e case of a segment greater t han a semicircle, a n d the case of a segment 
equal to o r less than a semicircle has to be cons idered separately. T h e 
simplest proof, of many , seems t o b e tha t of S imson. 
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" B u t , if the segment BAED be no t greater than a semicircle, let BAD, 
BED b e angles in i t : these also are equal to one 
another . 

Draw AF to the cent re , a n d p r o d u c e it to C, and 
join CE. 

Therefore the segment BADC is greater than a 
semicircle, a n d the angles in it BA C, BEC a re equal , 
by the first case. 

F o r the s a m e reason, because CBED is greater 
t h a n a semicircle, 

t h e angles CAD, CED a re equal . 
There fore the whole angle BAD is equal to the whole angle BED." 

W e can prove, by means of reductio ad absurdum, t he impor tan t converse 
of th is proposi t ion, namely that , if there be any two triangles on the same base 
and on the same side of it, and with equal vertical angles, the circle passing 
through the extremities of the base and the vertex of one triangle will pass 
through the vertex of the other triangle also. T h a t a circle can be thus 
descr ibed abou t a triangle is clear from Eucl id ' s cons t ruc t ion in ill . 9, which 
shows how to draw a circle pass ing through any three points , though it is 
in iv. 5 only t ha t we have the p rob lem stated. Now, 
suppose a circle BAC d rawn th rough the angular d 
poin ts of a t r iangle BAC, a n d let BDC be ano the r / ^ T \ ~ ^ & . 

t r iangle with the same base BC and on t h e same side / / \ / \ \ 
of it, a n d having its vertical angle D equal to the / / / \ \ \ 
angle A. T h e n shall the circle pass th rough D. I / / \ \ J 

For , if it does not, it mus t pass through some point 1 / / \ \ / 
E on BD or on BD p r o d u c e d . If then EC b e 4 ( ; 
jo ined , the angle BEC is equa l to the angle BAC, \ . / 
by i n . 2 1 , a n d therefore equa l to the angle BDC. 
Therefore a n exterior angle of a tr iangle is equal to 
the interior a n d opposi te a n g l e : which is impossible, by I. 1 6 . 

There fore D lies on t h e circle BA C. 
Similarly for any o ther tr iangle on the base BC a n d with vertical angle 

equa l to A. T h u s , if any number of triangles be constructed on the same base 
and on the same side of it, with equal vertical angles, the vertices will all lie on 
the circumference of a segment of a circle. 

A useful theorem derivable from i n . 21 is given by Serenus (De sectione 
coni, Props . 5 2 , 53) . 

If ADB be any segment of a circle, a n d C be such a poin t on the 
c i rcumference that AC is equal to CB, a n d if 
there be descr ibed with C as cen t re a n d radius 
CA or CB t he circle AHB, then, ADB being 
any o the r angle in the s egmen t A CB, a n d BD 
being p r o d u c e d to mee t t h e outer segment in 
E, t he sum of AD, DB is equa l to BE. e 

If BC be p roduced to mee t the outer 
segment in F, and FA b e jo ined , 

CA, CB, CFare by hypothes is equal . 

There fore the angle FAC is equa l to the 
angle AFC. 

Also, by in . 2 1 , the angles ACB, ADB are e q u a l ; 
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therefore their supp lements , the angles ACF, ADE, a r e equal 
Fur the r , by in . 2 1 , t h e angles AEB, AFB a re equa l . 
H e n c e in the tr iangles A CF, ADE two angles a re respectively e q u a l ; 
therefore the th i rd angles EAD, FA C a re equa l . 
But the angle FA C is equal to the angle AFC, a n d therefore equal t o t h e 

angle AED. 
Therefore t h e angles AED, EAD a re equal , or t h e triangle DEA is 

isosceles, 
a n d AD is equa l to DE. 

A d d i n g BD to both , we see tha t 
BE is equal to the sum of AD a n d DB. 

Now, BF being a d iamete r of the circle of which t h e outer s egmen t is 
a part , 

BF is greater t han BE; 
therefore A C, CB a re together greater t han AD, DB. 
And, generally, of all triangles on the same base and on the same side of it 

which have equal vertical angles, the isosceles triangle is that which has the 
greatest perimeter, and of the others thai has the lesser perimeter which is 
further from being isosceles. 

T h e theorem of Serenus gives us the means of solving the following 
problem given i n . T o d h u n t e r ' s Eucl id , p . 324 . 

To find a point in the circumference of a given segment of a circle such that 
the straight lines which join the point to the extremities of the straight line on 
which the segment stands may be together equal to a given straight line ( the 
length of which is of course subject to limits). 

Let A CB in the above figure b e t h e given segment . F ind , by bisecting 
AB a t right angles, a po in t C on it such that A C is equal t o CB. 

T h e n with cen t re C a n d radius CA or CB descr ibe the segment of a 
circle AHB on the s a m e side of AB. 

Lastly, with A o r B as cen t re a n d radius equal to t h e given straight l ine 
describe a circle. T h i s circle will, if t he given straight l ine b e greater t han 
AB a n d less than twice A C, mee t t h e outer segment in two poin ts , a n d if we 
join those points to t h e cen t re of the circle last d rawn (whether A or B), t h e 
joining straight l ines will cu t the inner segment in points satisfying t h e given 
condi t ion. If the given straight l ine be equal to twice AC, C is of course 
the required point . I f the given straight l ine be greater t han twice A C, the re 
is no possible solut ion. 

PROPOSITION 2 2 . 

The opposite angles of quadrilaterals in circles are equal 
to two right angles. 

Let ABCD be a circle, and let ABCD be a quadrilateral 
in it; 
I say that the opposite angles are equal to two right angles. 

Let A C, BD be joined. 
Then, since in any triangle the three angles are equal to 

two right angles, [ 1 . 3 2 ] 



let A CD be drawn through, and let CB, 
DB be joined. " 0 

Then, since the segment ACB is 
similar to the segment ADB, 

the three angles CAB, ABC, BCA of the triangle ABC 
are equal to two right angles. 

But the angle CAB is equal to the 
angle BDC, for they are in the same 
segment BADC; [ r a t i ] 

and the angle A CB is equal to the angle 
ADB, for they are in the same segment 
ADCB; 
therefore the whole angle ADC is equal 
to the angles BAC, ACB. 

Let the angle ABC be added to each ; 
therefore the angles ABC, BAC, ACB are equal to the 
angles ABC, ADC. 
But the angles ABC, BAC, ACB are equal to two right 
angles; 
therefore the angles ABC, ADC are also equal to two right 
angles. 

Similarly we can prove that the angles BAD, DCB are 
also equal to two right angles. 

Therefore etc. 
Q. E. D. 

A s T o d h u n t e r remarks , t h e converse of this proposi t ion is t rue a n d very 
i m p o r t a n t : if two opposite angles of a quadrilateral be together equal to two 
right angles, a circle may be circumscribed about the quadrilateral. W e can, by 
the m e t h o d of 111. 9, or by iv. 5, c i rcumscr ibe a circle a b o u t t h e tr iangle 
ABC; a n d we c a n t h e n prove, by reductio ad absurdum, tha t the circle 
passes t h rough t h e fourth angular poin t D. 

PROPOSITION 23. 

On the same straight line there cannot be constructed two 
similar and unequal segments of circles on the same side. 

For, if possible, on the same straight line AB let two 
similar and unequal segments of circles 
ACB, ADB be constructed on the same 
side; ^^r° 



and similar segments of circles are those which admit equal 
angles, [ i n . Def. 1 1 ] 

the angle ACB is equal to the angle ADB, the exterior 
to the interior: which is impossible. [1. 1 6 ] 

Therefore etc. 
Q. E. D . 

1. cannot be constructed, oi « w r a % ™ , the same phrase as in I. 7. 

Clavius a n d the o ther early edi tors poin t ou t tha t , while the words " o n 
the same s i d e " in the enunc ia t ion are necessary for Euc l id ' s proof, it is 
equally t rue that ne i ther can there be two similar a n d u n e q u a l segments on 
opposite sides of the same straight l i n e ; this is a t once m a d e clear by caus ing 
one of the segments to revolve round the base till it is o n t h e same side with 
the o ther . 

Simson observes with reason that , while Euc l id in t h e following proposi t ion , 
i n . 24, thinks it necessary to dispose of the hypothesis tha t , if two similar 
segments on equal bases a re appl ied to o n e a n o t h e r with t h e bases co inc ident , 
the segments canno t cu t in any o ther poin t t han the ext remi t ies of the base 
(since otherwise two circles would cut one ano ther in m o r e po in t s t han two), 
this remark is an equally necessary prel iminary t o l i t . 23, in order tha t we 
may be justified in drawing the segments a s be ing one ins ide the o ther . 
Simson accordingly begins his proof of III. 23 t h u s : 

" T h e n , because the circle ACB cuts the circle ADB in t h e two poin t s 
A, B, they canno t cut one a n o t h e r in any o ther p o i n t : 

O n e of t h e segments mus t therefore fall within the other. 
Le t ACB fall wi thin ADB a n d draw the straight l ine ACD, e t c . " 
Simson has a lso subs t i tu ted " n o t coinciding with one a n o t h e r " for 

" u n e q u a l " in Eucl id ' s enunc ia t ion . 
T h e n in 111. 24 Simson leaves ou t the words referring to the hypothesis 

that the segment AEB when appl ied to the o ther CFD may be " o t h e r w i s e 
placed as CGD"; in fact, after s tat ing that AB mus t co inc ide with CD, he 
merely adds words quo t ing the result of III. 23 : " T h e r e f o r e , t he straight l ine 
AB coinciding with CD, t he segment AEB mus t co inc ide with the segment 
CFD, and is therefore equal to it." 

PROPOSITION 24. 

Similar segments of circles on equal straight lines are equal 
to one another. 

For let AEB, CFD be similar segments of circles on 
equal straight lines AB, CD ; 

5 I say that the segment AEB is equal to the segment CFD. 
For, if the segment AEB be applied to CFD, and if the 

point A be placed on C and the straight line AB on CD, 



the point B will also coincide with the point D, because 
AB is equal to CD ; 

10 and, AB coinciding with CD, 

the segment AEB will also coincide with CED. 

E F Q 

For, if the straight line AB coincide with CD but the 
segment AEB do not coincide with CFD, 

it will either fall within it, or outside it; 

15 or it will fall awry, as CGD, and a circle cuts a circle at more 
points than two : which is impossible. [ in . 10 ] 

Therefore, if the straight line AB be applied to CD, the 
segment AEB will not fail to coincide with CFD also ; 

therefore it will coincide with it and will be equal to it. 

20 Therefore etc. 
Q. E. D. 

15. fall awry, rapoXXafet, the same word as used in the like case in I. 8. The word 
implies that the applied figure will partly fall short of, and partly overlap, the figure to 
which it is applied. 

C o m p a r e the n o t e on t h e last proposi t ion. I have pu t a semicolon instead 
of the c o m m a which t h e Greek text has after " o u t s i d e it," in order the better 
to indicate tha t t h e inference " a n d a circle cuts a circle in more points t han 
two " only refers to the thi rd hypothesis that the appl ied segment is "otherwise 
p laced (irapaXKdiu) as CGD." T h e first two hypotheses are disposed of by 
a tacit reference to the preced ing proposi t ion HI. 23. 

PROPOSITION 25. 

Given a segment of a circle, to describe the complete circle 
of which it is a segment. 

Let ABC be the given segment of a circle ; 

thus it is required to describe the complete circle belonging 
to the segment ABC, that is, of which it is a segment. 

For let AC be bisected at D, let DB be drawn from the 
point D at right angles to AC, and let AB. be joined ; 
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the angle ABD is then greater than, equal to, or less 
than the angle BAD. 

First let it be greater ; 

and on the straight line BA, and at the point A on it, let 
the angle BAE be constructed equal to 
the angle ABD; let DB be drawn through 
to E, and let EC be joined. 

Then, since the angle ABE is equal to 
the angle BA E, 

the straight line EB is also equal to 
EA. [ 1 . 6 ] 

And, since AD is equal to DC, 
and DE is common, 

the two sides AD, DE are equal to the two sides CD, DE 
respectively ; 

and the angle ADE is equal to the angle CDE, for each is 
right; 

therefore the base AE is equal to the base CE. 

But AE was proved equal to BE; 

therefore BE is also equal to CE; 

therefore the three straight lines AE, EB, EC are equal to 
one another. 

Therefore the circle drawn with centre E and distance 
one of the straight lines AE, EB, EC will also pass through 
the remaining points and will have been completed. [m. 9 ] 

Therefore, given a segment of a circle, the complete circle 
has been described. 

And it is manifest that the segment ABC is less than a 
semicircle, because the centre E happens to be outside it. 

Similarly, even if. the angle ABD be equal to the angle 
BAD, 

AD being equal to each of the two BD, DC, 

the three straight lines DA, DB, DC will 
be equal to one another, 

D will be the centre of the completed circle, 

and ABC will clearly be a semicircle. 
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But, if the angle ABD be less than the angle BAD, 
and if we construct, on the straight line BA 
and at the point A on it, an angle equal to 
the angle ABD, the centre will fall on DB 
within the segment ABC, and the segment 
ABC will clearly be greater than a semi
circle. 

Therefore, given a segment of a circle, 
the complete circle has been described. 

Q. E. F. 

1. to describe the complete circle, wpoaavatp&ijmi rov KI}K\OV, literally "to describe 
the circle on to it.' 

I t will b e r e m e m b e r e d tha t S imson takes first t he case in which the angles 
ABD, BAD a re equal to one ano ther , a n d then takes the o ther two cases 
together , telling us to " p r o d u c e BD, if necessary." T h i s is a little shorter 
than Euc l id ' s p rocedure , though Euc l id does no t repeat t h e proof of the first 
case in giving the third, bu t only refers to it as equally appl icable . 

C a m p a n u s , Pele tar ius a n d others give the solut ion of this problem in 
which we take two chords no t parallel a n d bisect each a t right angles by 
straight lines, which mus t mee t in t h e cent re , s ince each conta ins the cen t re 
a n d they only intersect in one point . Clavius, Billingsley, Barrow a n d others 
give t h e ra ther s impler solut ion in which the two chords have one extremity 
c o m m o n (cf. Euc l id ' s proofs of IIL 9, 10) . T h i s m e t h o d D e Morgan favours, 
and (as no t ed on III. 1 above) would m a k e III. 1, this proposi t ion, and 
iv. s all corollaries of the theo rem that " the line which bisects a chord 
perpendicular ly mus t con ta in the cent re . " M r H . M. Taylor practically 
adop t s th is o rder a n d m e t h o d , t hough h e finds the cen t re of a circle by 
m e a n s of any two non-parallel c h o r d s ; bu t he finds the centre of the circle of 
which a given arc is a part (his proposi t ion cor responding to i n . 25) by 
bisecting a t right angles first t he base and then the c h o r d joining one extremity 
of the base to t h e po in t in which the line bisect ing the base at right angles 
meets the circumference of the segment . U n d e r D e Morgan 's al ternat ive the 
relat ion be tween Euc l id i n . 1 and the Por i sm to it would be reversed, a n d 
Eucl id ' s no t ion of a Por i sm or corollary would have to be considerably 
ex tended . 

If t he p rob lem is solved af ter the m a n n e r of iv. 5, it is still desi rable to 
state, as Euc l i d does, after proving AE, EB, EC to b e all equal , tha t " the 
circle d rawn with cen t re E a n d dis tance one of the straight lines AE, EB, 
EC will also pass through the remaining points of the segment" [ in . 9] , in 
order to show tha t par t of the circle descr ibed actually coincides with the 
given segment . T h i s is no t so clear if the cen t re is de te rmined as the 
intersect ion of the straight l ines bisect ing a t right angles chords which join 
pairs of four different points . 

PROPOSITION 26. 

In equal circles equal angles stand on equal circumferences, 
whether they stand at the centres or at the circumferences. 



Let ABC, DEF be equal circles, and in them let there 
be equal angles, namely at the centres the angles BGC, 
EHF, and at the circumferences the angles BAC, EDF; 
I say that the circumference BKC is equal to the circum
ference ELF. 

Now, since the circles ABC, DEF are equal, 
the radii are equal. 

Thus the two straight lines BG, GC are equal to the 
two straight lines EH, HF; 

and the angle at G is equal to the angle at H; 
therefore the base BC is equal to the base EF. [1. 4 ] 

And, since the angle at A is equal to the angle at D, 
the segment BAC is similar to the segment EDF; 

[IIL Def. 1 1 ] 

and they are upon equal straight lines. 
But similar segments of circles on equal straight lines are 

equal to one another; [in. 24] 
therefore the segment BA C is equal to EDF. 

But the whole circle ABC is also equal to the whole circle 
DEF; 
therefore the circumference BKC which remains is equal to 
the circumference ELF. 

Therefore etc. Q. E . D . 
As in HI. 31, if Eucl id ' s proof is to cover all cases, it requi res us to take 

cognisance of " angles a t the cen t re " which are equal to or greater t h a n two 
right angles. Otherwise we mus t dea l separately with the cases where the 
angle a t the c i rcumference is equal to or greater t han a r ight angle . T h e 
case of an obtuse angle a t t h e c i rcumference can of course b e r educed by 
means of l i t 22 to the case of an acu te angle at t h e c i r cumfe rence ; and , in 
case the angle a t the circumference is right, it is readily proved, by drawing 
the radii to the vertex of the angle a n d to the o the r extremit ies of the l ines 
conta ining it, tha t t he latter two radii a re in a straight line, whence they m a k e 
equal bases in the two circles as in Eucl id ' s proof. 
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L a r d n e r has a n o t h e r way of deal ing with the r ight angle or ob tu se angle 
a t t he ci rcumference. I n ei ther case, h e says, " bisect them, a n d t h e halves 
of t h e m are equal , a n d it can be proved, as above , that the arcs upon which 
these halves s t and a re equal , whence it follows tha t the arcs on which the 
given angles s t and a re equa l . " 

PROPOSITION 27. 

In equal circles angles standing on equal circumferences 
are equal to one another, whether they stand at the centres or 
at the circumferences. 

For in equal circles ABC, DEF, on equal circumferences 
BC, EF, let the angles BGC, EHF stand at the centres G, 
H, and the angles BAC, EDF at the circumferences ; 
I say that the angle BGC is equal to the angle EHF, 
and the angle BAC is equal to the angle EDF. 

For, if the angle BGC is unequal to the angle EHF, 
one of them is greater. 

Let the angle BGC be greater : and on the straight line BG, 
and at the point G on it, let the angle BGK be constructed 
equal to the angle EHF. [1. 23 ] 

Now equal angles stand on equal circumferences, when 
they are at the centres ; [in. 26] 

therefore the circumference BK is equal to the circum
ference EF. 

But EF is equal to BC; 
therefore BK is also equal to BC, the less to the 

greater : which is impossible. 
Therefore the angle BGC is not unequal to the angle 

EHF; 
therefore it is equal to it. 



PROPOSITION 28. 

In equal circles equal straight lines cut off equal circum
ferences, the greater equal to the greater and the less to the 
less. 

Let ABC, DEF be equal circles, and in the circles let 
AB, DE be equal straight lines cutting off ACB, DFE as 
greater circumferences and A GB, DHE as lesser ; 
I say that the greater circumference ACB is equal to the 
greater circumference DFE, and the less circumference AGB 
to DHE. 

For let the centres K, L of the circles be taken, and let 
AK, KB, DL, LE be joined. 

Now, since the circles are equal, 
the radii are also equal; 

therefore the two sides AK, KB are equal to the two 
sides DL, LE; 
and the base AB is equal to the base DE; 

therefore the angle A KB is equal to the angle DLE. 
[ 1 . 8 ] 

But equal angles stand on equal circumferences, when 
they are at the centres ; [m. 26] 

therefore the circumference AGB is equal to DHE. 

And the angle at A is half of the angle BGC, 
and the angle at D half of the angle EHF; [in. 20] 

therefore the angle at A is also equal to the angle at D. 
Therefore etc. 

Q. E. D . 

T h i s proposit ion is the converse of the preceding one, a n d the remarks 
abou t the m e t h o d of t reat ing the different cases apply he re also. 
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And the whole circle ABC is also equal to the whole 
circle DEF; 
therefore the circumference A CB which remains is also equal 
to the circumference DEE which remains. 

Therefore etc. 
Q. E. D. 

Euc l id ' s proof does no t in t e rms cover the par t icular case in which the 
c h o r d in o n e circle passes th rough its c e n t r e ; bu t indeed this was scarcely 
worth giving, a s t h e proof can easily b e suppl ied. Since t h e chord in one 
circle passes th rough its cent re , t h e c h o r d in t h e second circle must also be a 
d iamete r of t ha t circle, for equal circles are those which have equal diameters , 
a n d all o the r cho rds in any circle a re less than its d iameter [ i n . 1 5 ] ; hence 
t h e segments cu t off in each circle are semicircles, a n d these must be equal 
because t h e circles are equal . 

PROPOSITION 29. 

In equal circles equal circumferences are subtended by equal 
straight lines. 

Let ABC, DEF be equal circles, and in them let equal 
circumferences BGC, EHF be cut off; and let the straight 
lines BC, EF be joined ; 
I say that BC is equal to EF. 

For let the centres of the circles be taken, and let them 
be K, L ; let BK, KC, EL, LE be joined. 

Now, since the circumference BGC is equal to the 
circumference EHF, 

the angle BKC is also equal to the angle-ELF. [HI. 2 7 ] 

And, since the circles ABC, DEF are equal, 
the radii are also equal; 

therefore the two sides BK, KC are equal to the two sides 
EL, LE; and they contain equal angles ; 

therefore the base BC is equal to the base EF. [1. 4 ] 
Therefore etc. 



PROPOSITION 30. 

To bisect a given circumference. 
Let ADB be the given circumference ; 

thus it is required to bisect the circumference ADB. 

Let AB be joined and bisected at 
C; from the point C let CD be drawn 
at right angles to the straight line AB, 
and let AD, DB be joined. 

Then, since A C is equal to CB, 
and CD is common, 

the two sides A C, CD are equal to the two sides BC, CD; 

and the angle A CD is equal to the angle BCD, for each is 
right; 

therefore the base AD is equal to the base DB. [1. 4] 

But equal straight lines cut off equal circumferences, the 
greater equal to the greater, and the less to the less ; [in. 28] 

and each of the circumferences AD, DB is less than a 
semicircle ; 

therefore the circumference AD is equal to the circum
ference DB. 

Therefore the given circumference has been bisected at 
the point D. 

Q. E. F. 

PROPOSITION 31. 

In a circle the angle in the semicircle is right, that in a 
greater segment less than a right angle, and that in a less 
segment greater than a right angle; and further the angle of 
the greater segment is greater than a right angle, and the angle 
of the less segment less than a right angle. 

T h e part icular case of this converse of III. 28 in which t h e given arcs a re 
arcs of semicircles is even easier t han t h e cor responding case of m . 28 itself. 

T h e proposi t ions III. 2 6 — 2 9 are of course equal ly t rue if the same circle 
is taken instead of two equal circles. 



Let ABCD be a circle, let BC be its diameter, and £ its 
centre, and let BA, AC, AD, DC 
be joined; 
I say that the angle BAC in the 
semicircle BAC is right, 
the angle ABC in the segment ABC 
greater than the semicircle is less 
than a right angle, 
and the angle ADC in the segment 
ADC less than the semicircle is 
greater than a right angle. 

Let AE be joined, and let BA 
be carried through to F. 

Then, since BE is equal to EA, 
the angle ABE is also equal to the angle BAE. [1. 5 ] 
Again, since CE is equal to EA, 
the angle ACE is also equal to the angle CAE. [1. 5 ] 
Therefore the whole angle BAC is equal to the two angles 

ABC, ACB. 
But the angle FAC exterior to the triangle ABC is also 

equal to the two angles ABC, ACB; [1. 3 2 ] 
therefore the angle BAC is also equal to the angle FAC; 
therefore each is right; [1. Def. 10 ] 
therefore the angle BA C in the semicircle BA C is right. 

Next, since in the triangle ABC the two angles ABC, 
BAC are less than two right angles, [i- 1 7 ] 
and the angle BA C is a right angle, 

the angle ABC is less than a right angle ; 
and it is the angle in the segment ABC greater than the 
semicircle. 

Next, since ABCD is a quadrilateral in a circle, 
and the opposite angles of quadrilaterals in circles are equal 
to two right angles, [in. 22] 
while the angle ABC is less than a right angle, 
therefore the angle ADC which remains is greater than a 
right angle; 
and it is the angle in the segment ADC less than the semi
circle. 
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I say further that the angle of the greater segment, namely 
that contained by the circumference ABC and the straight 
line AC, is greater than a right angle ; 
and the angle of the less segment, namely that contained by 
the circumference ADC and the straight line AC, is less than 
a right angle. 

1 his is at once manifest. 
For, since the angle contained by the straight lines BA, AC 
is right, 

the angle contained by the circumference ABC and the 
straight line A C is greater than a right angle. 

Again, since the angle contained by the straight lines 
AC, AFis right, 

the angle contained by the straight line CA and the 
circumference ADC is less than a right angle. 

Therefore etc. Q. E. D . 

As already stated, this proposi t ion is immedia te ly deduc ib le from 111. 20 if 
that theorem is ex tended so as to inc lude the case where t h e segment is equal 
to or less than a semicircle, and where consequent ly the '•' angle at the c e n t r e " 
is equal to two right angles or greater t han two right angles respectively. 

T h e r e are indicat ions in Aristot le that the proof of t h e first par t of the 
theorem in use before Eucl id ' s t ime p roceeded on different l ines. T w o 
passages of Aristotle refer to the proposi t ion that the angle in a semicircle 
is a right angle. T h e first passage is Anal. Post. 11. n , 94 a 2 8 : " W h y is 
the angle in a semicircle a right a n g l e ? Or what makes it a r ight a n g l e ? 
(TIVOS 6VTOS opdr);) Suppose A to be a right angle, B half of two right 
angles, C t he angle in a semicircle. T h e n B is the cause of A, t he right 
angle, being an a t t r ibute of C, the angle in the semicircle. For B is equal to 
A, and CtoB; for C is half of two right angles. Therefore it is in virtue of 
B being half of two right angles tha t A is an a t t r ibute of C; a n d the latter 
means the fact that the angle in a semicircle is r ight ." Now this passage 
by itself would b e consistent with a proof like Eucl id ' s or the al ternat ive 
interpolated proof next to be men t ioned . But t h e second passage throws a 
different light on the subject . T h i s is Metaph. 1 0 5 1 a 26 : " W h y is the angle 
in a semicircle a right angle invariably (xaSoXou) ? Because , if there be three 
straight lines, two forming the base, and the third set up at right angles at its 
middle point, the fact is obvious by simple inspect ion to any o n e who knows 
the property referred t o " (ffcctro is the proper ty tha t the angles of a tr iangle 
are together equal to two right angles, men t i oned two 
lines before). T h a t is to say, the angle at the middle 
point of the circumference of the semicircle was taken 
a n d proved, by means of the two isosceles r ight-angled 
triangles, to be the sum of two angles each equa l to 
one-fourth of the sum of the angles of the large tr iangle 
in the figure, or of two right a n g l e s ; a n d the proof 
must have been comple ted by m e a n s of the theo rem of III. 21 (that angles 



in the same segment are equal) , which Eucl id ' s more general proof does 
not need. 

I n t h e Greek texts before tha t of Augus t there is an al ternative proof 
tha t the angle BA C (in a semicircle) is right. August a n d H e i b e r g relegate 
it to an Append ix . 

" Since t h e angle ABC is d o u b l e of the angle BAB (for it is equal to the 
two interior a n d opposi te angles) , while t h e angle AEB is also doub le of the 
angle EAC, 

t h e angles AEB, A EC axe doub le of t h e angle BAC. 
But t h e angles AEB, AEC a re equa l to two right a n g l e s ; 

therefore the angle BAC is r ight ." 

L a r d n e r gives a slightly different proof of t h e second part of the theorem. 
If ABC b e a segment greater t h a n a semicircle, 

d raw t h e d iamete r AD, a n d jo in CD, CA. B 
T h e n , in t h e t r iangle A CD, t h e angle A CD is right 

(be ing the angle in a s emic i r c l e ) ; 
therefore t h e angle ADC is acu te . 

Bu t t h e angle ADC is equa l to t h e angle ABC in 
t h e s a m e s e g m e n t ; 

therefore t h e angle ABC is acu te . 

Euc l id ' s references in this proposi t ion t o the angle of a segment greater 
o r less t h a n a semicircle respectively seem, like the par t of HI. 1 6 relat ing t o 
t h e ang le of a semicircle , to b e a survival of anc ien t controversies a n d not to 
b e pu t in del iberate ly as be ing an essential par t of e lementary geometry . Cf. 
t h e no te s on i n . Def. 7 a n d i n . 1 6 . 

T h e corollary ordinari ly a t t a ched to this proposi t ion is omi t t ed by He ibe rg 
as an in terpola t ion of da t e later t han T h e o n . I t is to this effect: " F rom 
this it is manifest that , if o n e angle of a tr iangle b e equal t o the o the r two, 
t h e first angle is right because t h e exterior angle t o it is also equa l to the 
s a m e angles , a n d if t h e ad jacen t angles b e equal , they are right." N o d o u b t 
t h e corollary is rightly suspec ted , because there is no necessity for it here, a n d 
t h e words oirtp f8« Sct&u c o m e before it, no t after it, as is usual with Eucl id . 
But, on t h e o the r h a n d , a s t h e fact s ta ted does appea r in the proof of HI. 3 1 , 
t h e Po r i sm would b e a Por i sm after t h e usua l type, a n d I d o not qu i te follow 
He ibe rg ' s a r g u m e n t that , " i f Euc l id h a d wished to add it, h e ought to have 
p laced it after I. 3 2 . " 

I t has a l ready been m e n t i o n e d above (p . 4 4 ) tha t this proposi t ion supplies 
us with a n a l ternat ive cons t ruc t ion for t h e p rob lem in in . 1 7 of drawing the 
two t angen t s to a circle from a n external point . 

T w o theo rems of some historical interest which follow direct ly from III. 31 
m a y be m e n t i o n e d . 

T h e first is a l e m m a of P a p p u s on " t h e 
24th p rob lem " of t h e second B o o k of Apol -
lonius ' lost t reat ise on vcv'cctc ( P a p p u s VII. 
p . 8 1 2 ) a n d is t o th is effect. I f a circle, a s 
DEF, pass t h rough D, t h e cen t re of a circle 
ABC, a n d if t h rough F, t h e o the r po in t in 
which t h e l ine of cen t res mee t s t h e circle 
DEF, a n y straight l ine b e d r a w n (and p r o d u c e d 
if necessary) mee t ing t h e circle DEF in E a n d t h e circle ABC in B, G, 
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then E is the middle po in t of BG. For , if DE b e jo ined, the angle DEF 
(in a semicircle) is a right angle [ i n , 3 1 ] ; a n d DE, be ing a t r ight angles t o 
the chord BG of the circle ABC, a lso bisects it [ i l l . 3 ] . 

T h e second is a proposi t ion in the Liber Assumptorum, a t t r ibu ted ( n o 
d o u b t erroneously as regards m u c h of it) to Arch imedes , which has r eached 
us th rough the Arabic (Arch imedes , ed. He iberg , 11. pp . 5 2 0 — 5 2 1 ) . 

If two chords AB , C D in a circle intersect at right angles in a point O , 
then the sum of the squares on A O , BO, C O , D O is equal to the square on the 
diameter. 

T h e n the angle CAO is equal t o t h e angle CMS, ( T h i s follows, in t h e 
first figure, from III. 21 and , in the second , from I. 1 3 a n d III. 22.) Also t h e 
angle CO A, be ing right, is equal to t h e angle CBE which, be ing t h e angle in a 
semicircle, is also r ight [ in . 3 1 ] . 

Therefore the triangles AOC, EBCh&ve two angles equa l respec t ive ly ; 
whence the third angles A CO, ECB a re equal . ( I n the second figure t h e 
angle A CO is, by 1. 1 3 a n d i n . 22, equal to the angle ABD, a n d therefore 
t h e angles ABD, ECB a re equal . ) 

Therefore , in bo th figures, t he arcs AD, BE, a n d consequen t ly t h e chords 
AD, BE s ub t ended by them, a re equal . fill, 26 , 29] 

Now the squares on AO, DO a re equa l to t h e square on AD[i. 47], t ha t 
is, to the square on BE. 

A n d the squares on CO, BO a re equa l to the square on BC. 
Therefore , by addi t ion , t he squares on AO, BO, CO, DO a re equa l to t h e 

squares on EB, BC, i.e. t o the square on CE. [1. 47] 

PROPOSITION 32. 

If a straight line touch a circle, and from the point of 
contact there be drawn across, in the circle, a straight line 
cutting the circle, the angles which it makes with the tangent 
will be equal to the angles in the alternate segments of the 
circle. 

For let a straight line EF touch the circle ABCD at 
the point B, and from the point B let there be drawn across, 
in the circle ABCD, a straight line BD cutting it; 
I say that the angles which BD makes with the tangent EF 
will be equal to the angles in the alternate segments of the 



circle, that is, that the angle FBD is equal to the angle 
constructed in the segment BAD, and the angle EBD is 
equal to the angle constructed in the 
segment DCB. 

For let BA be drawn from B at 
right angles to EF, 
let a point C be taken at random on 
the circumference BD, 
and let AD, DC, CB be joined. 

Then, since a straight line EF 
touches the circle ABCD at B, 
and BA has been drawn from the point 
of contact at right angles to the tangent, 
the centre of the circle ABCD is on BA. [in. 1 9 ] 

Therefore BA is a diameter of the circle ABCD ; 
therefore the angle ADB, being an angle in a semicircle, 

is right. [HI. 3 1 ] 
Therefore the remaining angles BAD, ABD are equal to 

one right angle. [i . 32 ] 
But the angle ABE is also right ; 

therefore the angle ABE is equal to the angles BAD, ABD. 
Let the angle A BD be subtracted from each; 

therefore the angle DBF which remains is equal to the angle 
BAD in the alternate segment of the circle. 

Next, since ABCD is a quadrilateral in a circle, 
its opposite angles are equal to two right angles. [ in . 22] 

But the angles DBF, DBE are also equal to two right 
angles; 
therefore the angles DBF, DBE are equal to the angles 
BAD, BCD, 

of which the angle BAD was proved equal to the angle 
DBF; 

therefore the angle DBE which remains is equal to the 
angle DCB in the alternate segment DCB of the circle. 

Therefore etc. Q. E . D . 
T h e converse of this t heo rem is t rue , namely that , If a straight lint 

drawn through one extremity of a chord of a circle make with that chord 
angles equal respectively to the angles in the alternate segments of the circle, 
the straight line so drawn touches the circle. 
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Th i s can, as Camere r a n d T o d h u n t e r remark , be p r o v e d indirectly ; o r we 
may prove it, with Clavius, directly. L e t BD be the g iven chord , a n d le t EF 
be drawn th rough B so tha t it makes with BD angles e q u a l to the ang les in 
the al ternate segments of t h e circle respectively. 

Let BA be t h e d iamete r t h rough B, a n d let C b e any point o n t h e 
circumference of the segment DCB which does no t con t a in A. Jo in AD, 
DC, CB. 

T h e n , since, by hypothesis , t h e angle FBD is equal t o the angle BAD, 
let t h e angle ABD be a d d e d to b o t h ; 

therefore the ang le ABFis equa l t o the angles ABD, BAD. 
But the angle BDA, be ing the angle in a semicircle, is a right a n g l e ; 
therefore the remaining angles ABD, BAD in t h e tr iangle ABD a r e 

equal t o a r ight angle. 

Therefore t h e angle ABFis r i g h t ; 
hence, s ince BA is the d iameter th rough B, 

/ • ^ t o u c h e s t h e circle a t B. [ i n . 1 6 , P o r . ] 

P a p p u s assumes in one place (iv. p . 1 9 6 ) the consequence of this 
proposit ion that , If two circles touch, any straight line drawn through the point 
of contact and terminated by both circles cuts off segments in each which are 
respectively similar. P a p p u s also shows how to prove this (VII. p . 826 ) by 
drawing t h e c o m m o n t angen t a t the poin t of con tac t a n d using th i s proposi t ion, 
HI. 32 . 

PROPOSITION 3 3 . 

On a given straight line to describe a segment of a circle 
admitting an angle equal to a given rectilineal angle. 

Let AB be the given straight line, and the angle at C the 
given rectilineal angle; 
thus it is required to describe 
on the given straight line 
AB a segment of a circle ad
mitting an angle equal to the 
angle at C. 

The angle at C is then 
acute, or right, or obtuse. 

First let it be acute, 
and, as in the first figure, on 
the straight line AB, and at the point A, let the angle BAD 
be constructed equal to the angle at C; 

therefore the angle BAD is also acute. 
Let AE be drawn at right angles to DA, let AB be 

V 



bisected at F, let FG be drawn from the point F at right 
angles to AB, and let GB be joined. 

Then, since AFis equal to FB, 
and FG is common, 

the two sides A F, FG are equal to the two sides BF, FG; 
and the angle AFG is equal to the angle BFG; 

therefore the base AG is equal to the base BG, [ i . 4] 
Therefore the circle described with centre G and distance 

GA will pass through B also. 
Let it be drawn, and let it be ABE ; 

let EB be joined. 
Now, since AD is drawn from A, the extremity of the 

diameter AE, at right angles to AE, 
therefore AD touches the circle ABE. [HI. 1 6 , Por . ] 
Since then a straight line AD touches the circle ABE, 

and from the point of contact at A a. straight line AB is 
drawn across in the circle ABE, 

the angle DAB is equal to the angle AEB in the alternate 
segment of the circle. [HI. 3 2 ] 

But the angle DAB is equal to the angle at C; 
therefore the angle at C i s also equal to the angle AEB. 

Therefore on the given straight line AB the segment 
AEB of a circle has been described admitting the angle A EB 
equal to the given angle, the angle at C. 

Next let the angle at C be right; 

and let it be again required to describe on AB a segment 
of a circle admitting an angle equal to the right angle at C. 

Let the angle BAD be constructed equal to the right 
angle at C, as is the case in the second figure ; 
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let AB be bisected at F, and with centre F and distance 
either FA or FB let the circle AEB be described. 

Therefore the straight line AD touches the circle ABE, 
because the angle at A is right. [in. 1 6 , P o r . ] 

And the angle BAD is equal to the angle in the segment 
AEB, for the latter too is itself a right angle, being an 
angle in a semicircle. [ in . 3 1 ] 

But the angle BAD is also equal to the angle at C. 
Therefore the angle AEB is also equal to the angle at C. 
Therefore again the segment AEB of a circle has been 

described on AB admitting an angle equal to the angle at C. 
Next, let the angle at C be obtuse; 

A o 

and on the straight line AB, and at the point A, let the 
angle BAD be constructed equal to it, as is the case in the 
third figure; 
let AE be drawn at right angles to AD, let AB be again 
bisected at F, let FG be drawn at right angles to AB, and 
let GB be joined. 

Then, since AFis again equal to FB, 
and FG is common, 

the two sides AF, FG are equal to the two sides BF, FG; 
and the angle AFG is equal to the angle BEG; 

therefore the base AG is equal to the base BG. [1. 4] 
Therefore the circle described with centre G and distance 

GA will pass through B also ; let it so pass, as AEB. 
Now, since AD is drawn at right angles to the diameter 

AE from its extremity, 
AD touches the circle AEB. [in. 1 6 , Por . ] 

And AB has been drawn across from the point of contact 
at A ; 

therefore the angle BAD is equal to the angle constructed 
in the alternate segment AHB of the circle. [«»• 3 2 ] 
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But the angle BAD is equal to the angle at C. 
Therefore the angle in the segment AHB is also equal to 

the angle at C. 
Therefore on the given straight line AB the segment 

AHB of a circle has been described admitting an angle equal 
to the angle at C. 

Q. E. F. 

Simson r e m a r k s truly that the first a n d third cases, those namely in which 
the given ang le is acu te a n d ob tuse respectively, have exactly the same 
cons t ruc t ion a n d demons t ra t ion , so tha t there is n o advantage in repeat ing 
them. Accord ing ly h e deals with the cases a s one , merely drawing two 
different figures. I t is also t rue , as Simson says, tha t the demons t ra t ion of 
the second case in which t h e given angle is a right angle " is d o n e in a round
abou t way," whereas , as Clavius showed, the p rob lem can be m o r e easily 
solved by merely bisect ing AB a n d descr ibing a semicircle on it. A glance 
at Euc l id ' s figure a n d proof will however show a m o r e cur ious fact, namely 
tha t h e does not , in t h e proof of the second case, use t h e angle in the 
alternate segment, as h e does in the o ther two cases. H e might have d o n e so 
after p rov ing tha t AD t ouches the c i r c l e ; th is would only have required his 
po in t E to b e p laced on the side of AB opposi te to D. Ins tead of this, he 
uses i n . 3 1 , a n d proves that the angle AEB is equal to the angle C, because 
the former is an angle in a semicircle, a n d is therefore a right angle as C is. 

T h e difference of p rocedure is n o d o u b t owing to the fact that he has not , 
in i n . 32 , d is t inguished t h e case in which the cut t ing and touching straight 
l ines are a t right angles , i.e. in which the two al ternate segments are semicircles. 
T o prove this case would also have requi red III. 3 1 , so that no th ing would 
have been ga ined by stat ing it separately in III. 32 and then quot ing the 
result as par t of i n . 32 , ins tead of referring directly to III. 3 1 . 

I t is a s sumed in Eucl id ' s proof of the first a n d third cases that AE and 
FG will m e e t ; bu t of course there is n o difficulty in satisfying ourselves 
of th is . 

PROPOSITION 34. 

From a given circle to cut off a segment admitting an angle 
equal to a given rectilineal angle. 

Let ABC be the given circle, and the angle at D the 
given rectilineal angle; 
thus it is required to cut off from the circle ABC a segment 
admitting an angle equal to the given rectilineal angle, the 
angle at D. 

Let EFbe drawn touching ABC at the point B, and on 
the straight line FB, and at the point B on it, let the angle 
FBC be constructed equal to the angle at D. [ 1 . 2 3 ] 

Then, since a straight line EF touches the circle ABC, 



But the angle FBC is equal to the angle at D ; 
therefore the angle in the segment BAC is equal to the 

angle at D. 
Therefore from the given circle ABC the segment BAC 

has been cut off admitting an angle equal to the given recti
lineal angle, the angle at D. 

Q. E. F. 

A n alternative cons t ruc t ion he re would be to m a k e a n " a n g l e a t the 
cent re " (in the ex tended sense , if necessary) doub le of the given a n g l e ; and , 
if the given angle is right, it is only necessary to draw a d iamete r of the circle. 

PROPOSITION 35. 

If in a circle two straight lines cut one another, the 
rectangle contained by the segments of the one is equal to the 
rectangle contained by the segments of the other. 

For in the circle ABCD let the two straight lines AC, 
BD cut one another at the point E; 

I say that the rectangle contained by AE, 
EC is equal to the rectangle contained by 
DE, EB. 

If now A C, BD are through the centre, 
so that E is the centre of the circle ABCD, 
it is manifest that, AE, EC, DE, EB 
being equal, 

the rectangle contained by AE, EC is also equal to the 
rectangle contained by DE, EB. 

and BC has been drawn across from the point of contact 
at B, 
the angle FBC is equal to the angle constructed in the alternate 
segment BAC. [ i n . 3 2 ] 
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Next let AC, DB not be through the centre; 
let the centre of ABCD be taken, and 
let it be F; 
from F let FG, FH be drawn perpen
dicular to the straight lines AC, DB, 
and let FB, FC, FE be joined. 

Then, since a straight line GF 
through the centre cuts a straight line 
AC not through the centre at right 
angles, B c 

it also bisects it; [m. 3] 
therefore AG is equal to GC. 

Since, then, the straight line A C has been cut into equal 
parts at G and into unequal parts at E, 
the rectangle contained by AE, EC together with the square 
on EG is equal to the square on GC; (u. 5] 

Let the square on GF be added ; 
therefore the rectangle AE, EC together with the squares 
on GE, GF is equal to the squares on CG, GF. 

But the square on FE is equal to the squares on EG, GF, 
and the square on FC is equal to the squares on CG, GF; 

['• 471 
therefore the rectangle AE, EC together with the square 

on FE is equal to the square on FC 
And FC is equal to FB ; 

therefore the rectangle AE, EC together with the square on 
EF is equal to the square on FB. 

For the same reason, also, 
the rectangle DE, EB together with the square on FE is 
equal to the square on FB. 

But the rectangle AE, EC together with the square on 
FE was also proved equal to the square on FB ; 
therefore the rectangle AE, EC together with the square on 
FE is equal to the rectangle DE, EB together with the 
square on FE. 

Let the square on FE be subtracted from each ; 
therefore the rectangle contained by AE, EC which remains 
is equal to the rectangle contained by DE, EB. 

Therefore etc. 



I n addi t ion to the two cases in Euc l id ' s text, S imson (following C a m p a n u s ) 
gives two in termedia te cases, namely ( 1 ) tha t in which one c h o r d passes t h rough 
the cent re and bisects the o the r which does no t pass th rough t h e cen t re a t r ight 
angles, a n d (2) that in which one passes th rough the cen t re a n d cu ts t h e o the r 
which does not pass th rough the cen t re b u t no t a t r ight angles. S imson then 
reduces Eucl id ' s second case, t h e most genera l one , to the second of the two 
intermedia te cases by drawing the d iamete r th rough E. H i s n o t e is a s 
fol lows: " A s the 2 5 t h a n d 33rd proposi t ions are d iv ided in to m o r e cases, 
so this 3 5 t h is d ivided into fewer cases than are necessary. N o r can it be 
supposed tha t Eucl id omi t t ed t h e m because they are e a s y ; as h e has given 
the case which by far is the easiest of t h e m all, viz. tha t in which b o t h t h e 
straight lines pass th rough t h e c e n t r e : A n d in t h e following proposi t ion h e 
separately demons t ra t e s the case in which the straight l ine passes th rough the 
centre , a n d tha t in which it does no t pass th rough t h e c e n t r e : So tha t it 
seems T h e o n , or some other , has though t t h e m too long t o i n se r t : Bu t cases 
that require different demons t ra t ions shou ld no t b e left ou t in t h e E l e m e n t s , 
as was before t aken not ice of: T h e s e cases are in t h e t ransla t ion from t h e 
Arabic a n d are now pu t in to the text ." No twi ths t and ing the ingenui ty of t h e 
a rgument based on the separate men t ion by Euc l id of t h e s implest case of 
all, I th ink the conclusion that Euc l id himself gave four cases is u n s a f e ; in 
fact, in giving the simplest a n d mos t difficult cases only, h e seems to b e 
following qui te consis tent ly his habi t of avoiding too great multiplicity of cases, 
while no t ignoring thei r existence. 

T h e deduc t ion from t h e next proposi t ion (111. 36) which Simson, following 
Clavius a n d others , gives as a corollary to it, namely that , If from any point 
without a circle there be drawn two straight lines cutting it, the rectangles 
contained by the whole lines and the parts of them without the circle are equal to 
one another, can of course be c o m b i n e d with III. 35 in one enunc ia t ion . 

As r emarked by T o d h u n t e r , a large por t ion of the proofs of HI. 3 5 , 3 6 
a m o u n t s to proving t h e proposi t ion, If any point be taken on the base, or the 
base produced, of an isosceles triangle, the rectangle contained by the segments of 
the base (i.e. the respective distances of the ends of the base from the point) is 
equal to the difference between the square on the straight line joining the point to 
the vertex and the square on one of the equal sides of the triangle. T h i s is of 
course an immedia te consequence of 1. 47 combined with 11. 5 or 11. 6. 

T h e converse of III. 35 a n d Simson 's corollary to 111. 3 6 m a y be s ta ted 
thus . If two straight lines A B , C D , produced if necessary, intersect at O, and if 
the rectangle A O , O B be equal to the rectangle C O , O D , the circumference of a 
circle will pass through the four points A, B , C, D . T h e proof is indirect . 
We descr ibe a circle th rough th ree of the points , as A, B, C (by t h e m e t h o d 
used in Eucl id ' s proofs of m . 9, 1 0 ) , a n d then we prove, by the a id of m . 35 
a n d the corollary to i n . 36 , tha t the circle canno t bu t pass th rough D also. 

PROPOSITION 36. 

If a point be taken outside a circle and from it there fall 
on the circle two straight lines, and if one of them cut the 
circle and the other touch it, the rectangle contained by the 
whole of the straight line which cuts the circle and the straight 



line intercepted on it outside between the point and the convex 
circumference will be equal to the square on the tangent. 

For let a point D be taken outside the circle ABC, 
and from D let the two straight lines DC A, 
DB fall on the circle ABC; let DC A cut 
the circle ABC and let BD touch it; 
I say that the rectangle contained by AD, 
DC is equal to the square on DB. 

Then DCA is either through the centre 
or not through the centre. 

First let it be through the centre, and 
let F be the centre of the circle ABC; 
let FB be joined ; 

therefore the angle FBD is right. [m. 18] 
And, since A C has been bisected at F, and CD is added 

to it, 
the rectangle AD, DC together with the square on FC is 
equal to the square on FD. [11. 6] 

But FC is equal to FB ; 
therefore the rectangle AD, DC together with the square on 
FB is equal to the square on FD. 

And the squares on FB, BD are equal to the square on 
FD; [1. 47] 
therefore the rectangle AD, DC together with the square on 
FB is equal to the squares on FB, BD. 

Let the square on FB be subtracted from each ; 
therefore the rectangle AD, DC which remains is equal to 
the square on the tangent DB. 

Again, let DCA not be through the centre of the circle 
ABC; 
let the centre E be taken, and from E 
let EF be drawn perpendicular to AC; 
let EB, EC, ED be joined. 

Then the angle EBD is right. 
[HI. 1 8 ] 

And, since a straight line EF 
through the centre cuts a straight line 
AC not through the centre at right angles, 

it also bisects it; [ in . 3] 
therefore AF is equal to FC. 



Now, since the straight line AC has been bisected at the 
point F, and CD is added to it, 
the rectangle contained by AD, DC together with the square 
on FC is equal to the square on FD. [it. 6 ] 

Let the square on FE be added to each ; 
therefore the rectangle AD, DC together with the squares 
on CF, FE is equal to the squares on FD, FE. 

But the square on EC is equal to the squares on CF, FE, 
for the angle EEC is right; [1, 4 7 ] 
and the square on ED is equal to the squares on DF, FE; 
therefore the rectangle AD, DC together with the square on 
EC is equal to the square on ED. 

And EC is equal to EB ; 
therefore the rectangle AD, DC together with the square on 
EB is equal to the square on ED. 

But the squares on EB, BD are equal to the square on 
ED, for the angle EBD is right; [1. 47] 
therefore the rectangle AD, DC together with the square on 
EB is equal to the squares on EB, BD. 

Let the square on EB be subtracted from each ; 
therefore the rectangle AD, DC which remains is equal to 
the square on DB. 

Therefore etc. Q. E. D . 

Cf. no te on t h e preceding proposi t ion. Observe that , whereas it would 
be natural with us to prove first that , if A is an external point , a n d two 
straight lines AEB, AFC cu t the circle in E, B a n d F, C respectively, the 
rectangle BA, AE is equa l to t h e rectangle CA, AF, a n d thence that , t he 
tangent from A be ing a straight line like A E B in its limiting position when 
E and B coincide, e i ther rectangle is equal to the square on t h e tangent 
(cf. M r H . M. Taylor , p . 253) , Euc l id a n d the Greek geomete rs generally d id 
not allow themselves to infer the t ru th of a proposi t ion in a limiting case 
directly from the general case inc luding it, bu t preferred a separate proof of 
the l imiting case (cf. Apollonius of Perga, p . 40, 1 3 9 — 1 4 0 ) . T h i s a ccoun t s for 
the form of III. 36 . 

PROPOSITION 37. 

If a point be taken outside a circle and from the point 
there fall on the circle two straight lines, if one of them cut 
the circle, and the other fall on it, and if further the rect
angle contained by the whole of the straight line which cuts 
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the circle and the straight line intercepted on it outside 
between the point and the convex circumference be equal to 
the square on the straight line which falls on the circle, the 
straight line which falls on it will touch the circle. 

For let a point D be taken outside the circle ABC; 
from D let the two straight lines 
DCA, DB fall on the circle ACB; 
let DCA cut the circle and DB 
fall on it; and let the rectangle AD, 
DC be equal to the square on DB. 

I say that DB touches the circle 
ABC. 

For let DE be drawn touching 
ABC; let the centre of the circle ABC be taken, and let it 
be F; let FE, FB, FD be joined. 

Thus the angle FED is right. [m. 18] 
Now, since DE touches the circle ABC, and DCA cuts it, 

the rectangle AD, DC is equal to the square on DE. [lit 3 6 ] 
But the rectangle AD, DC was also equal to the square 

on DB; 
therefore the square on DE is equal to the square on DB; 

therefore DE is equal to DB. 
And FE is equal to FB ; 

therefore the two sides DE, EF are equal to the two sides 
DB, BF; 
and FD is the common base of the triangles; 

therefore the angle DEF is equal to the angle DBF. 
[l. 8] 

But the angle DEF is right; 
therefore the angle DBF is also right. 

And FB produced is a diameter ; 
and the straight line drawn at right angles to the diameter 
of a circle, from its extremity, touches the circle ; [m. 1 6 , Por . ] 

therefore DB touches the circle. 
Similarly this can be proved to be the case even if the 

centre be on A C. 
Therefore etc. Q. E. D . 

D e Morgan observes tha t the re is here the same defect as in 1. 48, i.e. an 
a p p a r e n t avo idance of indirect demons t r a t i on by drawing the tangent DE on 
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the opposi te side of DF from DB. T h e case is similar t o the apparently 
direct proof which C a m p a n u s gave. H e drew t h e straight l ine from D 
passing through the cent re , a n d t h e n (wi thout drawing a second t angen t ) 
proved by the a id of It. 6 tha t t h e square on DF is equa l to t h e sum of t h e 
squares on DB, BF; whence (by i. 48) t h e angle DBF is a r ight ang le . 
But this proof uses 1. 48, t h e very proposi t ion t o which D e Morgan ' s original 
remark relates. 

T h e undisguised indirect proof is easy. If DB doe s no t t ouch t h e circle, 
it mus t cut it if p roduced , a n d it follows tha t t h e squa re on DB m u s t b e 
equal to the rectangle conta ined by DB a n d a longer l i n e : which is absu rd . 



B O O K IV. 

D E F I N I T I O N S . 

1. A rectilineal figure is said to be inscribed in a 
recti l ineal figure when the respective angles of the 
inscribed figure lie on the respective sides of that in which 
it is inscribed. 

2. Similarly a figure is said to be circumscribed about 
a figure when the respective sides of the circumscribed 
figure pass through the respective angles of that about which 
it is circumscribed. 

3 . A rectilineal figure is said to be inscribed in a 
circle when each angle of the inscribed figure lies on the 
circumference of the circle. 

4. A rectilineal figure is said to be circumscribed 
about a circle, when each side of the circumscribed figure 
touches the circumference of the circle. 

5. Similarly a circle is said to be inscribed in a figure 
when the circumference of the circle touches each side of the 
figure in which it is inscribed. 

6. A circle is said to be circumscribed about a figure 
when the circumference of the circle passes through each 
angle of the figure about which it is circumscribed. 

7. A straight line is said to be fitted into a circle when 
its extremities are on the circumference of the circle. 

D E F I N I T I O N S I—7. 

I a p p e n d , as usual, t h e Greek text of the definit ions. 

I. 2 ^ ^ x a tvOvypafifxov cty a^i/fia tvBvypafifiov lyypd<p€0'6ai Aeyfrai, orav 
IKOLTTRJ riov TOV cyypa<po[L€vov CT^/xaros ytavuZv C K a c n / s irAcvpas TOU, cis O 

«yypa'<p«Tai, ajrrlJTat. 
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2. y.xviia
 oi 6po(w mpl o~)(fjpa irepiypa<peo-6>ou Xcycrat, orav ( W o r n ir\tvpd 

TOV TRTPIYPTMPOPIVOV { W c m / S YWMF TOV, ircpt o wtpiypdiptTai, avrrfrai. 

3. 2x^7/ia ii8vypap.P.ov e is KUKXOI' iyypdtfuadat Kiytrat, orav C K a o n j y u w ' a 
Tov c'yypacpo/xcVou o n n / T O i Tijs TOV KVKXOU irtpiqSepcias. 

4. %xypa 01 tvBvypafipov irtpl KVKXOV 7rcpiypa<pco~0ai Xcycrai , u T a ^ CKUOT17 
jrX«vpa TOV irtpiypatpopivov Itpdirrrfrox TRJS TOV KVKXOV ircpupcpctaf. 

5. KV'KXO? 8< <is (T^VPCL opuiuK IYYPD<p€0-6at X c ' y t T a t , o r a c TOV KUKXOV 
irtplipipua. t K a f f r r / s irXcupaf TOV, etc o iyypd<ptTtu, avrrrrai. 

6. KVKXOS 5C 7 r c p t (ryfipa ircpiypd<p€o~$ai Xcycrai , orav rj TOV KVKXOV irtptfylptia 

c x a o r n s yuin'a? TOV, irtpi o ircpiypadwrat, o j m r r a i . 

7. Ev^eca cis KVKXOI' cVapfto£cr/6Vu Xcycrai , o r a v T a iripara avrfj? cVl TIJS 
ir<pi0cp«'as 5 TOS KVKXOV. 

I n the first two definitions an Engl i sh t ranslat ion, if it is to b e clear, mus t 
depar t slightly from the exact words used in t h e Greek, where " each s ide " of 
one figure is said to pass th rough " each angle " of ano ther , o r " each ang le " 
(i.e. angular point ) of one lies on " e a c h s i d e " of ano the r ( c n u r r q jrX«upd, 
UDCRTRI y C D P t a ) . 

I t is also necessary, in the five definitions 1, 2, 3 , 5 a n d 6, t o t rans la te 
the same Greek word a n r i j T a t in th ree different ways. I t was observed on 
111. Def. 2 that t he usual mean ing of awTtaOai. in Euc l id is to meet, in contra
dist inction to «'<p<ijrTco-0ai, which means to touch. Except ional ly , as in Def. 5, 
atrrarOai has the mean ing of touch. Bu t two new meanings of t h e word appear , 
the first being to tit on, as in Deff. 1 a n d 3, t h e second t o pass through, as in 
Deff. 2 a n d 6 ; " each a n g l e " lies on (aVreTai) a side or on a circle, a n d 
" e a c h s ide ," or a circle, passes th rough ( a n - c r a t ) a n angle or " e a c h angle . " 
T h e first mean ing of lying on is exemplified in the phrase of P a p p u s duVcrou TO 
o-qpxtov 0(o-u ScSo/xeVn? tiOtCtK, "wi l l lie on a straight l ine given in p o s i t i o n " ; 
the meaning of passing through seems to be m u c h rarer ( I have no t seen it in 
Arch imedes or Pappus ) , but , as poin ted ou t on i n . Def. 2, Aris tot le uses the 
c o m p o u n d itpdwrto-Oat in this sense. 

Simson proposed to read I^dimrrai in the case (Def. 5 ) where O I T T I J T O I 

means touches. H e m a d e the like suggestion as regards the Greek text of HI. 
1 1 , 1 2 , 1 3 , 18 , 1 9 ; in the first four of these cases the re seems to be MS. 
author i ty for the c o m p o u n d verb, a n d in the fifth H e i b e r g adop t s Simson 's 
correction. 

• 
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PROPOSITION I . 

Into a given circle to fit a straight line equal to a given 
straight line which is not greater than the diameter of the 
circle. 

Let ABC be the given circle, and D the given straight 
line not greater than the diameter 
of the circle; 

thus it is required to fit into the 
circle ABC a straight line equal 
to the straight line D. 

Let a diameter BC of the 
circle ABC be drawn. 

Then, if BC is equal to D, 
that which was enjoined will have 
been done ; for BC has been fitted into the circle ABC equal 
to the straight line D. 

But, if BC is greater than D, 

let CE be made equal to D, and with centre C and distance 
CE let the circle EAF be described ; 

let CA be joined. 

Then, since the point C is the centre of the circle EAF, 

CA is equal to CE. 

But CE is equal to D ; 

therefore D is also equal to CA. 

Therefore into the given circle ABC there has been fitted 
CA equal to the given straight line D. 



Of this p rob lem as it s t ands the re are of course an infinite n u m b e r of 
so lu t ions ; and , if a part icular po in t b e chosen as o n e extremity of t h e chord 
to b e " f i t ted in," the re are two solut ions. M o r e difficult cases of "f i t t ing 
into " a circle a chord of given length are arr ived a t by add ing s o m e further 
condit ion, e.g. ( 1 ) that the chord is t o b e parallel to a given s t ra ight line, or 
(2) that t h e chord , p r o d u c e d if necessary, shall pass through a given point . 
T h e former problem is solved by P a p p u s ( in . p . 1 3 2 ) ; instead of drawing the 
chord as a tangent to a circle concentr ic with the given circle a n d having as 
radius a straight line the square on which is equal to the difference be tween 
the squares on the radius of the given circle and on half t h e given length, h e 
merely draws the d iameter of the circle which is parallel to the given direct ion, 
measures from the cent re a long it in each direct ion a length equa l t o half t h e 
given length, a n d then draws, on one side of the d iameter , pe rpend icu la r s to it 
through the two points so d e t e r m i n e d . 

T h e second problem of drawing a chord of given length , being less t h a n 
the d iamete r of the circle, a n d passing th rough a given point , is m o r e 
impor tant as having been one of t h e prob lems discussed by Apol lon ius in his 
work enti t led vevo-cts, now lost. P a p p u s states t h e prob lem t h u s ( v n . p . 6 7 0 ) : 
" A circle being given in posit ion, to fit in to it a straight l ine given in 
magni tude a n d verging (vevovo-av) towards a given (poin t ) . " T o d o this we 
have only to place a n y chord HK in t h e given 
circle (with cen t re O) equal to t h e given length , 
take L t he middle po in t of it, with O as cen t re a n d 
OL as radius descr ibe a circle, a n d lastly th rough 
the given point C draw a tangent t o this circle 
meet ing the given circle in A, B. AB is t hen o n e 
of ttvo chords which can b e drawn satisfying t h e 
given condi t ions , if C is outs ide the inner c i r c l e ; if 
C is on t h e inner circle, the re is one solut ion o n l y ; 
and, if C is within the inner circle, there is n o 
solution. T h u s , if C is within t h e ou t e r (given) 
circle, bes ides t h e condi t ion tha t t h e given length mus t no t b e greater t han t h e 
d iameter of the circle, the re is ano the r necessary condi t ion of t h e possibility 
of a solution, viz. that t h e given length mus t no t b e less t han d o u b l e of t h e 
straight l ine the square on which is equa l to the difference be tween the squares 
( 1 ) on the radius of t h e given circle a n d (2 ) on the d is tance be tween its 
cent re a n d the given point . 

PROPOSITION 2 . 

In a given circle to inscribe a triangle equiangular with a 
given triangle. 

Let ABC be the given circle, and DEF the given 
triangle; 
thus it is required to inscribe in the circle ABC a triangle 
equiangular with the triangle DEF. 

Let GHbe. drawn touching the circle ABCaX A [ m . i 6 , P o r . ] ; 



on the straight line AH, and at the point A on it, let the 
angle HAC be constructed enual to the angle DEF, 
and on the straight line A G, and at the point A on it, let 
the angle GAB be constructed equal to the angle DFE; 

[ i . 23 ] 

let BC be joined. 

Then, since a straight line AH touches the circle ABC, 
and from the point of contact at A the straight line AC is 
drawn across in the circle, 
therefore the angle HAC is equal to the angle ABC in the 
alternate segment of the circle. [m. 32 ] 

But the angle HA C is equal to the angle DEF; 
therefore the angle ABC is also equal to the angle DEF. 

For the same reason 
the angle ACB is also equal to the angle DFE; 

therefore the remaining angle BAC is also equal to the 
remaining angle EDF. [1. 3 2 ] 

Therefore in the given circle there has been inscribed a 
triangle equiangular with the given triangle. Q. E . F. 

H e r e again, since any point on t h e circle may b e taken as a n angular 
poin t of t h e tr iangle, there are an infinite n u m b e r of solut ions. E v e n when a 
part icular po in t has been chosen t o form one angular point , t h e required 
triangle m a y b e cons t ruc ted in six ways. For any o n e of the three angles 
may b e p laced a t t h e p o i n t ; and , whichever is p laced there, t he posi t ions of 
t h e two o the r s relatively to it may b e in terchanged. T h e sides of t h e triangle 
will, in all t h e different solutions, be of t h e same leng th respect ively; only 
their relat ive posi t ions will be different. 

T h i s p r o b l e m can of course be r e d u c e d (as it was by Borelli) to i n . 34, 
namely t h e p rob lem of cut t ing off from a given circle a segment conta in ing an 
angle equa l to a given angle . I t can also b e solved by t h e al ternat ive method 
appl icable to i n . 34 of drawing " angles a t the cen t re " equal to doub le the 
angles of the given triangle respect ive ly ; a n d by this m e t h o d we can easily 
solve this p rob lem, or i n . 34 , with t h e further condi t ion that one side of the 
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required triangle, or the base of the requi red segment , respectively, shall b e 
parallel to a given straight line. 

As a part icular case, we can, by the m e t h o d of this proposi t ion, descr ibe 
an equilateral t r iangle in any circle after we have first cons t ruc ted any 
equilateral tr iangle by the aid of I, I, T h e possibility of this is a s sumed in 
iv. 16 . I t is of course equivalent to dividing the circumference of a circle 
into three equal parts. A s D e Morgan says, t h e idea of dividing a revolut ion 
into equal par ts should b e kep t p rominen t in cons ider ing B o o k i v . ; this 
aspect of the const ruct ion of regular polygons is obvious enough , a n d t h e 
reason why the division of the circle in to three equa l par ts is no t given by 
Eucl id is that it happens to be as easy to divide t h e circle in to th ree par ts 
which are in the rat io of the angles of any tr iangle as to divide it in to th ree 
equal parts . 

PROPOSITION 3. 

About a given circle to circumscribe a triangle equiangular 
with a given triangle. 

Let ABC be the given circle, and DEF the given 
triangle ; 

; thus it is required to circumscribe about the circle ABC a 
triangle equiangular with the triangle DEF. 

Let EF be produced in both directions to the points 
G, H, 
let the centre K of the circle ABC be taken [ i n . 1 ] , and let 

10 the straight line KB be drawn across at random; 
on the straight line KB, and at the point K on it, let the 
angle BKA be constructed equal to the angle DEG, 
and the angle BKC equal to the angle DFH; [1. 23] 
and through the points A, B, C let LAM, MBN, NCL be 

15 drawn touching the circle ABC. [in. 1 6 , Por . ] 
Now, since LM, MN, NL touch the circle ABC at the 

points A, B, C, 
and KA, KB, KC have been joined from the centre K to 
the points A, B, C, 



20 therefore the angles at the points A, B, C are right. [m. 1 8 ] 
And, since the four angles of the quadrilateral AMBK 

are equal to four right angles, inasmuch as AMBK is in fact 
divisible into two triangles, 

and the angles KAM, KBM are right, 
25 therefore the remaining angles A KB, A MB are equal to two 

right angles. 
But the angles DEG, DEF are also equal to two right 

angles; [i. 1 3 ] 
therefore the angles A KB, A MB are equal to the angles 

30 DEG, DEF, 
of which the angle A KB is equal to the angle DEG; 

therefore the angle A MB which remains is equal to the 
angle DEF which remains. 

Similarly it can be proved that the angle LNB is also 
35 equal to the angle DFE; 

therefore the remaining angle MLN is equal to the 
angle EDF. [1. 32 ] 

Therefore the triangle LMN is equiangular with the 
triangle DEF; and it has been circumscribed about the 

40 circle ABC. 
Therefore about a given circle there has been circum

scribed a triangle equiangular with the given triangle. 
Q. E. F . 

10. at random, literally " as it may chance," in Irvxtr. The same expression is used 
in Hi. 1 and commonly. 

t i . is in fact divisible, xal SuupeTrat, literally " is actually divided." 

T h e remarks as to t h e n u m b e r of ways in which P rop . 2 can b e solved 
apply he re a lso . 

Euc l id leaves us to satisfy ourselves tha t t h e three tangents a>/7/ mee t and 
form a t r iangle. T h i s follows easily from t h e fact tha t each of t h e angles 
A KB, BKC, CKA is less t h a n two right angles . T h e first two are so by 
cons t ruc t ion , be ing the supp lemen t s of two angles of t h e given tr iangle re
spectively, and , s ince all t h ree angles r o u n d K a re toge ther equa l to four 
r ight angles , it follows tha t t h e third, t he angle AKC, is equal to the sum 
of the two angles E, F of t h e tr iangle, i.e. to t h e supp lemen t of the angle D, 
a n d is therefore less t h a n two right angles. 

Pe le ta r ius a n d Borell i gave a n al ternat ive solution, first inscribing a triangle 
equiangular t o t h e given tr iangle, by iv. 2, a n d t h e n drawing tangents to the 
circle parallel to t h e s ides of the inscr ibed tr iangle respectively. T h i s m e t h o d 
will of course give two solut ions , s ince two tangents can b e drawn parallel t o 
each of the s ides of t h e inscr ibed tr iangle. 

If t h e th ree pairs of parallel t angen ts b e drawn a n d p roduced far enough, 



they will form eight triangles, two of which are the triangles circumscribed to 
the circle in the m a n n e r required in the proposi t ion. T h e o the r six tr iangles 
are so related to t h e circle that the circle touches two of t h e sides in each 
produced, i.e. t he circle is an escribed circle to each of the six tr iangles. 

PROPOSITION 4. 

In a given triangle to inscribe a circle. 
Let ABC be the given triangle ; 

thus it is required to inscribe a circle in the triangle ABC. 
Let the angles ABC, ACB 

5 be bisected by the straight lines * 

BD, CD [1. 9 ] , and let these meet y / \ 
one another at the point D ; , / \ > \ d 
from D let DE, DF, DG be / ! \ D ^ A 
drawn perpendicular to the straight / " N \ / \ 

10 lines AB, BC, CA. J ^ ^ ^ ^ 1 y \ \ . 
Now, since the angle ABD Q F C 

is equal to the angle CBD, 
and the right angle BED is also equal to the right angle 
BED, 

15 EBD, FBD are two triangles having two angles equal to two 
angles and one side equal to one side, namely that subtending 
one of the equal angles, which is BD common to the 
triangles; 

therefore they will also have the remaining sides equal to 
20 the remaining sides ; [1. 26] 

therefore DE is equal to DF. 
For the same reason 

DG is also equal to DF. 
Therefore the three straight lines DE, DF, DG are equal 

25 to one another ; 
therefore the circle described with centre D and distance 

one of the straight lines DE, DF, DG will pass also 
through the remaining points, and will touch the straight 
lines AB, BC, CA, because the angles at the points E, F, G 

30 are right. 
For, if it cuts them, the straight line drawn at right angles 

to the diameter of the circle from its extremity will be found 
to fall within the circle : which was proved absurd ; [ n i . 1 6 ] 



therefore the circle described with centre D and distance 
one of the straight lines DE, DF, DG will not cut the 
straight lines AB, BC, CA ; 

therefore it will touch them, and will be the circle inscribed 
in the triangle ABC. [iv. Def. 5] 

Let it be inscribed, as FGE. 
Therefore in the given triangle ABC the circle EFG has 

been inscribed. 
Q. E. F. 

26, 34. and distance one of the (straight lines D)E, (D)F, (D)G. The words 
and letters here shown in brackets are put in to fill out the rather carelesi language of the 
Greek. Here and in several other places in Book IV. Euclid says literally "and with distance 
one of the (points) E, F, G" (*al luurr-LIFUITI M rut E, Z, H) and the like. In one case (iv. 13) 
he actually has " with distance one of the points G, H, K, L, M" (Itaoni/um M TZW H, 8 , 
K, A, M trnfictav). Heiberg notes" Graecam locutionem satis miram et negligentem," but, 
in view of its frequent occurrence in good MSS., does not venture to correct it. 

Eucl id does no t th ink it necessary to prove tha t BD, CD will m e e t ; this 
is i ndeed obvious , for t h e angles DBC, DCB a re together half of the angles 
ABC, ACB, which themselves are toge ther less than two right angles, and 
therefore the two bisectors of t h e angles B, C mus t meet, by Post . 5. 

I t follows from the proof of this proposi t ion that , if t he bisectors of two 
angles B, C of a tr iangle mee t in D, t he line jo ining D to A also bisects the 
th i rd angle A, or t h e bisectors of the th ree ang le s , of a "triangle meet in 
a point . 

I t will b e observed tha t Euc l id uses the indirect form of proof when 
showing tha t t h e circle touches the th ree sides of the triangle. Simson proves 
it directly, a n d points ou t that Euc l id does the same in III. 1 7 , 3 3 and 37 , 
whereas in iv. 8 a n d 1 3 as well a s here h e uses the indirect form. T h e 
difference is un impor tan t , being o n e of form a n d not of s u b s t a n c e ; the 
indirect proof refers back to m . 1 6 , whereas the direct refers back to the 
Por i sm to tha t proposi t ion. 

W e m a y state this p rob lem in t h e m o i e general form : To describe a circle 
touching three given straight lines which do not all meet in one point, and of 
which not more than two are parallel. 

I n the case ( 1 ) where two of the straight lines are parallel a n d the third 
cu ts t hem, two pairs of interior angles a re formed, one on each side of the 
th i rd s traight l ine. I f we bisect each of the interior angles on one side, the 
bisectors will mee t in a point , a n d this po in t will be the cen t re of a circle 
which can b e drawn touch ing each of the three straight lines, its radius being 
t h e perpendicu la r from the poin t on any one of the th ree . Since the alternate 
angles a re equal , two equa l circles can b e drawn in this m a n n e r satisfying the 
given condi t ion . 

I n t h e case (2 ) where the three straight lines form a triangle, suppose each 
straight l ine p r o d u c e d indefinitely. T h e n each straight l ine will m a k e two 
pairs of inter ior angles with the o ther two, one pair forming two angles of the 
tr iangle, a n d t h e o the r pair be ing their supplements . By bisect ing each angle 
of e i ther pair we obta in , in t h e m a n n e r of the proposit ion, two circles 
satisfying the condi t ions , o n e of t h e m being the inscribed circle of the triangle 
a n d t h e o ther be ing a circle escribed to it, i.e. touching one side and the other 
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two sides produced. Next , taking the pai rs of interior angles formed by a 
second side with the o the r two p r o d u c e d indefinitely, we get two circles 
satisfying t h e condi t ions , one of which is t h e s a m e inscribed circle t ha t we h a d 
before, while the o ther is a second escr ibed circle. Similarly with t h e th i rd s ide. 
H e n c e we have the inscr ibed circle, a n d th ree escribed circles (one oppos i te 
each angle of the tr iangle), i.e. four circles in all, satisfying t h e condi t ions of 
the problem. 

I t may perhaps not be inappropria te to give a t this po in t H e r o n ' s e legant 
proof of the formula for the area of a tr iangle in terms of the sides, which we 
usually write thus : 

A = Js(s-a)(s-6) (s-c), 

although it requires the theory of propor t ions a n d uses s o m e ungeomet r ica l 
expressions, e.g. the product of two areas a n d the " s i d e " of s u c h a p roduc t , 
where of course the areas are so many square un i t s of length . T h e proof is 
given in the Metrica, 1. 8, and in the Dioptra, 30 ( H e r o n , Vol . in . , T e u b n e r , 
1903, pp . 2 0 — 2 4 and pp. 280—4, or H e r o n , ed . Hu l t s ch , pp . 2 3 5 — 7 ) . 

Suppose the sides of the tr iangle ABC lo b e given in length . 
Inscr ibe the circle DEF, and let G b e its cen t re . 

Jo in AG, BG, CG, DG, EG, FG. 
T h e n BC. EG = 2 . A BGC, 

CA.FG=2.AACG, 
AB. DG = 2 . A ABG. 

Therefore, by add i t ion , 
/ . EG = 2 . A ABC, 

where / is the perimeter . 
P r o d u c e CB to H, so tha t BH= AD. 
T h e n , s ince AD = AF, DB = BE, FC= CE, 

CM* \p. 

H e n c e CH. EG = A ABC. 



But CH.EG is the " s i d e " of t h e p roduc t CH2. EG2, tha t is 
JCH2.EG2; 

therefore ( A ABCf = CM'. EG'. 
Draw GL a t right angles to CG, a n d BL at r ight angles to CB, meet ing 

a t Z . J o i n CL. 
T h e n , s ince each of t h e angles CGL, CBL is right, CGBL is a quadri 

lateral in a circle. 
There fore t h e angles CGB, CLB are equal to two right angles. 
N o w t h e angles CGB, AGD a re equal to two right angles, since AG, BG, 

CG bisect t h e angles a t G, a n d t h e angles CGB, AGD are equal to the 
angles A GC, DGB, while the s u m of all four is equa l to four right angles. 

There fore the angles A GD, CLB a re equal . 
So a re t h e right angles ADG, CBL. 
Therefore t h e triangles AGD, CLB are similar. 
H e n c e BC:BL = AD: DG 

= BH: EG, 
and , a l ternate ly , CB : BH= BL : EG 

= BK:KE, 
whence, componendo, CH: HB = BE : EK. 

I t follows that CH2: CH. HB = BE. EC: CE. EK 
= BE. EC: EG2 

Therefore 
( A ABC)2 = CH2. EG2 = CH. HB. CE. EB 

= \p(\p-BC){\p-AB)(\p-AC). 

PROPOSITION 5. 

About a given triangle to circumscribe a circle. 
Let ABC be the given triangle ; 

thus it is required to circumscribe a circle about the given 
triangle ABC. 

A 

Let the straight lines AB, AC be bisected at the points 
D, E [1. 1 0 ] , and from the points D, E let DF, EF be drawn 
at right angles to AB, AC; 
they will then meet within the triangle ABC, or on the 
straight line BC, or outside BC. 
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First let them meet within at F, and let FB, FC, FA be 
joined. 

Then, since AD is equal to DB, 
and DF is common and at right angles, 
therefore the base AF is equal to the base FB- ['• 4] 

Similarly we can prove that 
CF is also equal to AF; 

so that FB is also equal to FC; 
therefore the three straight lines FA, FB, FC are equal 

to one another. 
Therefore the circle described with centre F and distance 

one of the straight lines FA, FB, FC will pass also through 
the remaining points, and the circle will have been circum
scribed about the triangle ABC. 

Let it be circumscribed, as ABC. 
Next, let DF, EF meet on the straight line BC at F, 

as is the case in the second figure ; and let AFbe joined. 
Then, similarly, we shall prove that the point F is the 

centre of the circle circumscribed about the triangle ABC. 
Again, let DF, EF meet outside the triangle ABC at F, 

as is the case in the third figure, and let AF, BF, CF be 
joined. 

Then again, since AD is equal to DB, 
and DF is common and at right angles, 
therefore the base AF is equal to the base BF. [1. 4 ] 

Similarly we can prove that 
CF is also equal to AF; 

so that BF is also equal to FC; 
therefore the circle described with centre F and distance one 
of the straight lines FA, FB, FC will pass also through 
the remaining points, and will have been circumscribed about 
the triangle ABC. 

Therefore about the given triangle a circle has been 
circumscribed. 

Q. E. F. 

And it is manifest that, when the centre of the circle falls 
within the triangle, the angle BAC, being in a segment 
greater than the semicircle, is less than a right angle; 
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when the centre falls on the straight line BC, the angle BAC, 
being in a semicircle, is right; 

and when the centre of the circle falls outside the triangle, 
the angle BAC, being in a segment less than the semicircle, 
is greater than a right angle. [m. 3 1 ] 

Simson points out tha t Eucl id does no t prove tha t DF, EFvt'M meet , and 
he inserts in the text the following a rgumen t to supply the omission. 

" DF, EF p r o d u c e d mee t one another . For , if they d o not meet , they 
are parallel, wherefore AB, AC, which are at right angles to them, are 
parallel [or, he shou ld have a d d e d , in a straight l i n e ] : which is absurd . " 

T h i s assumes , of course, tha t straight lines which are at right angles to two 
parallels a re themselves pa ra l l e l ; bu t this is an obvious deduc t ion from I. 28. 

O n the assumpt ion that DF, EF will meet T o d h u n t e r has this note : " I t 
has been proposed to show this in the following w a y : join DE; then the 
angles EDF and DEF axe together less than the angles ADF a n d AEF, that 
is, they are together less than two right angles ; and therefore DF and EF 
will meet , by Axiom 12 [Pos t . 5 ] . T h i s assumes that ADE a n d AED are 
acute a n g l e s ; it may, however, b e easily shown tha t DE is parallel to BC, so 
that the tr iangle ADE is equiangular to the triangle ABC; a n d we must 
therefore select t he two sides AB a n d AC such that ABC and ACB may be 
acu te angles ." 

T h i s is, however, unsatisfactory. Euc l i d makes n o such selection in Hi, 9 
a n d i n . 10 , where the same assumpt ion is tacitly m a d e ; a n d it is unnecessary, 
because it is easy to prove tha t the straight lines DF, EF meet in all cases, 
by cons ider ing the different possibilit ies separately a n d drawing a separate 
figure for each case. 

S imson th inks that Eucl id ' s demons t r a t ion had been spoiled by some 
unskilful h a n d bo th because of the omission to prove that the perpendicular 
bisectors meet, and because " w i t h o u t any reason he divides the proposition 
into three cases, whereas o n e and the same const ruct ion and demonst ra t ion 
serves for them all, as C a m p a n u s has observed ." However , u p to the usual 
words oVtp lou irovtjo-ai there seems to be n o d o u b t abou t the text. He ibe rg 
suggests that Eucl id gave separately the case where /"fa l ls on BC because, in 
that case, only AF needs to be drawn a n d not BF, CFas well. 

T h e add i t ion , though given in Simson a n d the text-books as a "corol lary ," 
has no head ing iropio>ia in the best MSS. ; it is an explanat ion like that which 
is con ta ined in the penu l t ima te paragraph of III. 25 . 

T h e Greek text has a further addi t ion , which is rejected by He ibe rg as not 
genuine , " So that , further, when the given angle happens to be less than a 
right angle, DF, EF will fall within the triangle, when it is right, on BC, and, 
when it is greater than a right angle, ou ts ide BC. (being) what it was required 
to d o . " Simson had already observed tha t t h e text here is vitiated " w h e r e 
ment ion is m a d e of a given angle, t hough there ne i ther is, nor can be, any
th ing in the proposi t ion relat ing to a given angle ." 



PROPOSITION 6. 

In a given circle to inscribe a square. 
Let ABCD be the given circle ; 

thus it is required to inscribe a square in the circle ABCD. 
Let two diameters AC, BD of the 

circle ABCD be drawn at right angles 
to one another, and let AB, BC, CD, 
DA be joined. 

Then, since BE is equal to ED, for 
E is the centre, 
and EA is common and at right angles, 
therefore the base AB is equal to the 
base AD. [ 1 . 4 ] c 

For the same reason 
each of the straight lines BC, CD is also equal to each of 
the straight lines AB, AD ; 

therefore the quadrilateral ABCD is equilateral. 
I say next that it is also right-angled. 
For, since the straight line BD is a diameter of the circle 

ABCD, 
therefore BAD is a semicircle ; 

therefore the angle BAD i s right. [m. 3 1 ] 
For the same reason 

each of the angles A BC, BCD, CD A is also right; 
therefore the quadrilateral ABCD is right-angled. 
But it was also proved equilateral; 

therefore it is a square; [1. Def. 22] 
and it has been inscribed in the circle ABCD. 

Therefore in the given circle the square ABCD has been 
inscribed. 

Q. E. F. 

Eucl id here proceeds to consider p rob lems cor respond ing to those in 
Props. 2—5 with reference to figures of four or m o r e sides, bu t with the 
difference that , whereas h e deal t with tr iangles of any form, h e confines 
himself henceforth to regular figures. I t h a p p e n e d to b e as easy to divide a 
circle into three par ts which are in the rat io of the angles , or of the supp lemen t s 
of the angles, of a triangle as in to th ree equal par ts . But, when it is required t o 
inscribe in a circle a figure equiangular to a given quadrilateral, th is can only b e 



d o n e provided tha t the quadri la teral has ei ther pair of opposi te angles equal 
to two right angles . Moreover , in this case, t he p rob lem may be solved in the 
same way as tha t of iv. 2 , i.e. by simply inscribing a tr iangle equiangular to one 
of the tr iangles in to which t h e quadr i la tera l is d iv ided by ei ther diagonal , and 
then drawing on the s ide cor responding to the diagonal as base ano ther 
triangle equiangular to the o ther tr iangle con ta ined in the quadri lateral . But 
this is no t the only solut ion ; the re are a n infinite 
n u m b e r of o the r solut ions in which the inscr ibed 
quadr i la tera l will, un l ike tha t found by this par t icular 
me thod , no t b e of t h e same form as the given quadr i 
lateral. F o r suppose ABCD to b e the quadri la teral { : / \ ' \ r y 
inscr ibed in t h e circle by the m e t h o d of iv. 2. T a k e t 1 
any po in t B' on AB, jo in AB', a n d then m a k e the 
angle DAD (measu red towards AC) equal to the 
angle BAB'. J o in B'C, CD. T h e n ABCD is also 
equiangular to the given quadri lateral , bu t no t of the 
same form. H e n c e the prob lem is inde te rmina te in t h e case of the general 
quadri la teral . I t is equally so if the given quadri la teral is a r ec t ang le ; and it 
is de te rmina te only when the given quadri la teral is a square. 

PROPOSITION 7 . 

About a given circle to circumscribe a square. 
Let ABCD be the given circle ; 

thus it is required to circumscribe a square about the 
ABCD. 

Let two diameters AC, BD of the 
circle ABCD be drawn at right angles 
to one another, and through the points 
A, B, C, D let FG, GH, HK, KF be 
drawn touching the circle ABCD. 

[ill. 1 6 , Por . ] 
Then, since FG touches the circle 

ABCD, 
and EA has been joined from the centre 
£ to the point of contact at A, 

therefore the angles at A are right. 
For the same reason 

the angles at the points B, C, D are also right 
Now, since the angle AEB is right, 

and the angle EBG is also right, 
therefore GH is parallel to A C. 

c i rele 

[..i. is; 

[ 1 . 2 8 ; 



P R O P O S I T I O N S 6 , 7 93 

For the same reason 
A C is also parallel to FK, 

so that GH is also parallel to FK. [i . 30J 
Similarly we can prove that 
each of the straight lines GF, HK is parallel to BED. 
Therefore GK, GC, AK, FB, BK are parallelograms ; 

therefore GF is equal to HK, and GH to FK. [1. 34] 
And, since AC is equal to BD, 

and AC is also equal to each of the straight lines GH, FK, 
while BD is equal to each of the straight lines GF, HK, 

['• 34] 

therefore the quadrilateral FGHK is equilateral. 
I say next that it is also right-angled. 
For, since GBEA is a parallelogram, 

and the angle AEB is right, 
therefore the angle A GB is also right. [1. 34] 

Similarly we can prove that 
the angles at H, K, F are also right. 

Therefore FGHK is right-angled. 
But it was also proved equilateral; 

therefore it is a square ; 
and it has been circumscribed about the circle ABCD. 

Therefore about the given circle a square has been 
circumscribed. 

Q. E. F. 

I t is jus t as easy to desc r ibe abou t a given circle a polygon equiangular to 
any given polygon as it is to descr ibe a square abou t a given circle. W e have 
only to use the m e t h o d of iv. 3, i.e. to t ake any radius of t h e circle, to 
measure round the cen t re successive angles in one a n d t h e s a m e direct ion 
equal to the supp lements of t h e successive angles of the given polygon a n d , 
lastly, to draw tangen ts to the circle a t t h e extremities of t h e several radi i so 
d e t e r m i n e d ; bu t again t h e polygon would in general no t b e of t h e s a m e form 
as the given o n e ; it would only be so if the given polygon h a p p e n e d to b e 
such tha t a circle could be inscr ibed in it. T o take t h e case of a quadrilateral 
o n l y : it is easy to prove that , if a quadr i la tera l b e desc r ibed a b o u t a circle, 
the sum of one pair of opposi te sides mus t b e equal t o t h e s u m of t h e o the r 
pair. I t may be proved, conversely, tha t , if a quadr i la tera l h a s t h e sums of t h e 
pairs of opposi te sides equal , a circle can b e inscr ibed in it. If t hen a given 
quadri lateral has the sums of t h e pairs of opposi te sides equal , a quadr i la tera l 
can be descr ibed a b o u t any given circle no t only equ iangu la r with it bu t 
having the same form or, in the words of Book vi., similar to it. 



['• 34] 

PROPOSITION 8. 

In a given square to inscribe a circle. 
Let ABCD be the given square ; 

thus it is required to inscribe a circle in the given square 

Let the straight lines AD, AB be 
bisected at the points E, F respectively 

[I. ,oJ 
through E let EH be drawn parallel 
to either AB or CD, and through 
F let FK be drawn parallel to either 
AD or BC; [i. 3 i ] 
therefore each of the figures AK, KB, 
AH, HD, AG, GC, BG, GD is a parallelogram, 
and their opposite sides are evidently equal. 

Now, since AD is equal to AB, 
and AE is half of AD, and AF half of AB, 

therefore AE is equal to AF, 
so that the opposite sides are also equal; 

therefore FG is equal to GE. 
Similarly we can prove that each of the straight lines GH, 

GK is equal to each of the straight lines FG, GE; 
therefore the four straight lines GE, GF, GH, GK are 

equal to one another. 
Therefore the circle described with centre 67 and distance 

one of the straight lines GE, GF,, GH, GK will pass also 
through the remaining points. 

And it will touch the straight lines AB, BC, CD, DA, 
because the angles at E, F, H, K are right. 

For, if the circle cuts AB, BC, CD, DA, the straight 
line drawn at right angles to the diameter of the circle from 
its extremity will fall within the circle : which was proved 
absurd; [in. 16] 
therefore the circle described with centre G and distance 
one of the straight lines GE, GF, GH, GK will not cut 
the straight lines AB, BC, CD, DA. 

Therefore it will touch them, and will have been inscribed 
in the square ABCD. 

Therefore in the given square a circle has been inscribed. 



As was remarked in t n e last note , a circle can b e inscr ibed in any 
quadrilateral which has the sum of o n e pair of oppos i te sides equal t o the s u m 
of t h e o ther pair. I n particular, it follows tha t a circle can b e inscr ibed in a 
square or a rhombus, bu t no t in a rectangle o r a r h o m b o i d . 

PROPOSITION g. 

About a given square to circumscribe a circle. 
Let ABCD be the given square; 

thus it is required to circumscribe a circle about the square 
ABCD. 

For let AC, BD be joined, and let them 
cut one another at E. 

Then, since DA is equal to AB, 
and AC is common, 
therefore the two sides DA, AC are equal 
to the two sides BA, AC; 
and the base DC is equal to the base BC; 

therefore the angle DA C is equal to 
the angle BAC. [i. 8 ] 

Therefore the angle DAB is bisected by AC. 
Similarly we can prove that each of the angles ABC, 

BCD, CD A is bisected by the straight lines AC, DB. 
Now, since the angle DAB is equal to the angle ABC, 

and the angle EAB is half the angle DAB, 
and the angle EBA half the angle ABC, 
therefore the angle EAB is also equal to the angle EBA ; 
so that the side EA is also equal to EB. [i . 6] 

Similarly we can prove that each of the straight lines 
EA, EB is equal to each of the straight lines EC, ED. 

Therefore the four straight lines EA, EB, EC, ED are 
equal to one another. 

Therefore the circle described with centre E and distance 
one of the straight lines EA, EB, EC, ED will pass also 
through the remaining points ; 
and it will have been circumscribed about the square ABCD. 

Let it be circumscribed, as ABCD. 
Therefore about the given square a circle has been 

circumscribed. 



PROPOSITION IO. 

To construct an isosceles triangle having each of the angles 
at the base double of the remaining one. 

Let any straight line AB be set out, and let it be cut at 
the point C so that the rectangle 
contained by AB, BC is equal to 
the square on CA; [n . n ] 

with centre A and distance AB let 
the circle BDE be described, 

and let there be fitted in the circle 
BDE the straight line BD equal to 
the straight line AC which is not 
greater than the diameter of the 
circle BDE. [ iv . i ] 

Let AD, DC be joined, and let 
the circle ACD be circumscribed about the triangle ACD. 

[iv. 5] 
Then, since the rectangle AB, BC is equal to the square 

on AC, 
and AC is equal to BD, 

therefore the rectangle AB, BC is equal to the square on BD. 

And, since a point B has been taken outside the circle 
ACD, 
and from B the two straight lines BA, BD have fallen on 
the circle A CD, and one of them cuts it, while the other falls 
on it, 
and the rectangle AB, BC is equal to the square on BD, 

therefore BD touches the circle A CD. [ i n . 37] 
Since, then, BD touches it, and DC is drawn across 

from the point of contact at D, 

therefore the angle BDC is equal to the angle DA C in the 
alternate segment of the circle. [ i n . 3 2 ] 

Since, then, the angle BDC is equal to the angle DAC, 
let the angle CD A be added to each ; 
therefore the whole angle BDA is equal to the two angles 
CD A, DAC. 
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But the exterior angle BCD is equal to the angles CD A, 
DAC; [,. 32] 
therefore the angle BDA is also equal to the angle BCD. 

But the angle BDA is equal to the angle CBD, since the 
side AD is also equal to AB ; [I. 5] 
so that the angle DBA is also equal to the angle BCD. 

Therefore the three angles BDA, DBA, BCD are equal 
to one another. 

And, since the angle DBC is equal to the angle BCD, 
the side BD is also equal to the side DC. [1. 6 ] 

But BD is by hypothesis equal to CA ; 
therefore CA is also equal to CD, 

so that the angle CD A is also equal to the angle DAC; 
[«• 5] 

therefore the angles CD A, DA C are double of the angle DA C. 
But the angle BCD is equal to the angles CD A, DAC; 

therefore the angle BCD is also double of the angle CAD. 
But the angle BCD is equal to each of the angles BDA, 

DBA ; 
therefore each of the angles BDA, DBA is also double of 
the angle DAB. 

Therefore the isosceles triangle ABD has been constructed 
having each of the angles at the base DB double of the 
remaining one. 

Q. E. F. 

T h e r e is every reason to conc lude tha t the connex ion of t h e tr iangle 
cons t ruc ted in this proposi t ion with t h e regular pen tagon , a n d the cons t ruc t ion 
of the triangle itself, were the discovery of the Py thagoreans . I n t h e first 
place t h e Schol ium iv . N o . 2 (He iberg , Vol. v. p . 2 7 3 ) says " t h i s B o o k is the 
discovery of the Py thagoreans . " Secondly, the s u m m a r y in Proc lus (p . 6 5 , 20) 
says that Pythagoras d iscovered " t h e cons t ruc t ion of t h e cosmic figures," by 
which mus t b e unde r s tood the five regular solids. Thi rd ly , I ambl i chus (Vit. 
Pyth. c. 18 , s. 88) quotes a story of H ippasus , " tha t h e was o n e of the Pytha
goreans but , owing to his be ing the first to publ i sh a n d write down ( the con
struct ion of) t h e sphere arising from t h e twelve pen tagons (rr\v « i w S w o W 
Trtvrayihmv), per i shed by shipwreck for his impiety, having got credi t for t h e 
discovery all the same, whereas everything belonged to H I M (cfcdrov TOV ivSpoi), 
for it is thus that they refer to Pythagoras , a n d they d o not call h im by his 
n a m e . " C a n t o r has ( i 3 , pp . i 7 6 s q q . ) col lected notices which he lp us to form 
an idea how the discovery of the Euc l idean cons t ruc t ion for a regular pen tagon 
may have been arr ived at by t h e Py thagoreans . 

P la to puts in to th-; m o u t h of T i m a e u s a descr ip t ion of the formation from 



right-angled t r iangles of the figures which are the faces of the first four regular 
solids. T h e face of the c u b e is the square which is formed from isosceles 
right-angled tr iangles by placing four of these triangles contiguously so that 
the four right angles are in contact at the centre . T h e 
equilateral tr iangle, however, which is the form of the faces of 
the te t rahedron, the oc tahedron a n d the icosahedron, cannot 
be cons t ruc ted from isosceles right-angled triangles, but is 
const ructed from a part icular scalene right-angled triangle 
which T i m a e u s (54 A, B) regards as the most beautiful of all 
scalene right-angled triangles, namely tha t in which the square on one of the 
sides abou t the right angle is three t imes the square on the other. Th i s is, of 
course, the tr iangle forming half of an equilateral triangle bisected by the 
perpendicular from one angular point on the opposi te s ide. T h e Platonic 
T i m a e u s does not cons t ruct his equilateral tr iangle from two such triangles 
bu t from six, by placing the latter contiguously round a 
point so that the hypotenuses and the smaller of the sides 
abou t the right angles respectively adjoin, and all of them 
meet a t t h e c o m m o n centre , as shown in the figure 
(Timaeus, 5 4 D, E.). T h e probabil i ty tha t this exposition 
was Py thagorean is confirmed by the i ndependen t tes t imony 
of Proclus (pp. 3 0 4 — 5 ) , who a t t r ibutes to the Pythagoreans 
the theorem that six equilateral triangles, or three hexagons, or four squares, 
p laced cont iguously with o n e angular point of each at a c o m m o n point , will 
just fill u p the four right angles round that point , and that no o ther regular 
polygons in any n u m b e r s have this property. 

H o w then would it be proposed to split up into triangles, or to make up 
out of triangles, the face of the remaining solid, the dodecahedron ? I t would 
easily be seen that the pentagon could not be const ructed by means of the 
two right-angled triangles which were used for construct ing the square and the 
equilateral tr iangle respectively. But a t t empts would naturally be m a d e to 
split u p t h e pentagon into e lementary triangles, and traces of such a t tempts 
are actually forthcoming. P lu ta rch has in two passages spoken of the division 
of the faces of the dodecahed ron into triangles, remark ing in one place 
(Quaes/. Plaion. v. 1 ) that each of the twelve faces is m a d e up of 30 elemen-

ik 
tary scalene triangles, so that , taken together, they give 360 such triangles, 
and in ano the r (De defectu oraculorum, c. 33) that the elementary triangle of 
the dodecahed ron mus t be different from that of t h e te t rahedron, oc tahedron 
and icosahedron. Ano the r writer of the 2nd cent. , Alcinous, has, in his 
in t roduct ion to the s tudy of P la to (De doctrina Platonis, c. 1 1 ) , spoken 
similarly of the 360 e lements which are p roduced when every one of the 
pentagons is divided in to 5 isosceles tr iangles, and each of the latter in to 
6 scalene triangles. Now, if we proceed to draw lines in a pentagon separat ing 
it into this n u m b e r of small triangles as shown in the above figure, the figure 
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which s tands ou t most p rominent ly in the mass of l ines is t h e " s tar -pentagon," 
as drawn separately, which then (if the consecut ive corners be jo ined) suggests 
the drawing, a s par t of a pen tagon , of a tr iangle of a definite character. N o w 
we are expressly told by Lucian a n d the scholiast to the Clouds of Ar i s tophanes 
(see Bretschneider , pp . 8 5 — 8 6 ) that t he triple interwoven triangle, t h e penta
gram (TO TPTJRAOSI' TpCyuivov, TO SI dWrjXmv, TO irivrd.ypaixp.ov), was used by the 
Pythagoreans as a symbol of recognit ion be tween the m e m b e r s of the same 
school (O-U/I/JO'XW irpos TOVS 6/io8o£ovs Ê P<ORRO), and was called by t h e m H e a l t h . 
T h e r e seems to be therefore n o room for d o u b t tha t t he cons t ruc t ion of a 
pentagon by means of a n isosceles tr iangle having each of its base angles 
doub le of the vertical angle was d u e to the Pythagoreans . 

T h e construct ion of this tr iangle depends u p o n 11. n , or the p rob lem of 
dividing a straight l ine so tha t t he rectangle con ta ined by the whole a n d one 
of t h e par ts is equal to the square on the o ther part. T h i s p rob lem of course 
appears again in Eucl . vi . 30 as the prob lem of cut t ing a given straight l ine in 
extreme and mean ratio, i.e. t h e problem of t h e golden section, which is no 
d o u b t " t h e s e c t i o n " referred to in t h e passage of the summary given by 
Proclus (p. 67 , 6) which says that E u d o x u s " g r e a t l y a d d e d to the n u m b e r 
of the theorems which P la to or iginated regarding the sect ion." T h i s idea tha t 
P la to began the s tudy of t h e " golden section " as a subject in itself is no t in 
the least inconsistent with the supposi t ion that t he prob lem of Euc l . 11. 1 1 was 
solved by the Pythagoreans . T h e very fact that Euc l id places it a m o n g o ther 
proposi t ions which are clearly Pythagorean in origin is s ignif icant as is also 
the fact that its solut ion is effected by " applying to a straight l ine a rectangle 
equal to a given square a n d exceeding by a square ," while Proc lus says plainly 
(p . 4 1 9 , 1 5 ) that , according to E u d e m u s , " t h e appl icat ion of areas, their 
exceeding a n d their falling short , a re ancient a n d discoveries of the M u s e of 
the Py thagoreans . " 

W e may suppose the const ruct ion of iv. 10 to have been arr ived a t by 
analysis somewhat as follows ( T o d h u n t e r ' s Eucl id , p . 3 2 5 ) . 

Suppose the p rob lem solved, i.e. let ABD be an isosceles tr iangle having 
each of its base angles doub le of the vertical angle. 

Bisect t he angle ADB by the straight l ine DC meet ing AB in C. [1. 9 ] 
Therefore the angle BDC is equal to the angle BAD; a n d the angle 

CD A is also equal to the angle BAD, 
so tha t DC is equal to CA. 

Again, since, in the tr iangles BCD, BDA, 
the angle BDC is equal to the angle BAD, 

a n d the angle B is c o m m o n , 

the thi rd angle BCD is equal to the third angle BDA, and therefore to 
t h e angle DBC. 

Therefore DC is equal t o DB. 
Now, if a circle b e descr ibed abou t t h e triangle ACD [iv. 5 ] , s ince the 

angle BDC is equal to t h e angle in the segment CAD, 
BD must touch t h e circle [by the converse of i n . 32 easily proved from it 

by reductio ad aisurdum]. 
H e n c e [111. 36] the square on BD and therefore the square on CD, or 

AC, is equal to the rectangle AB, BC. 
T h u s t h e prob lem is reduced to that of cut t ing AB at C so tha t t he 

rectangle AB, BC is equal t o the square on AC. [11. n ] 

http://irivrd.ypaixp.ov


W h e n this is done , we have only to draw a circle with cent re A and radius 
AB a n d place in it a chord BD equa l in length to AC. [iv. i ] 

Since each of the angles ABD, ADB is d o u b l e of the angle BAD, the 
lat ter is equa l to one-fifth of the sum of all three , i.e. is one-fifth of two right 
angles , or two-fifths of a right angle, a n d each of the base angles is four-fifths 
of a right angle . 

If we bisect t h e angle BAD, we ob ta in a n angle equal to one-fifth of a 
right angle, so tha t the- proposi t ion enables us to divide a right angle into five 
equal parts. 

I t will b e observed tha t BD is the side of a regular decagon inscr ibed in 
the larger circle. 

Proclus , as r emarked above (Vol. I. p . 130 ) , gives iv. 10 as an instance in 
which two of the six formal divisions of a proposi t ion, the setting-out a n d the 
"definition" are left out , a n d explains that they are unnecessary because 
there is n o datum in t h e enuncia t ion. T h i s is however n o more than formally 
true, because Euc l id does begin his proposi t ion by setting out " a n y straight 
l ine AB" a n d h e cons t ruc t s an isosceles triangle having AB for one of its 
equal sides, i.e. h e does practically imply a d a t u m in t h e enunciat ion, a n d a 
cor responding setting-out a n d "definition " in the proposi t ion itself. 

PROPOSITION I I . 

In a given circle to inscribe an equilateral and equiangular 
pentagon. 

Let ABCDE be the given circle ; 
thus it is required to inscribe in the circle ABCDE an equi
lateral and equiangular pentagon. 

Let the isosceles triangle FGH 
be set out having each of the angles 
at G, H double of the angle at F; 

[iv. 1 0 ] 

let there be inscribed in the circle 
ABCDE the triangle A CD equi
angular with the triangle FGH, so 
that the angle CAD is equal to the angle at F and the angles 
at G, H respectively equal to the angles A CD, CD A ; [ i v . 2] 
therefore each of the angles A CD, CD A is also double of the 
angle CAD. 

Now let the angles ACD, CD A be bisected respectively 
by the straight lines CE, DB [1. 9 ] , and let AB, BC, DE, EA 
be joined. 

Then, since each of the angles A CD, CD A is double of 
the angle CAD, 
and they have been bisected by the straight lines CE, DB, 



therefore the five angles DAC, ACE, BCD, CDB, BDA 
are equal to one another. 

But equal angles stand on equal circumferences; [m. 26] 

therefore the five circumferences AB, BC, CD, DE, EA are 
equal to one another. 

But equal circumferences are subtended by equal straight 
lines; [ill. 29] 

therefore the five straight lines AB, BC, CD, DE, EA are 
equal to one another ; 

therefore the pentagon ABCDE is equilateral. 

I say next that it is also equiangular. 
For, since the circumference AB is equal to the circum

ference DE, let BCD be added to each ; 

therefore the whole circumference A BCD is equal to the 
whole circumference EDCB. 

And the angle AED stands on the circumference ABCD, 
and the angle BAE on the circumference EDCB ; 

therefore the angle BAE is also equal to the angle AED. 
[in. 27] 

For the same reason 

each of the angles ABC, BCD, CDE is also equal to each 
of the angles BAE, AED ; 

therefore the pentagon ABCDE is equiangular. 

But it was also proved equilateral; 
therefore in the given circle an equilateral and equi

angular pentagon has been inscribed. 
Q. E. F. 

De Morgan remarks that "the method of iv. 11 is not so natural as 
making a direct use of the angle obtained in the last." On the other hand, 
if we look at the figure and notice that it shows the whole of the pentagram-
star except one line (that connecting B and E), I think we shall conclude 
that the method is nearer to that used by the Pythagoreans, and therefore of 
much more historical interest. 

Another method would of course be to use iv. 10 to describe a decagon in 
the circle, and then to join any vertex to the next alternate one, the latter to 
the next alternate one, and so on. 



Mr H. M. Taylor gives " a complete geometrical construction for in
scribing a regular decagon or pentagon in a given circle," as follows. 

" Find O the centre. 
Draw two diameters AOC, BOD at right 

angles to one another. 
Bisect OD in E. 
Draw AE and cut off EF equal to OE. 
Place round the circle ten chords equal 

to AF. 
These chords will be the sides of a regular 

decagon. Draw the chords joining five alternate 
vertices of the decagon; they will be the sides 
of a regular pentagon." 

The construction is of course only a com
bination of those in n. 11 and iv. i ; and the 
proof would have to follow that in iv. 10. 

PROPOSITION 1 2 . 

About a given circle to circumscribe an equilateral and 
equiangular pentagon. 

Let ABCDE be the given circle ; 
thus it is required to circumscribe an equilateral and equi
angular pentagon about the circle 
ABCDE. 

Let A, B, C, D, E be conceived to 
be the angular points of the inscribed 
pentagon, so that the circumferences 
AB, BC, CD, DE, EA are equal; 

[iv. II] 
through A, B, C, D, E let GH, HK, 
KL, LM, MG be drawn touching the *• c L 
circle ; [m. 16, Por.] 
let the centre F of the circle ABCDE be taken [in. i ] , and 
let FB, FK, FC, FL, FD be joined. 

Then.since the straight line KL touches the circle ABCDE 
at C, 
and FC has been joined from the centre F to the point of 
contact at C, 

therefore FC is perpendicular to KL ; [in. 18] 
therefore each of the angles at C is right. 
For the same reason 
the angles at the points B, D are also right. 



And, since the angle FCK is right, 
therefore the square on FK is equal to the squares on FC, CK. 

For the same reason [i. 47] 
the square on FK is also equal to the squares on FB, BK; 
so that the squares on FC, CK are equal to the squares 

on FB, BK, 
of which the square on FC is equal to the square on FB; 

therefore the square on CK which remains is equal to the 
square on BK. 

Therefore BK is equal to CK. 
And, since FB is equal to FC, 

and FK common, 
the two sides BF, FK are equal to the two sides CF, FK; 

and the base BK equal to the base CK; 
therefore the angle BFK is equal to the angle KFC, [1. 8] 
and the angle BKF to the angle FKC. 

Therefore the angle BFC is double of the angle KFC, 
and the angle BKC of the angle FKC. 
For the same reason 
the angle CFD is also double of the angle CFL, 
and the angle DLC of the angle FLC. 
Now, since the circumference BC is equal to CD, 

the angle BFC is also equal to the angle CFD. [m. 27] 
And the angle BFC is double of the angle KFC, and the 

angle DFC of the angle LFC; 
therefore the angle KFC is also equal to the angle LFC. 

But the angle FCK is also equal to the angle FCL ; 
therefore FKC, FLC are two triangles having two angles 
equal to two angles and one side equal to one side, namely 
FC which is common to them ; 
therefore they will also have the remaining sides equal to the 
remaining sides, and the remaining angle to the remaining 
angle; [i- 26] 

therefore the straight line KC is equal to CL, 
and the angle FKC to the angle FLC, 

And, since KC is equal to CL, 
therefore KL is double of KC. 



For the same reason it can be proved that 
HK is also double of BK. 1 

And BK is equal to KC; 
therefore HK is also equal to KL. 
Similarly each of the straight lines HG, GM, ML can 

also be proved equal to each of the straight lines HK, KL ; 
therefore the pentagon GHKLM is equilateral. 
I say next that it is also equiangular. 
For, since the angle FKC is equal to the angle FLC, 

and the angle HKL was proved double of the angle FKC, 
and the angle KLM double of the angle FLC, 

therefore the angle HKL is also equal to the angle KLM. 
Similarly each of the angles KHG, HGM, GML can also 

be proved equal to each of the angles HKL, KLM; 
therefore the five angles GHK, HKL, KLM, LMG, MGH 
are equal to one another. 

Therefore the pentagon GHKLM is equiangular. 
And it was also proved equilateral; and it has been 

circumscribed about the circle ABCDE. 
Q. E. F. 

De Morgan remarks that iv. 12, 13, 14 supply the place of the following : 
Having given a regular polygon of any number of sides inscribed in a circle, to 
describe the same about the circle; and, having given the polygon, to inscribe and 
circumscribe a circle. For the method can be applied generally, as indeed 
Euclid practically says in the Porism to iv. 15 about the regular hexagon and 
in the remark appended to iv. 16 about the regular fifteen-angled figure. 

The conclusion of this proposition, " therefore about the given circle an 
equilateral and equiangular pentagon has been circumscribed," is omitted in 
the MSS. 

PROPOSITION 1 3 . 

In a given pentagon, which is equilateral and equiangular, 
to inscribe a circle. 

Let ABCDE be the given equilateral and equiangular 
pentagon; 
thus it is required to inscribe a circle in the pentagon 
ABCDE. 

For let the angles BCD, CDE be bisected by the 
straight lines CF, DF respectively; and from the point F, at 



which the straight lines CF, DF meet one another, let the 
straight lines FB, FA, FE be joined. 

Then, since BC is equal to CD, 
and common, 
the two sides BC, CF are equal to the 
two sides DC, CF; 
and the angle BCF is equal to the 
angle DCF; 

therefore the base BF is equal 
to the base DF, 
and the triangle BCF is equal to the 
triangle DCF, 
and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend. [1. 4] 

Therefore the angle CBF is equal to the angle CDF. 
And, since the angle CDE is double of the angle CDF, 

and the angle CDE is equal to the angle ABC, 
while the angle CDF is equal to the angle CBF; 
therefore the angle CBA is also double of the angle CBF; 

therefore the angle ABF is equal to the angle FBC; 
therefore the angle ABC has been bisected by the straight 
line BF. 

Similarly it can be proved that 
the angles BAE, AED have also been bisected by the straight 
lines FA, FE respectively. 

Now let FG, FH, FK, FL, FMbe drawn from the point 
F perpendicular to the straight lines AB, BC, CD, DE, EA. 

Then, since the angle HCF is equal to the angle KCF, 
and the right angle FHC is also equal to the angle FKC, 
FHC, FKC are two triangles having two angles equal to two 
angles and one side equal to one side, namely FC which is 
common to them and subtends one of the equal angles ; 
therefore they will also have the remaining sides equal to the 
remaining sides; [1. 26] 
therefore the perpendicular FH is equal to the perpendicular 
FK. 

Similarly it can be proved that 
each of the straight lines FL, FM, FG is also equal to each 
of the straight lines FH, FK; 
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therefore the five straight lines FG, FH, FK, FL, FM are 
equal to one another. 

Therefore the circle described with centre F and distance 
one of the straight lines FG, FH, FK, FL, FM will pass 
also through the remaining points ; 

and it will touch the straight lines AB, BC, CD, DE, EA, 
because the angles at the points G, H, K, L, M are right. 

For, if it does not touch them, but cuts them, 
it will result that the straight line drawn at right angles to 
the diameter of the circle from its extremity falls within the 
circle : which was proved absurd. [in. 16] 

Therefore the circle described with centre F and distance 
one of the straight lines FG, FH, FK, FL, FM will not 
cut the straight lines AB, BC, CD, DE, EA ; 

therefore it will touch them. 
Let it be described, as GHKLM. 
Therefore in the given pentagon, which is equilateral and 

equiangular, a circle has been inscribed. 
Q. E. F. 

PROPOSITION 1 4 . 

About a given pentagon, which is equilateral and equi
angular, to circumscribe a circle. 

Let ABCDE be the given pentagon, which is equilateral 
and equiangular; 
thus it is required to circumscribe a circle 
about the pentagon ABCDE. 

Let the angles BCD, CDE be bisected 
by the straight lines CF, DF respectively, 
and from the point F, at which the straight 
lines meet, let the straight lines FB, FA, 
FE be joined to the points B, A, E. 

Then in manner similar to the pre
ceding it can be proved that the angles 
CBA, BAE, AED have also been bisected by the straight 
lines FB, FA, FE respectively. 



Now, since the angle BCD is equal to the angle CDE, 
and the angle BCD is half of the angle BCD, 
and the angle CDF half of the angle CDE, 
therefore the angle FCD is also equal to the angle CDF, 

so that the side FC is also equal to the side FD. [1. 6] 
Similarly it can be proved that 

each of the straight lines FB, FA, FE is also equal to each 
of the straight lines FC, FD ; 
therefore the five straight lines FA, FB, FC, FD, FE are 
equal to one another. 

Therefore the circle described with centre F and distance 
one of the straight lines FA, FB, FC, FD, FE will pass 
also through the remaining points, and will have been 
circumscribed. 

Let it be circumscribed, and let it be ABCDE. 
Therefore about the given pentagon, which is equilateral 

and equiangular, a circle has been circumscribed. 
Q. E. F. 

PROPOSITION 1 5 . 

In a given circle to inscribe an equilateral and equiangular 
hexagon. 

Let ABCDEF be the given circle ; 
thus it is required to inscribe an equilateral and equiangular 
hexagon in the circle ABCDEF. 

Let the diameter AD of the circle 
ABCDEF be drawn ; 
let the centre G of the circle be taken, and 
with centre D and distance DG let the 
circle EGCH be described ; 
let EG, CG be joined and carried through 
to the points B, F, 
and let AB, BC, CD, DE, EF, FA be 
joined. 

I say that the hexagon ABCDEF is 
equilateral and equiangular. 

For, since the point G is the centre of the circle ABCDEF, 
GE is equal to GD. 



Again, since the point D is the centre of the circle GCH, 
DE is equal to DG. 

But GE was proved equal to GD ; 
therefore GE is also equal to ED; 

therefore the triangle EGD is equilateral; 
and therefore its three angles EGD, GDE, DEG are equal 
to one another, inasmuch as, in isosceles triangles, the angles 
at the base are equal to one another. [1. 5] 

And the three angles of the triangle are equal to two 
right angles ; [1. 32] 

therefore the angle EGD is one-third of two right angles. 
Similarly, the angle DGC can also be proved to be one-

third of two right angles. 
And, since the straight line CG standing on EB makes 

the adjacent angles EGC, CGB equal to two right angles, 
therefore the remaining angle CGB is also one-third of two 
right angles. 

Therefore the angles EGD, DGC, CGB are equal to one 
another; 
so that the angles vertical to them, the angles BGA, AGF, 
FGE are equal. [1. 15] 

Therefore the six angles EGD, DGC, CGB, BGA, AGF, 
FGE are equal to one another. 

But equal angles stand on equal circumferences ; [m. 26] 
therefore the six circumferences AB, BC, CD, DE, EF, FA 
are equal to one another. 

And equal circumferences are subtended by equal straight 
lines; [HI. 29] 

therefore the six straight lines are equal to one another; 
therefore the hexagon ABCDEF'is equilateral. 
I say next that it is also equiangular. 
For, since the circumference FA is equal to the circum

ference ED, 
let the circumference A BCD be added to each ; 
therefore the whole FA BCD is equal to the whole 

EDCB A ; 
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and the angle FED stands on the circumference FA BCD, 
and the angle AFE on the circumference EDCB A ; 

therefore the angle AFE is equal to the angle DEF. 
[HI. 27] 

Similarly it can be proved that the remaining angles of 
the hexagon ABCDEF are also severally equal to each of 
the angles AFE, FED ; 

therefore the hexagon ABCDEF is equiangular. 
But it was also proved equilateral; 

and it has been inscribed in the circle ABCDEF. 
Therefore in the given circle an equilateral and equiangular 

hexagon has been inscribed. 
Q. E. F. 

PORISM. From this it is manifest that the side of the 
hexagon is equal to the radius of the circle. 

And, in like manner as in the case of the pentagon, if 
through the points of division on the circle we draw 
tangents to the circle, there will be circumscribed about the 
circle an equilateral and equiangular hexagon in conformity 
with what was explained in the case of the pentagon. 

And further by means similar to those explained in the 
case of the pentagon we can both inscribe a circle in a given 
hexagon and circumscribe one about it. 

Q. E. F. 

Heiberg, I think with good reason, considers the Porism to this proposition 
to be referred to in the instance which Proclus (p. 304, 2) gives of a porism 
following a problem. As the text of Proclus stands, "the (porism) found 
in the second Book (TO &i iv rip Scvrcpu /3if}\iw Ktipavov) is a porism to a 
problem "; but this is not true of the only porism that we find in the second 
Book, namely the porism to 11. 4. Hence Heiberg thinks that for T<J 
Seirrtpw ptfikup should be read ™ 8' /8i/3Ai'w, i.e. the fourth Book. Moreover 
Proclus speaks of the porism in the particular Book, from which we gather 
that there was only one porism in Book iv. as he knew it, and therefore that 
he did not regard as a porism the addition to iv. 5. Cf. note on that 
proposition. 

It appears that Theon substituted for the first words of the Porism to 
iv. 15 "And in like manner as in the case of the pentagon" (o/iot'ws 8« 
TOIS «r! TOO TrtvTayiLvov) the simple word " a n d " or "also" (««)> apparently 
thinking that the words had the same meaning as the similar words lower 
down. This is however not the case, the meaning being that " if, as in the 
case of the pentagon, we draw tangents, we can prove, also as was done in 
the case of the pentagon, that the figure so formed is a circumscribed regular 
hexagon." 



PROPOSITION 16. 

In a given circle to inscribe a fifteen-angled figure which 
shall be both equilateral and equiangular. 

Let A BCD be the given circle ; 
thus it is required to inscribe in the circle A BCD a fifteen-
angled figure which shall be 
both equilateral and equi
angular. 

In the circle A BCD let 
there be inscribed a side A C 
of the equilateral triangle 
inscribed in it, and a side AB 
of an equilateral pentagon ; 
therefore, of the equal seg
ments of which there are 
fifteen in the circle A BCD, 
there will be five in the cir
cumference ABC which is 
one-third of the circle, and 
there will be three in the cir
cumference AB which is one-fifth of the circle ; 

therefore in the remainder BC there will be two of the 
equal segments. 

Let BC be bisected at E; [m. 30] 
therefore each of the circumferences BE, EC is a fifteenth 
of the circle ABCD. 

If therefore we join BE, EC and fit into the circle ABCD 
straight lines equal to them and in contiguity, a fifteen-angled 
figure which is both equilateral and equiangular will have been 
inscribed in it. 

Q. E. F . 

And, in like manner as in the case of the pentagon, if 
through the points of division on the circle we draw 
tangents to the circle, there will be circumscribed about the 
circle a fifteen-angled figure which is equilateral and equi
angular. 

And further, by proofs similar to those in the case of the 
pentagon, we can both inscribe a circle in the given fifteen-
angled figure and circumscribe one about it. 
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Here, as in in. 10, we have the term "circle" used by Euclid in its 
exceptional sense of the circumference of a circle, instead of the "plane figure 
contained by one line" of i. l)ef. 15. Cf. the note on that definition (Vol. 1. 
pp. 184—s). 

Proclus (p. 269) refers to this proposition in illustration of his statement 
that Euclid gave proofs of a number of propositions with an eye to their use 
in astronomy. " With regard to the last proposition in the fourth Book in 
which he inscribes the side of the fifteen-angled figure in a circle, for what 
object does anyone assert that he propounds it except for the reference of this 
problem to astronomy ? For, when we have inscribed the fifteen-angled figure 
in the circle through the poles, we have the distance from the poles both of 
the equator and the zodiac, since they are distant from one another by the 
side of the fifteen-angled figure." This agrees with what we know from other 
sources, namely that up to the time of Eratosthenes {circa 2 8 4 - 2 0 4 B.C.) 24 
was generally accepted as the correct measurement of the obliquity of the 
ecliptic. This measurement, and the construction of the fifteen-angled figure, 
were probably due to the Pythagoreans, though it would appear that the 
former was not known to Oenopides of Chios (fl. circa 460 B.C.), as we learn 
from Theon of Smyrna (pp. 198—9, ed. Hiller), who gives Dercyllides as his 
authority, that Eudemus (fl. circa 320 B.C.) stated in his ao-rpoAoyiai that, 
while Oenopides discovered certain things, and Thales, Anaximander and 
Anaximenes others, it was the rest (01 Aowrot) who added other discoveries 
to these and, among them, that " the axes of the fixed stars and of the planets 
respectively are distant from one another by the side of a fifteen-angled figure." 
Eratosthenes evaluated the angle to l^rds of 180% i.e. about 23° 51 ' 20", 
which measurement was apparently not improved upon in antiquity (cf. Ptolemy, 
Syntaxis, ed. Heiberg, p. 68). 

Euclid has now shown how to describe regular polygons with 3, 4, 5, 6 
and 15 sides. Now, when any regular polygon is given, we can construct a 
regular polygon with twice the number of sides by first describing a circle 
about the given polygon and then bisecting all the smaller arcs subtended by 
the sides. Applying this process any number of times, we see that we can by 
Euclid's methods construct regular polygons with 3.2", 4.2" 5.2", 15.2* sides, 
where n is zero or any positive integer. 



BOOK V. 

I N T R O D U C T O R Y N O T E . 

The anonymous author of a scholium to Book v. (Euclid, ed. Heiberg, 
Vol. v. p. 280), who is perhaps Proclus, tells us that "some say" this Book, 
containing the general theory of proportion which is equally applicable to 
geometry, arithmetic, music, and all mathematical science, "is the discovery 
of Eudoxus, the teacher of Plato." Not that there had been no theory of 
proportion developed before his time; on the contrary, it is certain that the 
Pythagoreans had worked out such a theory with regard to numbers, by which 
must be understood commensurable and even whole numbers (a number 
being a "multitude made up of units," as denned in Eucl. vn). Thus we 
are told that the Pythagoreans distinguished three sorts of means, the 
arithmetic, the geometric and the harmonic mean, the geometric mean 
being called proportion (avoAoyta) par excellence; and further Iamblichus 
speaks of the "most perfect proportion consisting of four terms and specially 
called harmonic" in other words, the proportion 

a + b 20b , 
a : — = aTb'-6' 

which was said to be a discovery of the Babylonians and to have been first 
introduced into Greece by Pythagoras (Iamblichus, Comm. on Nicomachus, 
p. 118). Now the principle of similitude is one which is presupposed by all 
the arts of design from their very beginnings; it was certainly known to the 
Egyptians, and it must certainly have been thoroughly familiar to Pythagoras 
and his school. This consideration, together with the evidence of the 
employment by him of the geometric proportion, makes it indubitable that the 
Pythagoreans used the theory of proportion, in the form in which it was 
known to them, i.e. as applicable to commensurables only, in their geometry. 
But the discovery, also by the Pythagoreans, of the incommensurable would 
of course be seen to render the proofs which depended on the theory of 
proportion as then understood inconclusive; as Tannery observes {La 
Giomttrie grecque, p. 98), "the discovery of incommensurability must have 
caused a veritable logical scandal in geometry and, in order to avoid it, they 
were obliged to restrict as far as possible the use of the principle of similitude, 
pending the discovery of a means of establishing it on the basis of a theory of 
proportion independent of commensurability." The glory of the latter dis
covery belongs then most probably to Eudoxus. Certain it is that the com
plete theory was already familiar to Aristotle, as we shall see later. 
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It seems probable, as indicated by Tannery (be. cit.), that the theory 
of proportions and the principle of similitude took, in the earliest Greek 
geometry, an earlier place than they do in Euclid, but that, in consequence 
of the discovery of the incommensurable, the treatment of the subject was 
fundamentally remodelled in the period between Pythagoras and Eudoxus. 
An indication of this is afforded by the clever device used in Euclid 1, 44 
for applying to a given straight line a parallelogram equal to a given triangle; 
the equality of the "complements" in a parallelogram is there used for doing 
what is practically finding a fourth proportional to three given straight lines. 
Thus Euclid was no doubt following for the subject-matter of Books I.—iv. 
what had become the traditional method, and this is probably one of the 
reasons why proportions and similitude are postponed till as late as Books 
v., vi. 

It is a remarkable fact that the theory of proportions is twice treated in 
Euclid, in Book v. with reference to magnitudes in general, and in Book vii. 
with reference to the particular case of numbers. The latter exposition 
referring only to commensurables may be taken to represent fairly the theory 
of proportions at the stage which it had reached before the great extension of 
it made by Eudoxus. The differences between the definitions etc. in Books v. 
and vii. will appear as we go on; but the question naturally arises, why did 
Euclid not save himself so much repetition and treat numbers merely as a 
particular case of magnitude, referring back to the corresponding more 
general propositions of Book v. instead of proving the same propositions 
over again for numbers? It could not have escaped him that numbers 
fall under the conception of magnitude. Aristotle had plainly indicated 
that magnitudes may be numbers when he observed (Anal. post. 1. 7, 
75 b 4) that you cannot adapt the arithmetical method of proof to the 
properties of magnitudes if the magnitudes are not numbers. Further 
Aristotle had remarked (Anal. post. 1. 5, 74 a 17) that the proposition that 
the terms of a proportion can be taken alternately was at one time proved 
separately for numbers, lines, solids and times, though it was possible to prove 
it for all by one demonstration; but, because there was no common name 
comprehending them all, namely numbers, lengths, times and solids, and their 
character was different, they were taken separately. Now however, he adds, 
the proposition is proved generally. Yet Euclid says nothing to connect 
the two theories of proportion even when he comes in x. 5 to a proportion 
two terms of which are magnitudes and two are numbers (" Commensurable 
magnitudes have to one another the ratio which a number has to a number"). 
The probable explanation of the phenomenon is that Euclid simply followed 
tradition and gave the two theories as he found them. This would square 
with the remark in Pappus (VII. p. 678) as to Euclid's fairness to others and 
his readiness to give them credit for their work. 

D E F I N I T I O N S . 

1. A magnitude is a part of a magnitude, the less of 
the greater, when it measures the greater. 

2. The greater is a multiple of the less when it is 
measured by the less. 
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3. A ratio is a sort of relation in respect of size between 
two magnitudes of the same kind. 

4. Magnitudes are said to have a ratio to one another 
which are capable, when multiplied, of exceeding one another. 

5. Magnitudes are said to be in the same ratio, the 
first to the second and the third to the fourth, when, if any 
equimultiples whatever be taken of the first and third, and 
any equimultiples whatever of the second and fourth, the 
former equimultiples alike exceed, are alike equal to, or alike 
fall short of, the latter equimultiples respectively taken in 
corresponding order. 

6. Let magnitudes which have the same ratio be called 
proportional. 

7. When, of the equimultiples, the multiple of the first 
magnitude exceeds the multiple of the second, but the multiple 
of the third does not exceed the multiple of the fourth, then 
the first is said to have a greater ratio to the second than 
the third has to the fourth. 

8. A proportion in three terms is the least possible. 

9. When three magnitudes are proportional, the first is 
said to have to the third the duplicate ratio of that which 
it has to the second. 

10. When four magnitudes are < continuously > propor
tional, the first is said to have to the fourth the triplicate 
ratio of that which it has to the second, and so on con
tinually, whatever be the proportion. 

1 1 . The term corresponding magnitudes is used of 
antecedents in relation to antecedents, and of consequents in 
relation to consequents. 

1 2 . Alternate ratio means taking the antecedent in 
relation to the antecedent and the consequent in relation to 
the consequent. 

1 3 . Inverse ratio means taking the consequent as 
antecedent in relation to the antecedent as consequent. 
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14. Composition of a ratio means taking the ante
cedent together with the consequent as one in relation to 
the consequent by itself. 

15. Separation of a ratio means taking the excess 
by which the antecedent exceeds the consequent in relation 
to the consequent by itself. 

16. Conversion of a ratio means taking the ante
cedent in relation to the excess by which the antecedent 
exceeds the consequent. 

17. A ratio ex aequali arises when, there being several 
magnitudes and another set equal to them in multitude which 
taken two and two are in the same proportion, as the first is 
to the last among the first magnitudes, so is the first to the 
last among the second magnitudes ; 

Or, in other words, it means taking the extreme terms 
by virtue of the. removal of the intermediate terms. 

18. A perturbed proportion arises when, there being 
three magnitudes and another set equal to them in multitude, 
as antecedent is to consequent among the first magnitudes, 
so is antecedent to consequent among the second magnitudes, 
while, as the consequent is to a third among the first 
magnitudes, so is a third to the antecedent among the second 
magnitudes. 

DEFINITION I. 

M*po« fori /«'yc0os ficytdovs TO i\a<r<rov rov fiutpvos, orav Kwrafitrpj) TO 

The word part (/«pos) is here used in the restricted sense of a submultiple 
or an aliquot part as distinct from the more general sense in which it is used 
in the Common Notion (5) which says that " the whole is greater than the 
part." It is used in the" same restricted sense in vn. Def. 3, which is the same 
definition as this with "number" (apifyio's) substituted for "magnitude." 
vn. Def. 4, keeping up the restriction, says that, when a number does not 
measure another number, it is parts (in the plural), not a part of it. Thus, 
1, 2, or 3, is a part of 6. but 4 is not a part of 6 but parts. The same 
distinction between the restricted and the more general sense of the word 
part appears in Aristotle, Metaph. 1023 b 12 : "In one sense a part is 
that into which quantity (TO 7roo-oV) can anyhow be divided; for that which is 
taken away from quantity, qud quantity, is always called a 'part' of it, as 
e.g. two is said to be in a sense a part of three. But in another sense a 
'part' is only what measures (TO KaTa/ncrpourra) such quantities. Thus two 
is in one sense said to be a part of three, in the other not." 
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DEFINITION 2. 
noXXo7rXao-iov Si TO juct£ov TOC iXoTTOi'09, OTOI> Kara/in pijrai vwo TOV 

<XOTTOVO9. 

DEFINITION 3. 
Aoyos tori 8uo /jLtytdav o'iury€v<Sv tj KOTO injXoeoTirra iroia o-̂ eo-is. 
The best explanation of the definitions of ra/fo and proportion that I have 

seen is that of De Morgan, which will be found in the articles under those 
titles in the Penny Cyclopaedia, Vol. x ix . ( 1 8 4 1 ) ; and in the following notes 
I shall draw largely from these articles. Very valuable also are the notes on 
the definitions of Book v. given by Hankel (fragment on Euclid published as 
an appendix to his work Zur Geschichte der Mathematik in Atterthum und 
Mittelalter, 1874). 

There has been controversy as to what is the proper translation of the 
word m)\iKorris in the definition. o-\iarit KOTO HTJAUCO'TT/TO has generally been 
translated "relation in respect of quantity." Upon this De Morgan remarks 
that it makes nonsense of the definition; " for magnitude has hardly a 
different meaning from quantity, and a relation of magnitudes with respect to 
quantity may give a clear idea to those who want a word to convey a notion 
of architecture with respect to building or of battles with respect to fighting, 
and to no others." The true interpretation De Morgan, following Wallis and 
Gregory, takes to be quantuplicity, referring to the number of times one 
magnitude is contained in the other. For, he says, we cannot describe 
magnitude in language without quantuplicitative reference to other magni
tude ; hence he supposes that the definition simply conveys the fact that the 
mode of expressing quantity in terms of quantity is entirely based upon the 
notion of quantuplicity or that relation of which we take cognizance when we 
find how many times one is contained in the other. While all the rest of 
De Morgan's observations on the definition are admirable, it seems to me 
that on this question of the proper translation of m/XtKbVijs he is in error. H e 
supports his view mainly by reference (1) to the definition of a compounded 
ratio usually given as the 5th definition of Book vi., which speaks of the 
mjXiKonrrfs of two ratios being multiplied together, and (2) to the comments 
of Eutocius and a scholiast on this definition. Eutocius says namely 
(Archimedes, ed. Heiberg, IB. p. 120) that "the term >n/Xt(coVi/s is evidently 
used of the number from which the given ratio is called, as (among others) 
Nicomachus says in his first book on music and Heron in his commentary 
on the Introduction to Arithmetic." But it now appears certain that this 
definition is an interpolation; it is never used, it is not found in Campanus, 
and Peyrard's MS. only has it in the margin. At the same time it is clear 
that, if the definition is admitted at all, any commentator would be obliged to 
explain it in the way that Eutocius does, whether the explanation was consistent 
with the proper meaning of miXumnp or not. Hence we must look elsewhere 
for the meaning of HTJXIKO? and in/XticorTjs. If we do this, I think we shall find 
no case in which the words have the sense attributed to them by De Morgan. 
The real meaning of TTI/XIKOS is how great. It is so used by Aristotle, e.g. in 
Eth. Nic. v. 10, 1134 b 1 1 , where he speaks of a man's child being as it were 
a part of him so long as he is of a certain age («u>? av jj mjXtKov). Again 
Nicomachus, to whom Eutocius appeals, himself (1. 2, 5, p. 5, ed. Hoche) 
distinguishes JTJ/XIKOS as referring to magtiitude, while TTOO-O'S refers to multitude. 
So does Iamblichus in his commentary on Nicomachus (p. 8, 3—5) ; besides 
which Iamblichus distinguishes wriKiKov as the subject of geometry, being con-



tinuous, and JTOO-OV as the subject of arithmetic, being discrete, and speaks of a 
point being the origin of mjAocoi> as a unit is of iroo-oV, and so on. Similarly, 
Ptolemy (Syntaxis, ed. Heiberg, p. 31) speaks of the size (JITJXIKOTIJS) of the 
chords in a circle (irtpi T»/S irriKiKortfro's TWV iv T<3 KVK\<O tiOtiwv). Consequently 
I think we can only translate m/Xucon/s in the definition as size. This 
corresponds to Hankel's translation of it as " Grosse," though he uses this 
same word for a concrete "magnitude" as well; size seems to me to give 
the proper distinction between >T);XKCOTT;S and ueytSo?, as size is the attribute, 
and a magnitude (in its ordinary mathematical sense) is the thing which 
possesses the attribute of size. 

The view that " relation in respect of size" is meant by the words in the 
text is also confirmed, I think, by a later remark of De Morgan himself, 
namely that a synonym for the word ratio may be found in the more in
telligible term relative magnitude. In fact o-x«m in the definition corresponds 
to relative and miKiKorifi to magnitude. (By magnitude De Morgan here 
means the attribute and not the thing possessing it.) 

Of the definition as a whole Simson and Hankel express the opinion that 
it is an interpolation. Hankel points to the fact that it is unnecessary and 
moreover so vague as to be of no practical use, while the very use of the 
expression rara mjXocoTjp-o seems to him suspicious, since the only other 
place in which the word mjkiKOT-qs occurs in Euclid is the 5th definition of 
Book vi., which is admittedly not genuine. Yet the definition of ratio appears 
in all the MSS., the only variation being that some add the words irpoi aXK-qKa, 
"to one another," which are rejected by Heiberg as an interpolation of 
Theon; and on the whole there seems to be no sufficient ground for regarding 
it as other than genuine. The true explanation of its presence would appear 
to be substantially that given by Barrow (Leeliones Cantabrig., London, 1684, 
Lect. HI. of 1666), namely that Euclid inserted it for completeness' sake, more 
for ornament than for use, intending to give the learner a general notion of 
ratio by means of a metaphysical, rather than a mathematical definition ; " for 
metaphysical it is and not, properly speaking, mathematical, since nothing 
depends on it or is deduced from it by mathematicians, nor, as I think, can 
anything be deduced." This is confirmed by the fact that there is no 
definition of Xdyos in Book vn., and it could equally have been dispensed 
with here. Similarly De Morgan observes that Euclid never attempts this 
vague sort of definition except when, dealing with a well-known term of 
common life, he wishes to bring it into geometry with something like an 
expressed meaning which may aid the conception of the thing, though it does 
not furnish a perfect criterion. Thus we may compare the definition with 
that of a straight line, where Euclid merely calls the reader's attention to the 
well-known term tvQtla yoa/i/iij, tries how far he can present the conception 
which accompanies it in other words, and trusts for the correct use of the 
term to the axioms (or postulates) which the universal conception of a straight 
line makes self-evident. 

We have now to trace as clearly as possible the development of the 
conception ot Adyos, ratio, or relative magnitude. In its primitive sense 
Xoyos was only used of a ratio between commensurables, i.e. a ratio which 
could be expressed, and the manner of expressing it is indicated in the 
proposition, Eucl. x. 5, which proves that commensurable magnitudes have to 
one another the ratio which a number has to a number. That this was the 
primitive meaning of Adyos is proved by the use of the term dAoyos for the 
incommensurable, which means irrational in the sense of not having a ratio 
to something taken as rational (pip-ds). 



Euclid himself shows us how we are to set about finding the ratio, or 
relative magnitude, of two commensurable magnitudes. He gives, in x. 3, 
practically our ordinary method of finding the greatest common measure. 
If A, B be two magnitudes of which B is the less, we cut oft* from A a part 
equal to B, from the remainder a part equal to B, and so on, until we leave a 
remainder less than B, say R^ We measure off Rx frcn B in the same way 
until a remainder Rt is left which is less than J ? , . We repeat the process 
with Ru R„ and so on, until we find a remainder which is contained in the 
preceding remainder a certain number of times exactly. If account is taken 
of the number of times each magnitude is contained (with something over, 
except at the last) in that upon which it is measured, we can calculate how 
many times the last remainder is contained in A and how many times the 
last remainder is contained in B; and we can thus express the ratio of A to 
B as the ratio of one number to another. 

But it may happen that the two magnitudes have no common measure, 
i.e. are incommensurable, in which case the process described would never 
come to an end and the means of expression would fail; the magnitudes 
would then have no ratio in the primitive sense. But the word \ayos, ratio, 
acquires in Euclid, Book v., a wider sense covering the relative magnitude of 
incommensurables as well as commensurables; as stated in Euclid's 4th 
definition, "magnitudes are said to have a ratio to one another which can, 
when multiplied, exceed one another," and finite incommensurables have this 
property as much as commensurables. De Morgan explains the manner of 
transition from the narrower to the wider signification of ratio as follows. 
"Since the relative magnitude of two quantities is always shown by the 
quantuplicitative mode of expression, when that is possible, and since pro
portional quantities (pairs which have the same relative magnitude) are pairs 
which have the same mode (if possible) of expression by means of each other; 
in all such cases sameness of relative magnitude leads to sameness of mode of 
expression; or proportion is sameness of ratios (in the primitive sense). But 
sameness of relative magnitude may exist where quantuplicitative expression 
is impossible; thus the diagonal of a larger square is the same compared with 
its side as the diagonal of a smaller square compared with its side. It is an 
easy transition to speak of sameness of ratio even in this case; that is, to use 
the term ratio in the sense of relative magnitude, that word having originally 
only a reference to the mode of expressing relative magnitude, in cases which 
allow of a particular mode of expression. The word irrational (aAoyos) does 
not make any corresponding change but continues to have its primitive 
meaning, namely, incapable of quantuplicitative expression." 

It remains to consider how we are to describe the relative magnitude of 
two incommensurables of the same kind. That they have a definite relation 
is certain. Suppose, for precision, that 5 is the side of a square, D its 
diagonal; then, if 5 is given, any alteration in D or any error in D would 
make the figure cease to be a square. At the same time, a person altogether 
ignorant of the relative magnitude of D and 5 might say that drawing two 
straight lines of length 5 so as to form a right angle and joining the ends by 
a straight line, the length of which would accordingly be D, does not help 
him to realise the relative magnitude, but that he would like to know how 
many diagonals make an exact number of sides. We should have to reply 
that no number of diagonals whatever makes an exact number of sides; but 
that he may mention any fraction of the side, a hundredth, a thousandth or 
a millionth, and that we will then express the diagonal with an error not so 
great as that fraction. We then tell him that 1,000,000 diagonals exceed 
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1,414,213 sides but fall short of 1,414,214 sides; consequently the diagonal 
lies between i - 4 i 4 2 i 3 and 1-414214 times the side, and these differ only by 
one-millionth of the side, so that the error in the diagonal is less still. T o 
enable him to continue the process further, we show him how to perform the 
arithmetical operation of approximating to the value of J2. This gives the 
means of carrying the approximation to any degree of accuracy that may be 
desired. In the power, then, of carrying approximations of this kind as far as 
we please lies that of expressing the ratio, so far as expression is possible, and 
of comparing the ratio with others as accurately as if expression had been 
possible. 

Euclid was of course aware of this, as were probably others before him ; 
though the actual approximations to the values of ratios of incommensurables 
of which we find record in the works of the great Greek geometers are very 
few. The history of such approximations up to Archimedes is, so far as 
material was available, sketched in The Works of Archimedes (pp. lxxvii and 
following); and it is sufficient here to note the facts (1) that Plato, and,even 
the Pythagoreans, were familiar with *- as an approximation to J2, (2) that 
the method of finding any number of successive approximations by the system 
of side- and diagonal-numbers described by Theon of Smyrna was also 
Pythagorean (cf. the note above on Euclid, 11. 9, 10), (3) that Archimedes, 
without a word of preliminary explanation, gives out that 

gives approximate values for the square roots of several large numbers, and 
proves that the ratio of the circumference of a circle to its diameter is less 
than $ } but greater than 3^J , (4) that the first approach to the rapidity with 
which the decimal system enables us to approximate to the value of surds 
was furnished by the method of sexagesimal fractions, which was almost as 
convenient to work with as the method of decimals, and which appears fully 
developed in Ptolemy's o-iJiTafis. A number consisting of a whole number 
and any fraction was under this system represented as so many units, so 
many of the fractions which we should denote by j ^ , so many of those which 
we should write (TV)3, (rfc)3, a n d s o o n - Theon of Alexandria shows us how 
to extract the square root of 4500 in this sexagesimal system, and, to show 
how effective it was, it is only necessary to mention that Ptolemy gives 

+ ifo' + lo* 3 S a n a P P r o x m l a t ' o n t 0 V3> which approximation is equivalent 
to 17320509 in the ordinary decimal notation and is therefore correct to 
6 places. 

Between Dfcf. 3 and Def. 4 two manuscripts and Campanus insert " Pro
portion is the sameness of ratios" (aWAoyta Si rj r w X.6ya>v TO.VTOTT)S), and even 
the best MS. has it in the margin. It would be altogether out of place, since 
it is not till Def. 5 that it is explained what sameness of ratios is. The words 
are an interpolation later than Theon (Heiberg, Vol. v. pp. xxxv, lxxxix), 
and are no doubt taken from arithmetical works (cf. Nicomachus and Theon 
of Smyrna). It is true that Aristotle says similarly, " Proportion is equality 
of ratios" (Eth. Nic. v. 6, 1131 a 31), and he appears to be quoting from 
the Pythagoreans; but the reference is to numbers. 

Similarly two MSS. (inferior)1 insert after Def. 7 "Proportion is the similarity 
(6/IOIOTIJS) of ratios." Here too we have a mere interpolation. 



120 B O O K V [v. DEFF. 4, s 

DEFINITION 4. 
Aoyov JWl" irpo9 a\Xr)\a fityiSi) Aeycrai, a owaTai 7roA\air\ao-ia£o/«va 

dXXyjXwv vircpfyeiv. 
This definition supplements the last one. De Morgan says that it amounts 

to saying that the magnitudes are of the same species. But this can hardly 
be all; the definition seems rather to be meant, on the one hand, to exclude 
the relation of a finite magnitude to a magnitude of the same kind which is 
either infinitely great or infinitely small, and, even more, to emphasise the 
fact that the term ratio, as defined in the preceding definition, and about to 
be used throughout the book, includes the relation between any two incom
mensurable as well as between any two commensurable finite magnitudes of 
the same kind. Hence, while De Morgan seems to regard the extension of 
the meaning of ratio to include the relative magnitude of incommensurables 
as, so to speak, taking place between Def. 3 and Def. 5, the 4th definition 
appears to show that it is ratio in its extended sense that is being defined in 
Def. 3. 

DEFINITION 5. 
*Ei> T<p OVTW Adyai fieye&rj AeyeTcu etvai irpwjov wpos SevTcpop Kal rpvrov vrpos 

TCTdprov, orav T<i TOW jrpwTou nal rpirov to-axi? 7roAA(nrAao-ia TISK TOV Scvrcpov 
Kal rerdprov icara; 7roAAa7rAao1iG>i' Kaff biroiovovv TroWxivXaataa/jioy cKartpov 
cxarcpov a/xa virtpi\rj 17 a/xa to*a rj a/ia cWtiTrrj krjipdevra xaraAA^Aa. 

In my translation of this definition I have compromised between an 
attempted literal translation and the more expanded version of Simson. The 
difficulty in the way of an exactly literal translation is due to the fact that the 
words (KCLP biroLovinn' iroXkairKaa-iao-fwv) signifying that the equimultiples in 
each case are any equimultiples whatever occur only once in the Greek, though 
they apply both to Ta...to-aKis 7roAAa7rAao-ia in the nominative and T<3V...10-0x19 
iroAAaTi-Aao-iW in the genitive. I have preferred "alike" to "simultaneously" 
as a translation of a/ta because " simultaneously " might suggest that time was 
of the essence of the matter, whereas what is meant is that any particular 
comparison made between the equimultiples must be made between the same 
equimultiples of the two pairs respectively, not that they need to be compared 
at the same time. 

Aristotle has an allusion to a definition of "the same ratio" in Topics 
viii. 3, 158 b 29 : " In mathematics too some things appear to be not easy to 
prove (ypd<pto-6ai) for want of a definition, e.g. that the parallel to the side 
which cuts a plane [a parallelogram] divides the straight line [the other side] 
and the area similarly. But, when the definition is expressed, the said property 
is immediately manifest; for the areas and the straight lines have the same 
ivravaipto-is, and this is the definition of 'the same ratio.'" Upon this 
passage Alexander says similarly, "This is the definition of proportionals 
which the ancients used: magnitudes are proportional to one another which 
have (or show) the same avdwfxupto-i's, and Aristotle has called the latter 
ovTovoipeo-ts." Heiberg (Mathematisches zu Aristoteles, p. 22) thinks that 
Aristotle is alluding to the fact that the proposition referred to could not be 
rigorously proved so long as the Pythagorean definition applicable to com
mensurable magnitudes only was adhered to, and is quoting the definition 
belonging to the complete theory of Eudoxus; whence, in view of the positive 
statement of Aristotle that the definition quoted is the definition of "the same 
ratio," it would appear that the Euclidean definition (which Heiberg describes 
as a careful and exact paraphrase of dvravaipio-K) is Euclid's own. I do not 



feel able to subscribe to this view, which seems to me to involve very grave 
difficulties. The Euclidean definition is regularly appealed to in Book v. as 
the criterion of magnitudes being in proportion, and the use of it would appear 
to constitute the whole essence of the new general theory of proportion; if then 
this theory is due to Eudoxus, it seems impossible to believe that the definition 
was not also due to him. Certainly the definition given by Aristotle would 
be no substitute for i t; aVflixpaipto-is and dvravaipto-K are words almost as 
vague and " metaphysical" (as Barrow would say) as the words used to define 
ratio, and it is difficult to see how any mathematical facts could be deduced 
from such a definition. Consider for a moment the etymology of the words. 
v<paip«rtt or a r a / w i s means "removal," "taking away" or "destruction" of 
a thing; and the prefix o m indicates that the "taking away" from one 
magnitude answers to, corresponds with, alternates with, the " taking away " 
from the other. So far therefore as the etymology goes, the word seems 
rather to suggest the " taking away " of corresponding fractions, and therefore 
to suit the old imperfect theory of proportion rather than the new one. Thus 
Waitz (ad loc.) paraphrases the definition as meaning that " as many parts as 
are taken from one magnitude, so many are at the same time taken from the 
other as well." A possible explanation would seem to be that, though 
Eudoxus had formulated the new definition, the old one was still current in 
the text-books of Aristotle's time, and was taken by him as being a good 
enough illustration of what he wished to bring out in the passage of the 
Topics referred to. 

From the revival of learning in Europe onwards the Euclidean definition 
of proportion was the subject of much criticism. Campanus had failed to 
understand it, had in fact misinterpreted it altogether, and he may have 
misled others such as Ramus (1515—72) , always a violently hostile critic of 
Euclid. Among the objectors to it was no less a person than Galileo. For 
particulars of the controversies on the subject down to Thomas Simpson 
(Elem. of Geometry, Lond. 1800) the reader is referred to the Excursus at the 
end of the second volume of Camerer's Euclid (1825). For us it is interesting 
to note that the unsoundness of the usual criticisms of the definition was 
never better exposed than by Barrow. Some of the objections, he pointed out 
(Led. Cantabr. vn. of 1666), are due to misconception on the part of their authors 
as to the nature of a definition. Thus Euclid is required by these objectors 
(e.g. Tacquet) to do the impossible and to show that what is predicated in the 
definition is true of the thing defined, as if any one should be required to 
show that the name "circle" was applicable to those figures alone which 
have their radii all equal! As we are entitled to assign to such figures and 
such figures only the name of " circle," so Euclid is entitled (" quamvis non 
temere nec imprudenter at certis de causis iustis illis et idoneis ") to describe 
a certain property which four magnitudes may have, and to call magnitudes 
possessing that property magnitudes "in the same ratio." Others had argued 
from the occurrence of the other definition of proportion in VII, Def. 20 that 
Euclid was dissatisfied with the present one; Barrow pointed out that, on the 
contrary, it was the fact that vn. Def. 20 was not adequate to cover the case 
of incommensurables which made Euclid adopt the present definition here. 
Lastly, he maintains, against those who descant on the "obscurity" of v. 
Def. 5, that the supposed obscurity is due, partly no doubt to the inherent 
difficulty of the subject of incommensurables, but also to faulty translators, 
and most of all to lack of effort in the learner to grasp thoroughly the meaning 
of words which, in themselves, are as clearly expressed as they could be. 

To come now to the merits of the case, the best defence and explanation 
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of the definition that I have seen is that given by De Morgan. He first 
translates it, observes that it applies equally to commensurable or incom
mensurable quantities because no attempt is made to measure one by an 
aliquot part of another, and then proceeds thus. 

"The two questions which must be asked, and satisfactorily answered, 
previously to its [the definition's] reception, are as follows: 

1. What right had Euclid, or any one else, to expect that the preceding 
most prolix and unwieldy statement should be received by the beginner as 
the definition of a relation the perception of which is one of the most common 
acts of his mind, since it is performed on every occasion where similarity or 
dissimilarity of figure is looked for or presents itself? 

2. If the preceding question should be clearly answered, how can the 
definition of proportion ever be used; or how is it possible to compare every 
one of the infinite number of multiples of A with every one of the multiples 
of . 5? 

T o the first question we reply that not only is the test proposed by 
Euclid tolerably simple, when more closely examined, but that it is, or might 
be made to appear, an easy and natural consequence of those fundamental 
perceptions with which it may at first seem difficult to compare it." 

T o elucidate this De Morgan gives the following illustration. 
Suppose there is a straight colonnade composed of equidistant columns 

(which we will understand to mean the vertical lines forming the axes of the 
columns respectively), the first of which is at a distance from a bounding wall 
equal to the distance between consecutive columns. In front of the colonnade 
let there be a straight row of equidistant railings (regarded as meaning their 
axes), the first being at a distance from the bounding wall equal to the 
distance between consecutive railings. Let the columns be numbered from 
the wall, and also the railings. We suppose of course that the column distance 
(say, C) and the railing distance (say, R) are different and that they may bear 
to each other any ratio, commensurable or incommensurable; i.e. that there 
need not go any exact number of railings to any exact number of columns. 

W~ I 3 31 4 5 6 7 8 9 
I 2 3 4 S 6 7 S 9 10 II 12 13 14 IB 18 17 18 

If the construction be supposed carried on to any extent, a spectator can, 
by mere inspection, and without measurement, compare C with R to any 
degree of accuracy. For example, since the ioth railing falls between the 4th 
and 5th columns, 10R is greater than 4 C and less than 5C, and therefore R 
lies between roths of C and y^ths of C. To get a more accurate notion, the 
ten-thousandth railing may be taken ; suppose it falls between the 4674th and 
4675th columns. Therefore 10,000^ lies between 4674C and 4675C, or R lies 
between TVoVo- A N ( ^ TVOVO" °? V? There is no limit to the degree of accuracy 
thus obtainable ; and the ratio of R to C is determined when the order of 
distribution of the railings among the columns is assigned ad infinitum; or, in 
other words, when the position of any giver railing can be found, as to the 
numbers of the columns between which it lies. Any alteration, however 
small, in the place of the first railing must at last affect the order of 
distribution. Suppose e.g. that the first railing is moved from the wall by one 
part in a thousand of the distance between the columns; then the second 
railing is pushed forward by tt/TJTJC', the third by rwun^, and so on, so that 



the railings after the thousandth are pushed forward by more than C ; i.e. the 
order with respect to the columns is disarranged. 

Now let it be proposed to make a model of the preceding construction in 
which c shall be the column distance and r the railing distance. It needs no 
definition of proportion, nor anything more than the conception which we 
have of that term prior to definition (and with which we must show the agree
ment of any definition that we may adopt), to assure us that C must be to R 
in the same proportion as c to r if the model be truly formed. Nor is it 
drawing too largely on that conception of proportion to assert that the 
distribution of the railings among the columns in the model must be every
where the same as in the original; for example, that the model would be out 
of proportion if its 37th railing fell between the 18th and 19th columns, while 
the 37th railing of the original fell between the 17th and 18th columns. Thus 
the dependence of Euclid's definition upon common notions is settled; for the 
obvious relation between the construction and its model which has just been 
described contains the collection of conditions, the fulfilment of which, 
according to Euclid, constitutes proportion. According to Euclid, whenever 
mC exceeds, equals, or falls short of nR, then me must exceed, equal, or fall 
short of nr; and, by the most obvious property of the constructions, according 
as the »»th column comes after, opposite to, or before the «th railing in the 
original, the wth column must come after, opposite to, or before the »th 
railing in the correct model. 

Thus the test proposed by Euclid is necessary. It is also sufficient. For 
admitting that, to a given original with a given column-distance in the model, 
there is one correct model railing distance (which must therefore be that 
which distributes the railings among the columns as in the original), we have 
seen that any other railing distance, however slightly different, would at last 
give a different distribution; that is, the correct distance, and the correct 
distance only, satisfies all the conditions required by Euclid's definition. 

The use of the word distribution having been well learnt, says De Morgan, 
the following way of stating the definition will be found easier than that of 
Euclid. " Four magnitudes, A and B of one kind, and C and D of the same 
or another kind, are proportional when all the multiples of A can be 
distributed among the multiples of B in the same intervals as the correspond
ing multiples of C among those of D." Or, whatever numbers m, n may be, 
if mA lies between nB and (« + i)B, mC lies between nD and (n + i)D. 

It is important to note that, if the test be always satisfied from and after 
any given multiples of A and C, it must be satisfied before those multiples. For 
instance, let the test be always satisfied from and after ioo^4 and 1 0 0 C ; and 
let 5A and 5 C be instances for examination. Take any multiple of 5 which 
will exceed 100, say 50 times five ; and let it be found on examination that 
250^4 lies between 678Z? and 679.S ; then 250C lies between 678/? and 
679/?. Divide by 50, and it follows that $A lies between i3§§.# and i 3§J -5 , 
and a fortiori between 13B and 14Z?. Similarly, 5 C lies between 13U.O and 
I3§§ZJ, and therefore between 13Z? and 14D. Or $A lies in the same 
interval among the multiples of B in which 5 C lies among the multiples of D. 
And so for any multiple of A, C less than \aoA, 100C. 

There remains the second question relating to the infinite character of the 
definition; four magnitudes A, B, C, D are not to be called proportional 
until it is shown that every multiple of A falls in the same intervals among 
the multiples of B in which the same multiple of C is found among the 
multiples of D. Suppose that the distribution of the railings among the 



columns should be found to agree in the model and the original as far as 
the millionth railing. This proves only that the railing distance of the model 
does not err by the millionth part of the corresponding column distance. We 
can thus fix limits to the disproportion, if any, and we may make those limits 
as small as we please, by carrying on the method of observation; but we 
cannot observe an infinite number of cases and so enable ourselves to affirm 
proportion absolutely. Mathematical methods however enable us to avoid 
the difficulty. We can take any multiples whatever and work with them as if 
they were particular multiples. De Morgan gives, as an instance to show that 
the definition of proportion can in practice be used, notwithstanding its 
infinite character, the following proof of a proposition to the same effect as 
Eucl. VI. 2. 

B< 

— j 

0 a) \ 2 "3 A 8 at Aj 

"Let OAB be a triangle to one side AB of which ab is drawn parallel, and 
on OA produced set off AAt, A,A3 etc. equal to OA, and aaa, a,/i3 etc. equal 
to Oi. 

Through every one of the points so obtained draw parallels to AB, 
meeting OB produced in bu B2 etc. 

Then it is easily proved that bbt, bj>3 etc. are severally equal to Ob, and 
BBiy B,B, etc. to OB. 

Consequently a distribution of the multiples of OA among the multiples 
of Oa is made on one line, and of OB among those of Ob on the other. 

The examination of this distribution in all its extent (which is impossible, 
and hence the apparent difficulty of using the definition) is rendered 
unnecessary by the known property of parallel lines. For, since A, lies 
between a3 and at, B, must lie between ba and b,; for, if not, the line AtB, 
would cut either a^ or aj>t. 

Hence, without inquiring where Am does fall, we know that, if it fall 
between an and a „ + 1 , Bm must fall between b„ and £ n + 1 ; or, if m. OA fall in 
magnitude between n.Oa and (n+ i)Oa, then m.OB must fall between 
n. Ob and (n + i)Ob." 

Max Simon remarks (Euclid und die sechs planimetrischen Biicher, p. n o ) , 
after Zeuthen, that Euclid's definition of equal ratios is word for word the 
same as Weierstrass' definition of equal numbers. So far from agreeing in 
the usual view that the Greeks saw in the irrational no number, Simon thinks 
it is clear from Eucl. v. that they possessed a notion of number in all its 
generality as clearly defined as, nay almost identical with, Weierstrass' con
ception of it. 

Certain it is that there is an exact correspondence, almost coincidence, 
between Euclid's definition of equal ratios and the modern theory of irrationals 
due to Dedekind. Premising the ordinal arrangement of natural numbers in 
ascending order, then enlarging the sphere of numbers by including 
(i) negative numbers as well as positive, (2) fractions, as ajb, where a, b may 
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A' and B". 

Let j be any rational number in A, so that 

b y' 
This means that ay < bx. 
But Euclid's definition asserts that in that case ay' < bx' also. 

Hence also % < : 
b y" 

therefore every member of group A is also a member of group A'. 
Similarly every member of group B is a member of group ff. 

For, if belong to B, 
0 

a x ry 
which means that ay > bx. 

But in that case, by Euclid's definition, ay' > bx'; 

therefore also % > %. 
b y 

Thus, in other words, A and B are coextensive with A' and 
respectively; 

therefore ^ according to Dedekind, as well as according to Euclid. 

If xjy, x'jy happen to be rational, 
then one of the groups, say A, includes xjy, 
and one of the groups, say A', includes x'jy. 

a x 
In this case r might coincide with - ; 

b y 
a x 

that is j = - , 
b y 

which means that ay = bx. 

be any natural numbers, provided that b is not zero, and arranging the 
fractions ordinally among the other numbers according to the definition : 

let -. be < = > -, according as ad is < = > be, 
b d 

Dedekind arrives at the following definition of an irrational number. 
An irrational number a is defined whenever a law is stated which will 

assign every given rational number to one and only one of two classes A and 
B such that (1) every number in A precedes every number in B, and (2) there 
is no last number in A and no first number in B; the definition of o being 
that it is the one number which lies between all numbers in A and all 
numbers in B. 

Now let xjy and x'jy' be equal ratios in Euclid's sense. 

T h e n ^ will divide all rational numbers into two groups A and B; 



Therefore, by Euclid's definition, ay' = bx1; 

Thus the groups are again coextensive. 
In a word, Euclid's definition divides all rational numbers into two 

coextensive classes, and therefore defines equal ratios in a manner exactly 
corresponding to Dedekind's theory. 

A l t e r n a t i v e s for E u c l . V . D e f . 5. 
Saccheri records in his Euclides ob omni naevo vindicatus that a distinguished 

geometer of his acquaintance proposed to substitute for Euclid's the following 
definition: 

" A first magnitude has to a second the same ratio that a third has to a 
fourth when the first contains the aliquot parts of the second, according to any 
number [i.e. with any denominator] whatever, the same number of times as 
the number of times the third contains the same aliquot parts of the fourth "; 
on which Saccheri remarks that he sees no advantage in this definition, which 
presupposes the notion of division, over that of Euclid which uses multiplication 
and the notions of greater, equal, and less. 

This definition was, however, practically adopted by Faifofer (Elementi di 
geometria, 3 ed., 1882) in the following form : 

" F o u r magnitudes taken in a certain order form a proportion when, by 
measuring the first and the third respectively by any equi-submultiples 
whatever of the second and of the fourth, equal quotients are obtained." 

Ingrami (Elementi di geometria, 1904) takes multiples of the first and third 
instead of submultiples of the second and fourth : 

" Given four magnitudes in predetermined order, the first two homogeneous 
with one another, and likewise also the last two, the magnitudes are said to 
form a proportion (or to be in proportion) when any multiple of the first 
contains the second the same number of times that the equimultiple of the 
third contains the fourth." 

Veronese's definition (Elementi di geometria, Pt. n., 1905) is like that of 
Faifofer; Enriques and Amaldi (Elementi di geometria, 1905) adhere to 
Euclid's. 

P r o p o r t i o n a l s o f V I I . D e f . 20 a p a r t i c u l a r c a s e . 

It has already been observed that Euclid has nowhere proved (though the 
fact cannot have escaped him) that the proportion of numbers is included in 
the proportion of magnitudes as a special case. This is proved by Simson as 
being necessary to the 5th and 6th propositions of Book x. Simson's proof is 
contained in his propositions C and D inserted in the text of Book v. and in 
the notes thereon. Proposition C and the note on it prove that, if four 
magnitudes are proportionals according to vn. Def. 20, they are also proportionals 
according to v. Def. 5. Prop. D and the note prove the partial converse, 
namely that, if four magnitudes are proportionals according to the 5th definition 
of Book v., and if the first be any multiple, or any part, or parts, of the second, 
the third is the same multiple, part, or parts, of the fourth. The proofs use 
certain results obtained in Book v. 

Prop. C is as follows : 
If the first be the same multiple of the second, or the same pari of it, that the 

third is of the fourth, the first is to the second as the third to the fourth. 

so that 



Let the first A be the same multiple of B the second that C the third is of 
the fourth D; 

A is to B as C is to D. 

A E -
B G -

C F -
D H -

Take of A, C any equimultiples whatever E, F; and of B, D any 
equimultiples whatever G, H. 

Then, because A is the same multiple of B that C is of D, 
and E is the same multiple of A that Fis of C, 

E is the same multiple of B that F'\s of D. [v. 3] 
Therefore E, Fare the same multiples of B, D. 
But G, Hare equimultiples of B, D; 

therefore, if E be a greater multiple of B than G is, Fis a greater multiple of 
D than His of D; 

that is, if £ be greater than G, F is greater than H. 
In like manner, 

if E be equal to G, or less, Fis equal to H, or less than it. 
But E, Fare equimultiples, any whatever, of A, C; 

and G, H any equimultiples whatever of B, D. 
Therefore A is to B as C is to D. [v. Def. 5] 
Next, let the first A be the same part of the second B that the third C is 

of the fourth D: 
A is to B as C is to Z?. A 

For Z? is the same multiple of A that D is of C; B 
wherefore, by the preceding case, c 

B is to A as D is to C ; D 

and, inversely, A is to B as C is to Z>. 
[For this last inference Simson refers to his Proposition B. That 

proposition is very simply proved by taking any equimultiples E, F of B, D 
and any equimultiples G, Hoi A, C and then arguing as follows: 

Since A is to B as C is to D, 
G, H are simultaneously greater than, equal to, or less than E, F 

respectively; so that 
E, F are simultaneously less than, equal to, or greater than G, H 

respectively, 
and therefore [Def. 5] B is to A as D is to C ] 

We have now only to add to Prop. C the case where AB contains the 
same parts of CD that EF Aots of GH: 

in this case likewise AB is to CD as EFto GH. 
Let CK be a part of CD, and G Z the same part of GH; let AB be the 

same multiple of C X t h a t £ / M S of GL. 



Therefore, by Prop. C, 
AB is to CAT as EF to GL. 

- B E " 

G -

And CD, GH are equimultiples of CK, GL, the second and fourth. 
Therefore AB is to CD as EF to GH [Simson's Cor. to v. 4, which 

however is the particular case of v. 4 in which the " equimultiples " of one 
pair are the pair itself, i.e. the pair multiplied by unity]. 

T o prove the partial converse we begin with Prop. D. 
If the first be to the second as the third to the fourth, and if the first be a 

multiple or part of the second, the third is the same multiple or the same part of 
the fourth. 

Let A be to B as C is to D; 
and, first, let A be a multiple of B; 

C is the same multiple of D. 
Take E equal to A, and whatever multiple A or E is of B, make F the 

same multiple of D. 
Then, because A is to B as C is to D, 

and of B the second and D the fourth equimultiples have been taken E 
and F, 

A is to E as C is to F. [v. 4, Cor.] 
But A is equal to E; 

therefore C is equal to F. 
[In support of this inference Simson cites his Prop. A, which however we 

can directly deduce from v. Def. 5 by taking any, but the same, equimultiples 
of all four magnitudes.] 

A C 
B D 

E - F 

Now F is the same multiple of D that A is of B; 
therefore C is the same multiple of D that A is of B. 

Next, let the first A be a part of the second B; 
C the third is the same part of the fourth D. 

Because A is to B as C is to D, 
inversely, B is to A as D is to C. [Prop. B] 

But A is a part of B; therefore B is a multiple of A; 
and, by the preceding case, D is the same multiple of C, 

that is, C is the same part of D that A is of B. 
We have, again, only to add to Prop D the case where AB contains any 

parts of CD, and AB is to CD as EFxo GH; 
then shall EF contain the same parts of GH that AB does of CD. 



For let CK be a part of CD, and GL the same part of GH; and let AB 
be a multiple of CK. 

EF shall be the same multiple of GL. 
Take M the same multiple of GL that AB is of CK; 

therefore AB is to CK as is to GL. [Prop. C] 

- B E F 

M-
- K » 

And CD, GHnre equimultiples of CK, GL; 
therefore AB is to CD as Mis to GH. 
But, by hypothesis, AB is to CD as EF is to <?ZT; 

therefore M is equal to EF, [v. 9] 
and consequently EF is the same multiple of GL that .^i? is of CA". 

DEFINITION 6 . 

Ta 8c TOP avrov iypvTa. Xdyov fieycOrf dvdkoyov Kaktia6<a. 

'AraXoyor, though usually written in one word, is equivalent to dva. Xdyov, in 
proportion. It comes however in Greek mathematics to be used practically as 
an indeclinable adjective, as here; cf. al reWape? tvOtiai dvdkoyov urovrat, 
" the four straight lines will be proportional," rpiymva TCW rrXcupa? dvdkoyov 
c^oira, "triangles having their sides proportional." Sometimes it is used 
adverbially: dvdkoyov apa icrrlv w rj BA irpos rijv AT, OUTIDS 17 HA rrpos rr/v AZ, 
"proportionally therefore, as BA is to AC, so is GD to DF"; so too, ap
parently, in the expression rj p.io-i\ dvdkoyov (tiOtlaj, " the mean proportional." 
I do not follow the objection of Max Simon (Euclid, p. 110) to "proportional" 
as a translation of dvdkoyov. "We ask," he says, "in vain, what is proportional 
to what? We say e.g. that weight is proportional to price because double, treble 
etc. weight corresponds to double, treble etc. price. But here the meaning must 
be 'standing in a relation of proportion.'" Yet he admits that the Latin word 

proportionalis is an adequate expression. He translates by "in proportion" 
in the text of this definition. But I do not see that " in proportion " is better 
than "proportional." The fact is that both expressions are elliptical when 
used of four magnitudes " in proportion "; but there is surely no harm in 
using either when the meaning is so well understood. 

The use of the word Kakeio-Ow, " let magnitudes having the same ratio be 
called proportional," seems to indicate that this definition is Euclid's own. 

DEFINITION 7 . 

"Orav h\ TWV uraKi; TroXXaTrXao-ioiv TO fiev TOV wpwrov irokkairka&iov inr€pexy 
TOV TOV SevTcpoti 7roXXaTrXao~tou, TO Si TOV TpCrov Trokkairkao-tov firj inrcpc)rfl TOV 
TOV TCTapTov TroXXawXao-iov, TOT« TO TTpwrov irpos TO Sevrcpov p.€L^uva koyov i\«tv 
XrycTot, r/ircp TO TpCrov rrpot TO TtTopToi'. 

As De Morgan observes, the practical test of disproportion is simpler than 
that of proportion. For, whereas no examination of individual cases, however 
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extensive, will enable an observer of the construction and its model (the 
illustration by means of columns and railings described above) to affirm 
proportion or deny disproportion, and all it enables us to do is to fix limits 
(as small as we please) to the disproportion (if any), a single instance may 
enable us to deny proportion or affirm disproportion, and also to state which 
way the disproportion lies. Let the 19th railing in the original fall beyond 
the n t h column, while the 19th railing of the (so-called) model does not 
come up to the n t h column. It follows from this one instance that the 
railing distance of the model is too small relatively to the column distance, or 
that the column distance is too great relatively to the railing distance. That 
is, the ratio of r to c is less than that of R to C, or the ratio of c to r is greater 
than that of C to R. 

Saccheri (op. cit.) remarks (as Commandinus had done) that the ratio of 
the first magnitude to the second will also be greater than that of the third to 
the fourth if, while the multiple of the first is equal to the multiple of the 
second, the multiple of the third is less than that of the fourth: a case not 
mentioned in Euclid's definition. Saccheri speaks of this case being included 
in Clavius' interpretation of the definition. I have, however, failed to find a 
reference to the case in Clavius, though he adds, as a sort of corollary, in his 
note on the definition, that if, on the other hand, the multiple of the first is 
less than the multiple of the second, while the multiple of the third is riot less 
than that of the fourth, the ratio of the first to the second is less than that of 
the third to the fourth. 

Euclid presumably left out the second possible criterion for a greater ratio, 
and the definition of a less ratio, because he was anxious to reduce the 
definitions to the minimum necessary for his purpose, and to leave the rest to 
be inferred as soon as the development of the propositions of Book v. enabled 
this to be done without difficulty. 

Saccheri tried to reduce the second possible criterion for a greater ratio to 
that given by Euclid in his definition without recourse to anything coming 
later in the Book, but, in order to do this, he has to use "multiples" produced 
by multipliers which are not integral numbers, but integral numbers plus proper 
fractions, so that Euclid's Def. 7 becomes inapplicable. 

De Morgan notes that "proof should be given that the same pair of 
magnitudes can never offer both tests [i.e. the test in the definition for a 
greater ratio and the corresponding test for a less ratio, with "less" substituted 
for "greater" in the definition] to another pair; that is, the test of greater 
ratio from one set of multiples, and that of less ratio from another." In other 
words, if m, n, p, q are integers and A, B, C, D four magnitudes, none of the 
pairs of equations 

(1) mA>nB, mC=ox<nD, 
(2) mA = nB, mC < nD 

can be satisfied simultaneously with any one of the pairs of equations 
(3) pA = qB, pC>qD, 
(4) pA < qB, pC>or = q£>. 

There is no difficulty in proving this with the help of two simple 
assumptions which are indeed obvious. 

We need only take in illustration one of the numerous cases. Suppose, if 
possible, that the following pairs of equations are simultaneously true: 

(1) mA>nB, mC<nD 
and (2) pA<qB, pC>qD. 



Multiply (1) by q and (2) by ». 

(We need here to assume that, where rX, rY are any equimultiples of any 
magnitudes X, Y, 

according as X > = < Y, rX> = < rY. 

This is contained in Simson's Axioms 1 and 3.) 

We have then the pairs of equations 

mqA > nqB, mqC < nqD, 

npA < nqB, npC> nqD. 

From the second equations in each pair it follows that 

mqC< npC. 

(We now need to assume that, if rX, sX are any multiples of X, and 
rY, sY the same multiples of Y, then, 

according as rX > = < sX, rY> = < sY. 

Simson uses this same assumption in his proof of v. 18.) 

Therefore mqA < npA. 

But it follows from the first equations in each pair that 

mqA > npA : 
which is impossible. 

Nor can Euclid's criterion for a greater ratio coexist with that for equal 
ratios. 

DEFINITION 8 . 

'AraAoyi'a Si iv rptoiv opois eXa\a<7T»i IITTIV. 

This is the reading of Heiberg and Camerer (who follow Peyrard's MS.) 
and is that translated above. The other reading has cXaxio-Ton, which can 
only be translated "consists in three terms at least." Hankel regards the defi
nition as a later interpolation, because it is superfluous, and because the word 
opos for a term in a proportion is nowhere else used by Euclid, though it is 
common in later writers such as Nicomachus and Theon of Smyrna. The 
genuineness of the definition is however supported by the fact that Aristotle 
not only uses Spot in this sense (Eth. Nic. v. 6, 7, 1131 b 5, 9), but has a similar 
remark (ibid. 1131 a 31) that a "proportion is in four terms at least." The 
difference from Euclid is only formal; for Aristotle proceeds : " The discrete 
(8iripr)fUvjj) (proportion) is clearly in four (terms), but so also is the continuous 
(trwtxfc). For it uses one as two and mentions it twice, e.g. (in stating) that, 
as a is to /?, so also is 0 to y; thus /? is mentioned twice, so that, if /3 be twice 
put down, the proportionals are four." The distinction between discrete and 
continuous seems to have been Pythagorean (cf. Nicomachus, 11. 21, 5 ; 23, 
2, 3; where however wyquiuvrj is used instead of vwtxqs); Euclid does not 
use the words Sigprĵ eVr; and o-wixv1* m this connexion. 

So far as they go, the first words of the next definition (9), "When three 
magnitudes are proportionals," which seemingly refer to Def. 8, also support 
the view that the latter is, at least in substance, genuine. 
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DEFINITIONS 9, 10. 

9. 'Orav Si rpia uty($y dvdXoyov §> TO irpmrov irpos TO tpvrov StirXaaiova 
Xoyov *X*i-v XcycTat r)Vcp irpos TO Stvrtpov. 

10. 'Orav Si riaaapa fiiyiOr) dvdXoyov fl, TO irpcorov irp09 TO Ttraprov 
rpmXaaiova Xoyov cxctv XcycTat rjircp rrpos TO Scurcpor, icai act cfrjs OfMuat, in? 
aV 7/ aVaXoyt'a VTrdpxrj. 

Here, and in connexion with the definitions of duplicate, triplicate, etc. 
ratios, would be the place to expect a definition of "compound ratio." None 
such is however forthcoming, and the only " definition " of it that we find is 
that forming vi. Def. 5, which is an interpolation made, perhaps, even before 
Theon's time. According to the interpolated definition, " A ratio is said to 
be compounded of ratios when the sizes (7r»?A«o'TTrrcs) of the ratios multiplied 
together make some (? ratio)." But the multiplication of the sizes (or 
magnitudes) of two ratios of incommensurable, and even of commensurable, 
magnitudes is an operation unknown to the classical Greek geometers. 
Eutocius (Archimedes, ed. Heiberg, ill. p. n o ) is driven to explain the 
definition by making TTTJXIKO'TTIS mean the number from which the given ratio 
is called, or, in other words, the number which multiplied into the consequent 
of the ratio gives the antecedent. But he is only able to work out his idea with 
reference to ratios between numbers, or between commensurable magnitudes; 
and indeed the definition is quite out of place in Euclid's theory of 
proportion. 

There is then only one statement in Euclid's text as we have it indicating 
what is meant by compound ratio; this is in vi: 23, where he says abruptly 
"But the ratio of A"to Mis compounded of the ratio of Kto Z and that of 
Z to M." Simson accordingly gives a definition (A of Book v.) of compound 
ratio directly suggested by the statement in VI. 23 just quoted. 

" When there are any number of magnitudes of the same kind, the first 
is said to have to the last of them the ratio compounded of the ratio which 
the first has to the second, and of the ratio which the second has to the third, 
and of the ratio which the third has to the fourth, and so on unto the last 
magnitude. 

For example, if A, B, C, D be four magnitudes of the same kind, the 
first A is said to have to the last D the ratio compounded of the ratio of 
A to B, and of the ratio of B to C, and of the ratio of C to D; or the ratio 
of A to D is said to be compounded of the ratios of A to B, B to C, and 
C to D. 

And if A has to B the same ratio which E has to F; and B to C the 
same ratio that G has to ff; and C to D the same that K has to Z ; then, 
by this definition, A is said to have to D the ratio compounded of ratios 
which are the same with the ratios of E to F, G to ff, and K to Z : and the 
same thing is to be understood when it is more briefly expressed, by saying, 
A has to D the ratio compounded of the ratios of E to F, G to ff, and 
K to L. 

In like manner, the same things being supposed, if M has to N the 
same ratio which A has to D; then, for shortness' sake, M is said to have to 
N the ratio compounded of the ratios of E to F, G to ff, and K to Z." 

De Morgan has some admirable remarks on compound ratio, which 
not only give a very clear view of what is meant by it but at the same time 



supply a plausible explanation of the origin of the term. "Treat ratio," says 
De Morgan, "as an engine of operation. Let that of A to B suggest the 
power of altering any magnitude in that ratio." (It is true that it is not yet 
proved that, B being any magnitude, and P and Q two magnitudes of the 
same kind, there does exist a magnitude A which is to B in the same ratio 
as P \a Q. It is not till vi. 12 that this is proved, by construction, in the 
particular case where the three magnitudes are straight lines. The proof in the 
Greek text of v. 18 which assumes the truth of the more general proposition 
is, by reason of that assumption, open to objection; see the note on that 
proposition.) Now "every alteration of a magnitude is alteration in some 
ratio, two or more successive alterations are jointly equivalent to but one, and 
the ratio of the initial magnitude to the terminal one is as properly said to be 
the compound ratio of alteration as 13 to be the compound addend in* lieu of 
8 and 5, or 28 the compound multiple for 7 and 4. Composition is used 
here, as elsewhere, for the process of detecting one single alteration which 
produces the joint effect of two or more. The composition of the ratios of 
P to R, R to S, T to U, is performed by assuming A, altering it in the first 
ratio into B, altering B in the second ratio into C, and C in the third ratio 
into D. The joint effect turns A into D, and the ratio of A to D is the 
compounded ratio." 

Another word for compounded ratio is o-wri/ap.o'os (o-vvdtrrm) which is 
common in Archimedes and later writers. 

It is clear that duplicate ratio, triplicate ratio etc. defined in v. Deff. 9 
and 10 are merely particular cases of compound ratio, being in fact the 
ratios compounded of two, three etc. equal ratios. The use which the Greek 
geometers made of compounded, duplicate, triplicate ratios etc. is well 
illustrated by the discovery of Hippocrates that the problem of the duplication 
of the cube (or, more generally, the construction of a cube which shall be to 
a given cube in any given ratio) reduces to that of finding "two mean 
proportionals in continued proportion." This amounted to seeing that, if 
x, y are two mean proportionals in continued proportion between any two 
lines a, b, in other words, if a is to x as x to y, and x is to y as y to b, then a 
cube with side a is to a cube with side x as a is to b; and this is equivalent 
to saying that a has to b the triplicate ratio of a to x. 

Euclid is careful to use the forms oWXao-iaiv, Tpurkatriuiv, etc. to express what 
we translate as duplicate, triplicate etc. ratios; the Greek mathematicians, 
however, commonly used <5tTrXdo-ios Xoyos, "double ratio," TpiirXdo-ios Xoyo?, 
"triple ratio" etc. in the sense of the ratios of 2 to 1, 3 to 1 etc. The effort, 
if such it was, to keep the one form for the one signification and the other for 
the other was only partially successful, as there are several instances of the 
contrary use, e.g. in Archimedes, Nicomachus and Pappus. 

The expression for having the ratio which is " duplicate (triplicate) of that 
which it has to the second" is curious—Smkaa-iova (rpnrkao-iova) \6yov l\uv 
fjirip irpbs TO htinpov—rjirtp being used as if oWXao-iopa or rpiwkao-tova were a 
sort of comparative, in the same way as it is used after /X«'£OK<I or i\a<ro-ova. 
Another way of expressing the same thing is to say Xdyot oWXao-tW (rpiirXao-tW) 
TOU, of «x"-" 'he ratio "duplicate of that (ratio) which..." The explanation 
of both constructions would seem to be that St-rrkdo-ioi or SiTrXao-iW is, as 
Hultsch translates it in his edition of Pappus (cf. p. 59, 17), duplo maior, 
where the ablative duplo implies not a difference but a proportion. 

The four magnitudes in Def. 10 must of course be in continued proportion 
(xara TO o-w«x«')- The Greek text as it stands does not state this. 
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DEFINITION II. 
'Op.6\oya ntyidr) XeytTOl Tci piv yyovptva TOIS r/yov/tiVoK TO Si iirop.tva TOIS 

(WoftfVcMfi 

It is difficult to express the meaning of the Greek in as few words. A 
translation more literal, but conveying less, would be, "Antecedents are called 
corresponding magnitudes to antecedents, and consequents to consequents." 

I have preferred to translate 6//.o'Xoyos by " corresponding " rather than by 
"homologous." I do not agree with Max Simon when he says (Euclid, p. i n ) 
that the technical term "homologous" is not the adjective o/«>Xoyos, and does 
not mean "corresponding," "agreeing," but "like in respect of the proportion" 
("ahnlich in Bezug auf das Verhaltniss"). The definition seems to me to be 
for the purpose of appropriating to a technical use precisely the ordinary 
adjective 6/*o'Xoyos, "agreeing" or "corresponding." 

Antecedents, yyovp.tva, are literally " leading (terms)," and consequents, 
cirducco, "following (terms)." 

DEFINITION 12. 
"EvaXXaf Xoyos tort Xyipis TOV rqyovfiivov irpos TO yyovftcvov KaX TOV iirofUvov 

irpos TO iir6p.tvov. 
We now come to a number of expressions for the transformation of ratios 

or proportions. The first is iva\\d£, alternately, which would be better 
described with reference to a proportion of four terms than with reference to 
a ratio. But probably Euclid defined all the terms in Deff. 12—16 with 
reference to ratios because to define them with reference to proportions would 
look like assuming what ought to be proved, namely the legitimacy of the 
various transformations of proportions (cf. v. 16, 7 Por., 18 ,17 , 19 Por.). The 
word eVaXXdf is of course a common term which has no exclusive reference to 
mathematics. But this same use of it with reference to proportions already 
occurs in Aristotle: Anal. post. 1. 5, 74 a 18, KM. TO dfdXoyov Sri tVaXXdf, 
"and that a proportion (is true) alternately, or alternando." Used with Xoyos, 
as here, the adverb «WXXd£ has the sense of an adjective, "alternate"; we 
have already had it similarly used of " alternate angles " (at cVaXXaf yutvlai) in 
the theory of parallels. 

DEFINITION 13. 
KvdtraXw Xoyos cor! Xr/^is TOV ewofiivov tils yyovfiivov trpbs TO ijyovfxtvov a>s 

cird/icvov. 

'Avd-raXiv, " inversely," " the other way about," is also a general term with 
no exclusive reference to mathematics. For this use of it with reference to 
proportion cf. Aristotle, De Caelo 1. 6, 273 b 32 rrjv dvakoyiav rjv TO pd.pt) fy", 
oi xpovoi dvdiraXiv l^OVAIV, " the proportion which the weights have, the times 
will have inversely." As here used with Xoyos, aWiraXtv is, exceptionally, 
adjectival. 

DEFINITION 14. 
Svc^co'is Xdyou tori kijipK TOV rjyou/ici/ou /terd TOU c7ro/xcVov O!S ivbs Jrpos avro 

TO IWOFIFVOV. 

The composition of a ratio is to be distinguished from the compounding of 
ratios and compounded ratio (o-vy«i/i«i'os Xo'yos) as explained above in the note 

http://pd.pt


on Deff. 9, 10. The fact is that awriOrjpj. and what serves for the passive of 
it (o-iry«(/iai) are used for adding as well as compounding in the sense of 
compounding ratios. In order to distinguish the two senses, I have always 
used the word componendo where the sense is that of this definition, though 
this requires a slight departure from the literal rendering of some passages. 
Thus the enunciation of v. 17 says, literally, "if magnitudes compounded be 
in proportion they will also be in proportion separated" (idv o-vyitci/xera 
fityiOri dvdkoyov TJ>, KOI oWocdcVra dvdkoyov carat). This practically means 
that, if A + B is to B as C + D is to D, then A is to B as C is to D. 
I have accordingly translated as follows: " if magnitudes be proportional 
componendo, they will also be proportional separando." (It will be observed 
that separando, a term explained in the next note, is here used, not relatively 
to the proportion A is to B as C is to D, but relatively to the proportion 
componendo, viz. A + B is to B as C + D is to D.) The corresponding 
term for componendo in the Greek mathematicians is anvMm, literally "to one 
who has compounded," i.e. " if we compound." (For this absolute use of the 
dative of the participle cf. Nicomachus 1. 8, 9 dirb p.ovdSos...KaTa. TOV oinkdo-iov 
koyov vpo\u>povvT i /ue^pis dirdpov, oaot Kal av yevuivrai, OVTOI iravrts dpTtdfcts 
aprioi tlo-iv. A very good instance from Aristotle is Eth. Nic. 1. 5, 1097 b 12 
iiriKTtivovTi yap CVITOVS yovfis Kal TOVS dVoyoVous Kal TUV tpCkwv Tout tjtikovs 
ew airupov irpoturiv.) A variation for owOim found in Archimedes is Kara. 
wivOarar. Perhaps the more exclusive use of the form awOcVrt by geometers 
later than Euclid to denote the composition of a ratio, as compared with 
Euclid's more general use of owoWis and other parts of the verb o-vvrlBtnu 
or avyKUfuu, may point to a desire to get rid of ambiguity of terms and to 
make the terminology of geometry more exact. 

DEFINITION 15 . 

Auupco-i; Xoyov cori Xr/i/as rfys vtrtpo^fis, JJ AnjP^Nt T O 'jyov/tei'oi' TOV 
CTTOUCVOV, irpbt avTO TO k-jrop.tvov. 

As composition of a ratio means the transformation, e.g., of the ratio of 
A to B into the ratio of A + B to B, so the separation of a ratio indicates 
the transformation of it into the ratio of A — B to B. Thus, as the new 
antecedent is in one case got by adding the original antecedent to the original 
consequent, so the antecedent in the other case is obtained by subtracting the 
original consequent from the original antecedent (it being assumed that the 
latter is greater than the former). Hence the literal translations of mmtftmn 
Xoyov, "division of a ratio," and of ZKXOVTI (the corresponding term to 
trwBivTi) as dividendo, scarcely give a sufficiently obvious explanation of the 
meaning. Heiberg accordingly translates by "subtractio rationis," which 
again may be thought to depart too far from the Greek. Perhaps "separation" 
and separando may serve as a compromise. 

DEFINITION 16. 
'Kvaarpotyq Xo'yov cort krjtj/K tov r/yov/icVov rrpos rif¥ virtpoxqv, JJ vTrcpc^ci 

TO rjyovp.tvov TOV CTTO/ICVOV. 
Conversion of a ratio means taking, e.g., instead of the ratio of A to B, 

the ratio of A to A — B (A being again supposed greater than B). As 
dvao-Tno^r; is used for conversion, so dvao-rptyavTi is used for convertendo 
(corresponding to the terms o-vvOivri and SicXdiri). 
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DEFINITION 17. 

At* tO"ou Xoyos cart irXeidviov OKTOIV ueyeflcoV ko.1 aXXoip avrots to-toy TO nXijBos 
crvVSvo Xa/t/JWo/tO'toi' Kat CK TcS avTto Xdyto, OTav fl cos iv TOIS Trptiirois fi(y(6t(rt TO 
TTptoTOv jrpos TO co-^aTov, OUTCOS iv TOIS 8«VTCpots p.cycfifo-1 TO irptoroi' irpos TO foxaToi' • 
rj dXXcos • Ar/tyis TC5V axprnv *a6' vrrcfatpco-tv Toil' /liatov. 

8t' to-ov, <?.* aequali, must apparently mean aequali distantia, at an equal 
distance or interval, i.e. after an equal number of intervening terms. The 
wording of the definition suggests that it is rather a proportion ex aequali 
than a ratio ex aequali which is being defined (cf. Def. 12). The meaning is 
clear enough. If a, b, c, d... be one set of magnitudes, and A, B, C, D... 
another set of magnitudes, such that 

a is to b as A is to B, 
b is to c as B is to C, 

and so on, the last proportion being, e.g., 
k is to /, as K is to L, 

then the inference ex aequali is that 
a is to / as A is to L. 

The fact that this is so, or the truth of the inference from the hypothesis, 
is not proved until v. 22. The definition is therefore merely verbal; it gives 
a convenient name to a certain inference which is of constant application in 
mathematics. But ex aequali could not be intelligibly defined except with 
reference to two sets of ratios respectively equal. 

DEFINITION 18. 

TfTapayftivrj 8i dcaXoytd coriV, orav Tptaiv Svnav fiiytOtav Kal dXXtov avrots 
taart' r o TTXTJSOS yti'T/rat ais piv iv TOIS rrpolrois ptylotoiv rjyoiiitvov irpos trrdp.o'oi', 
OVTO>S iv rots ScvTcpots fi€yi0€tTLv -qyovptvov Trpos firo/xtvov, cos Sf iv Tots Trpiorois 
licyidto-iv iwoficvov irpos dXXo TI, OVTOJS iv Tots Sevrtpots dXXo Tt irpos yyov/ifvov. 

Though the words 81' to-ov, ex aequali, are not in this definition, it gives a 
description of a case in which the inference ex aequali is still true, as will be 
hereafter proved in v. 23. A perturbed proportion is an expression for the 
case when, there being three magnitudes a, b, c and three others A, B, C, 

a is to b as />' is to C, 

and b is to c as A is to B. 

Another description of this case is found in Archimedes, "the ratios being 
dissimilarly ordered " (aVo/Jottos TtrayfteVtov TCOV Xdytof). The full description of 
the inference in this case (as proved in v. 23), namely that 

a is to c as A is to C, 

is ex aequali in perturbed proportion (St* to-ov iv TtTapay/xeVyj dVaXoyta). 
Archimedes sometimes omits the 8t' to-ov, first giving the two proportions and 
proceeding thus: "therefore, the proportions being dissimilarly ordered, a has 
to c the same ratio as A has to C." 

The fact that Def. 18 describes a particular case in which the inference 
St' to-ov will be proved true seems to have suggested to some one after 
Theon's time the interpolation of another definition between 17 and 18 to 



describe the ordinary case where the argument ex aequali holds good. The 
interpolated definition runs thus: "an ordered proportion (rvrayiiivr) dvaXoyia) 
arises when, as antecedent is to consequent, so is antecedent to consequent, 
and, as consequent is to something else, so is consequent to something else." 
This case needed no description after Def. 17 itself; and the supposed 
definition is never used. 

After the definitions of Book v. Simson supplies the following axioms. 

1. Equimultiples of the same or of equal magnitudes are equal to one 
another. 

2. Those magnitudes of which the same or equal magnitudes are 
equimultiples are equal to one another. 

3. A multiple of a greater magnitude is greater than the same multiple 
of a less. 

4. That magnitude of which a multiple is greater than the same multiple 
of another is greater than that other magnitude. 



BOOK V. PROPOSITIONS. 

PROPOSITION I. 

If there be any number of magnitudes whatever which are, 
respectively, equimultiples of any magnitudes equal in multitude, 
then, whatever multiple one of the magnitudes is of one, that 
multiple also will all be of all. 

Let any number of magnitudes whatever AB, CD be 
respectively equimultiples of any magnitudes E, F equal in 
multitude; 
I say that, whatever multiple AB is of E, that multiple will 
AB, CD also be of E, F. 

A O B C H D 

E F 

For, since AB is the same multiple of E that CD is of F, 
as many magnitudes as there are in AB equal to E, so many 
also are there in CD equal to F. 

Let AB be divided into the magnitudes A G, GB equal 
to E, 
and CD into CH, HD equal to F; 
then the multitude of the magnitudes AG, GB will be equal 
to the multitude of the magnitudes CH, HD. 

Now, since AG is equal to E, and CH to F, 
therefore A G is equal to E, and A G, CH to E, F. 

For the same reason 
GB is equal to E, and GB, HD to E, F; 

therefore, as many magnitudes as there are in AB equal to E, 
so many also are there in AB, CD equal to £, F; 



therefore, whatever multiple AB is of E, that multiple will 
AB, CD also be of E, F. 

Therefore etc. 
Q. E. D. 

De Morgan remarks of v. 1—6 that they are "simple propositions of 
concrete arithmetic, covered in language which makes them unintelligible to 
modern ears. The first, for instance, states no more than that ten acres and 
ten roods make ten times as much as one acre and one rood." One aim 
therefore of notes on these as well as the other propositions of Book v. 
should be to make their purport clearer to the learner by setting them side by 
side with the same truths expressed in the much shorter and more familiar 
modern (algebraical) notation. In doing so, we shall express magnitudes by 
the first letters of the alphabet, a, b, c etc., adopting small instead of capital 
letters so as to avoid confusion with Euclid's lettering ; and we shall use the 
small letters m, n, p etc. to represent integral numbers. Thus ma will always 
mean m times a or the m"1 multiple of a (counting 1 . a as the first, 2 . a as the 
second multiple, and so on). 

Prop. 1 then asserts that, if ma, mb, me etc. be any equimultiples of a, b, c 
etc., then 

ma + mb + me+ ... =m (a + b + e+ ...). 

PROPOSITION 2. 

If a first magnitude be the same multiple of a second 
that a third is of a fourth, and a fifth also be the same multiple 
of the second that a sixth is of the fourth, the sum of the first 
and fifth will also be the same multiple of the second that the 
sum of the third and sixth is of the fourth. 

Let a first magnitude, AB, be the same multiple of a 
second, C, that a third, DE, 
is of a fourth, F, and let a A f | B | Q 
fifth, BG, also be the same 
multiple of the second, C, that c

 E H 

a sixth, EH, is of the fourth D 1 1 1 1 1 

F; F 

I say that the sum of the 
first and fifth, A G, will be the same multiple of the second, C, 
that the sum of the third and sixth, DH, is of the fourth, F. 

For, since AB is the same multiple of C that DE is of F, 
therefore, as many magnitudes as there are in AB equal to C, 
so many also are there in DE equal to F. 

For the same reason also, 
as many as there are in BG equal to C, so many are there 
also in EH equal to F; 
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therefore, as many as there are in the whole A G equal to C, 
so many also are there in the whole DH equal to F. 

Therefore, whatever multiple AG is of C, that multiple 
also is DH of F. 

Therefore the sum of the first and fifth, AG, is the same 
multiple of the second, C, that the sum of the third and sixth, 
DH, is of the fourth, F. 

Therefore etc. 
Q. E. D. 

T o find the corresponding formula for the result of this proposition, we 
may suppose a to be the " second " magnitude and b the " fourth." If now 
the " first" magnitude is ma, the " third " is, by hypothesis, mb; and, if the 
" fifth " magnitude is na, the "sixth" is nb. The proposition then asserts that 
ma + na is the same multiple of a that mb + nb is of b. 

More generally, if pa, qa... and pb, qb... be any further equimultiples of 
a, b respectively, ma + na+pa + qa+ ... is the same multiple of a that mb + 
nb +pb + qb + ... is of b. This extension is stated in Simson's corollary to 
v. 2 thus: 

" From this it is plain that, if any number of magnitudes AB, BG, GH 
be multiples of another C; and as many DE, EK, KL be the same 
multiples of F, each of each; the whole of the first, viz. AH, is the same 
multiple of C that the whole of the last, viz. DL, is of F." 

The course of the proof, which separates m into its units and also n into 
its units, practically tells us that the multiple of a arrived at by adding the 
two multiples is the (m + »)th multiple; or practically we are shown that 

ma + na = (m + n) a, 
or, more generally, that 

ma + na + pa + ... = (m + «+/+...) a. 

PROPOSITION 3. 

If a first magnitude be the same multiple of a second 
that a third is of a fourth, and if equimultiples be taken 
of the first and third, then also ex aequali the magnitudes 
taken will be equimultiples respectively, the one of the second 
and the other of the fourth. 

Let a first magnitude A be the same multiple of a second 
B that a third C is of a fourth D, and let equimultiples EF, 
GH be taken of A, C; 
I say that EF is the same multiple of B that GH is of D. 

For, since EF is the same multiple of A that GH is of C, 
therefore, as many magnitudes as there are in EF equal to 
A, so many also are there in GH equal to C. 



Let EF be divided into the magnitudes EK, KF equal 
to A, and GH into the magnitudes GL, LH equal to C; 
then the multitude of the magnitudes EK, A"/7 will be equal 
to the multitude of the magnitudes GL, LH. 

A 1— 

B 1 
E 

C 1 r 

0 1 

And, since A is the same multiple of B that C is of D, 
while EK is equal to A, and GL to C, 
therefore EK is the same multiple of B that GL is of D. 

For the same reason 
KF is the same multiple of B that LH is of D. 
Since, then, a first magnitude EK is the same multiple 

of a second B that a third GL is of a fourth D, 
and a fifth KF is also the same multiple of the second B that 
a sixth Z , / / is of the fourth D, 
therefore the sum of the first and fifth, EF, is also the same 
multiple of the second B that the sum of the third and sixth, 
GH, is of the fourth D. [v. 2] 

Therefore etc. 
Q. E. D. 

Heiberg remarks of the use of ex aequali in the enunciation of this propo
sition that, strictly speaking, it has no reference to the definition (17) of a 
ratio ex aequali. But the uses of the expression here and in the definition 
are, I think, sufficiently parallel, as may be seen thus. The proposition 
asserts that, if 

na, nb are equimultiples of a, b, 
and if m . na, m . nb are equimultiples of na, nb, 
then m. na is the same multiple of a that m.nb\% of b. Clearly the proposi
tion can be extended by taking further equimultiples of the last equimultiples 
and so on ; and we can prove that 

/ . q... m. na is the same multiple of a that p .q...m. nb is of b, 
where the series of numbers p.q...m.n is exactly the same in both 
expressions; 
and ex aequali (67 laov) expresses the fact that the equimultiples are at the 
same distance from a, b in the series na, m .na... and nb, m.nb... respectively. 
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Here again the proof breaks m into its units, and then breaks n into its 
units; and we are practically shown that the multiple of a arrived at, viz. 
tn. na, is the multiple denoted by the product of the numbers tn, n, i.e. the 
(w«)th multiple, or in other words that 

m.na = mn. a. 

PROPOSITION 4. 

If a first magnitude have to a second the same ratio as a 
third to a fourth, any equimultiples whatever of the first and 
third will also have the same ratio to any equimultiples 
whatever of the second and fourth respectively, taken in 
corresponding order. 

For let a first magnitude A have to a second B the same 
ratio as a third C to a fourth D ; and let equimultiples E, F 
be taken of A, C, and G, H other, chance, equimultiples of 
B, D; 
I say that, as E is to G, so is F to H. 

A 

B 
E 1 • 

Q ' ' 

K ' — 
M 1 1 

C 
D 

F 1 
H 1 ' 

L — 1 

N R 1 — 

For let equimultiples K, L be taken of E, F, and other, 
chance, equimultiples M, N of G, H. 

Since £ is the same multiple of A that F is of C, 
and equimultiples K, L of E, F have been taken, 
therefore K is the same multiple of A that L is of C. [v. 3] 

For the same reason 
M is the same multiple of B that N is of D. 



And, since, as A is to B, so is C to D, 
and of A, C equimultiples K, L have been taken, 
and of B, D other, chance, equimultiples M, N, 
therefore, if K is in excess of M, L also is in excess of N, 
if it is equal, equal, and if less, less. [v. Def. 5] 

And K, L are equimultiples of E, F, 
and M, N other, chance, equimultiples of G, H; 
therefore, as E is to G, so is Fto H. [v. Def. 5] 

Therefore etc. 
Q. E. D. 

This proposition shows that, if a, b, c, d are proportionals, then 
ma is to nb as mc is to nd; 

and the proof is as follows : 
Take pma, pmc any equimultiples of ma, mc, and qnb, qnd any equimulti

ples of nb, nd. 
Since a : b = c : d, it follows [v. Def. 5] that, 

according as pma > = < qnb, pmc > = < qnd. 
But the / - and (/-equimultiples are any equimultiples; 

therefore [v. Def. 5] 
ma : nb = mc : nd. 

It will be observed that Euclid's phrase for taking any equimultiples of 
A, C and any other equimultiples of B, D is " let there be taken equimulti
ples E, F of A, C, and G, H other, chance, equimultiples of B, £>," E, F 
being called UTUKK TroAAairAdo-ia simply, and G, H aWa, a irv\tv, UTOKVS 
TroWairkda-ia. And similarly, when any equimultiples (K, L) of E, F 
come to be taken, and any other equimultiples (M, N) of G, H. But 
later on Euclid uses the same phrases about the neiv equimultiples with 
reference to the original magnitudes, reciting that " there have been taken, of 
A, C, equimultiples K, L and of B, D, other, chance, equimultiples M, N"; 
whereas M, N are not any equimultiples whatever of B, D, but are any 
equimultiples of the particular multiples (G, H) which have been taken of B, 
D respectively, though these latter have been taken at random. Simson would, 
in the first place, add 0 hvyiv in the passages where any equimultiples E, F 
are taken of A, C and any equimultiples K, L are taken of E, F, because the 
words are " wholly necessary" and, in the second place, would leave them 
out where M, N are called aWa, a irvxtv, to-dxts TroAXarrXdcria of B, D, because 
it is not true that of B, D have been taken " any equimultiples whatever (<t 
ITVX<), M, N." Simson adds: "And it is strange that neither Mr Briggs, who 
did right to leave out these words in one place of Prop. 13 of this book, nor 
Dr Gregory, who changed them into the word ' some' in three places, and 
left them out in a fourth of that same Prop. 13, did not also leave them out 
in this place of Prop. 4 and in the second of the two places where they occur 
in Prop. 17 of this book, in neither of which they can stand consistent with 
truth : And in none of all these places, even in those which they corrected in 
their Latin translation, have they cancelled the words d irvxi in the Greek 
text, as they ought to have done. The same words d ITVX ' are found in 



four places of Prop. 11 of this book, in the first and last of which they are 
necessary, but in the second and third, though they are true, they are quite 
superfluous; as they likewise are in the second of the two places in which 
they are found in the 12th prop, and in the like places of Prop. 22, 23 of this 
book; but are wanting in the last place of Prop. 23, as also in Prop. 25, 
Book xi." 

As will be seen, Simson's emendations amount to alterations of the text 
so considerable as to suggest doubt whether we should be justified in making 
them in the absence of MS. authority. The phrase " equimultiples of A, C 
and other, chance, equimultiples of B, D " recurs so constantly as to suggest 
that it was for Euclid a quasi-stereotyped phrase, and that it is equally genuine 
wherever it occurs. Is it then absolutely necessary to insert d ITU^C in places 
where it does not occur, and to leave it out in the places where Simson holds 
it to be wrong ? I think the text can be defended as it stands. In the first 
place to say "take equimultiples of A, C" is a fair enough way of saying 
take any equimultiples whatever of A, C. The other difficulty is greater, but 
may, 1 think, be only due to the adoption of any whateiier as the translation 
of d Jfrux*- As a matter of fact, the words only mean chance equimultiples, 
equimultiples which are the result of random selection. Is it not justifiable 
to describe the product of two chance numbers, numbers selected at random, 
as being a " chance number," since it is the result of two random selections ? 
I think so, and I have translated d irv^t. accordingly as implying, in the case 
in question, " other equimultiples whatever they may happen to be." 

T o this proposition Theon added the following: 
" Since then it was proved that, if K is in excess of M, L is also in excess 

of N, if it is equal, (the other is) equal, and if less, less, 
it is clear also that, 
if M is in excess of A", N is also in excess of Z, if it is equal, (the other is) 
equal, and if less, less; 
and for this reason, 

as G is to E, so also is H to F. 
PORISM. From this it is manifest that, if four magnitudes be proportional, 

they will also be proportional inversely." 
Simson rightly pointed out that the demonstration of what Theon intended 

to prove, viz. that, if £, G, F, H be proportionals, they are proportional 
inversely, i.e. G is to E as H is to F, does not in the least depend upon this 
4th proposition or the proof of it; for, when it is said that, " if K exceeds M, 
L also exceeds N etc.," this is not proved from the fact that E, G, F, / / a r e 
proportionals (which is the conclusion of Prop. 4), but from the fact that 
A, B, C, D are proportionals. 

The proposition that, if A, B, C, D are proportionals, they are also 
proportionals inversely is not given by Euclid, but Simson supplies the proof 
in his Prop. B . The fact is really obvious at once from the 5th definition 
of Book v. (cf. p. 127 above), and Euclid probably omitted the proposition 
as unnecessary. 

Simson added, in place of Theon's corollary, the following: 
" Likewise, if the first has the same ratio to the second which the third 

has to the fourth, then also any equimultiples whatever of the first and third 
have the same ratio to the second and fourth: And, in like manner, the first 
and the third have the same ratio to any equimultiples whatever of the second 
and fourth." 
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The proof, of course, follows exactly the method of Euclid's proposition 
itself, with the only difference that, instead of one of the two pairs of equi
multiples, the magnitudes themselves are taken. In other words, the conclu
sion that 

ma is to nb as mc is to nd 
is equally true when either m or n is equal to unity. 

As De Morgan says, Simson's corollary is only necessary to those who will 
not admit Mir&o the list M, iM, $Metc.; the exclusion is grammatical and 
nothing else. The same may be said of Simson's Prop. A to the effect that, 
" If the first of four magnitudes has to the second the same ratio which the 
third has to the fourth : then, if the first be greater than the second, the third 
is also greater than the fourth; and if equal, equal; if less, less." This is 
needless to those who believe once A to be a proper component of the list of 
multiples, in spite of multus signifying many. 

PROPOSITION 5. 

If a magnitude be the same multiple of a magnitude that 
a part subtracted is of a part subtracted, the remainder will 
also be the same multiple of the remainder that the whole is of 
the whole. 

5 For let the magnitude AB be the same multiple of the 
magnitude CD that the part AE subtracted is of the part CF 
subtracted ; 
I say that the remainder EB is also the same multiple of the 
remainder FD that the whole AB is of the whole CD. 

10 For, whatever multiple AE is of CF, let EB be made 
that multiple of CG. 

Then, since AE is the same multiple of CF that EB is 
of GC, 
therefore AE is the same multiple of CF that AB is of GF. 

[v. 1] 

is But, by the assumption, AE is the same multiple of CF 
that AB is of CD. 

Therefore AB is the same multiple of each of the magni
tudes GF, CD; 

therefore GF is equal to CD. 
»» Let CF be subtracted from each ; 

therefore the remainder GC is equal to the remainder FD. 



And, since AE is the same multiple of CF that EB is of 
GC, 
and GC is equal to DF, 

» S therefore AE is the same multiple of CF that EB is of FD. 
But, by hypothesis, 
AE is the same multiple of CF that is of CD ; 

therefore EB is the same multiple of FD that AB is of CD. 
That is, the remainder EB will be the same multiple of 

30 the remainder FD that the whole AB is of the whole CZ>. 
Therefore etc. 

Q. E. D. 

10. let EB be m a d e that multiple OF CG, ROIRAVRAIRXAVIOR ytyoyiru koX to EB TOO 
TO. From this way of stating the construction one might suppose that CG was given and 
EB had to be found equal to a certain multiple of it. But in fact EB is what is given and 
CG has to be found, i.e. CG has to be constructed as a certain rwfaiultiple of EB. 

This proposition corresponds to v. 1, with subtraction taking the place of 
addition. It proves the formula 

ma — mb = m(a — b). 
Euclid's construction assumes that, if AE is any multiple of CF, and EB 

is any other magnitude, a fourth straight line can be found such that EB is 
the same multiple of it that AE is of CF, or in other words that, given any 
magnitude, we can divide it into any number of equal parts. This is however 
not proved, even of straight lines, much less other magnitudes, until vi. 9 . 
Peletarius had already seen this objection to the construction. The difficulty 
is not got over by regarding it merely as a hypothetical construction; for 
hypothetical constructions are not in Euclid's manner. The remedy is to 
substitute the alternative construction given by Simson, after Peletarius and 
Campanus' translation from the Arabic, which only requires us to add a 
magnitude to itself a certain number of times. The demonstration follows 
Euclid's line exactly. 

" Take A G the same multiple of FD that AE is of CF; G 
therefore AE is the same multiple of CF'that EG is of CD. 

[v. 1] 
But AE, by hypothesis, is the same multiple of CF that A 

AB is of CD; therefore EG is the same multiple of CD that 
AM is of CD; 

wherefore EG is equal to AB. 
Take from them the common magnitude AE; the remainder 

A G is equal to the remainder EB. 
Wherefore, since AE is the same multiple of CF'that AG is 

of FD, and since A G is equal to EB, E 
therefore AE is the same multiple of CF that EB is of FD. 

But AE is the same multiple of CFxhaX AB is of CD; 
therefore EB is the same multiple of FD that AB is of CD." B 

C 

F 
D 
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Euclid's proof amounts to this. 
Suppose a magnitude x taken such that 

ma — mb=-mx, say. 
Add mb to each side, whence (by v. i) 

ma = m (x + b). 
Therefore a = x + b, or x = a - b, 

so that ma -mb = m(a- b). 
Simson's proof, on the other hand, argues thus. 
Take x = m(a- b), the same multiple of (a — b) that mb is of b. 
Then, by addition of mb to both sides, we have [v. i] 

x + mb = ma, 
or x = ma — mb. 
That is, ma- mb = m(a — b). 

PROPOSITION 6. 

If two magnitudes be equimultiples of two magnitudes, and 
any magnitudes subtracted from them be equimultiples of the 
same, the remainders also are either equal to the same or equi
multiples of them. 

For let two magnitudes AB, CD be equimultiples of two 
magnitudes E, F, and let AG, CH 
subtracted from them be equi- A G B 
multiples of the same two E, F; 1 1 ' 
I say that the remainders also, GB, D 

HD, are either equal to E, F or K—'—i—i—i— 
equimultiples of them. F — 

For, first, let GB be equal to E; 
I say that HD is also equal to F. 

For let CK be made equal to F. 
Since AG is the same multiple of E that CH is of F, 

while GB is equal to E and KC to F, 
therefore AB is the same multiple of E that KH is of F. 

[V. 2] 

But, by hypothesis, AB is the same multiple of £ that 
CD is of F; 
therefore KH is the same multiple of F that CD is of F. 

Since then each of the magnitudes KH, CD is the same 
multiple of F, 

therefore KH is equal to CD. 
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Let CH be subtracted from each ; 
therefore the remainder KC is equal to the remainder HD. 

But F is equal to KC; 
therefore HD is also equal to F. 

Hence, if GB is equal to E, HD is also equal to F. 
Similarly we can prove that, even if GB be a multiple 

of £, HD is also the same multiple of F. 
Therefore etc. 

Q. E. D. 

This proposition corresponds to v. 2, with subtraction taking the place of 
addition. It asserts namely that, if « is less than m, ma — na is the same 
multiple of a that mb -nb is of b. The enunciation distinguishes the cases in 
which m — n is equal to 1 and greater than 1 respectively. 

Simson observes that, while only the first case (the simpler one) is proved 
in the Greek, both are given in the Latin translation from the Arabic; and 
he supplies accordingly the proof of the second case, which Euclid leaves to 
the reader. The fact is that it is exactly the same as the other except that, in 
the construction, CK is made the same multiple of F that GB is of E, and 
at the end, when it has been proved that KC is equal to HD, instead of 
concluding t h a t ' / / / ? is equal to F, we have to say "Because GB is the same 
multiple of E that KC is of F, and KC is equal to HD, therefore HD is 
the same multiple of F\\\aX GB is of E." 

PROPOSITION 7. 

Equal magnitudes have to the same the same ratio, as also 
has the same to equal magnitudes. 

Let A, B be equal magnitudes and C any other, chance, 
magnitude; 
I say that each of the magnitudes A, B has the same ratio 
to C, and C has the same ratio to each of the magnitudes 
A, B. 

A D . 1 . • 1 

B Ei 1 , , F 

C . F< ' 1 1 

For let equimultiples D, E of A, B be taken, and of C 
another, chance, multiple F. 

Then, since D is the same multiple of A that E is of B, 
while A is equal to B, 

therefore D is equal to E. 
But F is another, chance, magnitude. 
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If therefore D is in excess of F, E is also in excess of F, 
if equal to it, equal; and, if less, less. 

And D, E are equimultiples of A, B, 
while F is another, chance, multiple of C; 

therefore, as A is to C, so is B to C. [v. Def. 5] 
I say next that C also has the same ratio to each of the 

magnitudes A, B. 
For, with the same construction, we can prove similarly 

that D is equal to E; 
and F is some other magnitude. 

If therefore Fis in excess of D, it is also in excess of E, 
if equal, equal; and, if less, less. 

And F is a multiple of C, while D, E are other, chance, 
equimultiples of A, B ; 

therefore, as C is to A, so is C to B. [v. Def. 5] 
Therefore etc. 
PORISM. From this it is manifest that, if any magnitudes 

are proportional, they will also be proportional inversely. 
Q. E. D. 

In this proposition there is a similar use of o irvxev to that which has 
been discussed under Prop. 4. Any multiple F of C is taken and then, 
four lines lower down, we are told that " F' is another, chance, magnitude." 
It is of course not any magnitude whatever, and Simson leaves out the 
sentence, but this time without calling attention to it. 

Of the Porism to this proposition Heiberg says that it is properly put here 
in the best MS.; for, as August had already observed, if it was in its right 
place where Theon put it (at the end of v. 4), the second part of the proof of 
this proposition would be unnecessary. But the truth is that the Porism is no 
more in place here. The most that the proposition proves is that, if A, B 
are equal, and Cany other magnitude, then two conclusions are simultaneously 
established, (1) that A is to C as B is to C and (2) that C is to A as C is to 
B. The second conclusion is not established from the first conclusion (as 
it ought to be in order to justify the inference in the Porism), but from a 
hypothesis on which the first conclusion itself depends; and moreover it is 
not a proportion in its general form, i.e. between four magnitudes, that is in 
question, but only the particular case in which the consequents are equal. 

Aristotle tacitly assumes inversion (combined with the solution of the 
problem of Eucl. Tt. 11) in Meteorologica tit. 5, 376 a 14—16. 

PROPOSITION 8. 

Of unequal magnitudes, the greater has to the same a 
greater ratio than the less has; and the same has to the less 
a greater ratio than it has to the greater. 



Let AB, C be unequal magnitudes, and let AB be greater; 
let D be another, chance, 
magnitude; • B 
I say that AB has to D a ' 
greater ratio than C has to | G ^_ H 
D, and Z? has to C a greater 
ratio than it has to AB. 

For, since AB is greater D 

than C, let BE be made equal L 

t o C ; M 

then the less of the magni- N 

tudes AE, EB, if multiplied, 

will sometime be greater than D. [v. Def. 4] 

{Case 1.] 
First, let AE be less than EB ; 

let AE be multiplied, and let be a multiple of it which is 
greater than D; 
then, whatever multiple EG is of AE, let GH be made the 
same multiple of EB and K of C; 
and let Z be taken double of D, M triple of it, and successive 
multiples increasing by one, until what is taken is a multiple 
of D and the first that is greater than K. Let it be taken, 
and let it be N which is quadruple of D and the first 
multiple of it that is greater than K. 

Then, since K is less than N first, 
therefore K is not less than M. 

And, since FG is the same multiple of AE that GH is of 
EB, 
therefore FG is the same multiple of AE that FH is of AB. 

[V.I] 
But FG is the same multiple of AE that K is of C; 
therefore FH is the same multiple of AB that K is of C; 

therefore FH, K are equimultiples of AB, C. 
Again, since GH is the same multiple of EB that K is 

of C, 
and EB is equal to C, 

therefore GH is equal to K. 
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But K is not less than M; 
therefore neither is GH less than M. 
And FG is greater than D; 

therefore the whole FH is greater than D, M together. 
But D, M together are equal to N, inasmuch as M is 

triple of D, and M, D together are quadruple of D, while 
JV is also quadruple of D; whence M, D together are equal 
to N. 

But FH is greater than M, D ; 
therefore FH is in excess of N, 

while K is not in excess of N. 
And FH, K are equimultiples of AB, C, while N is 

another, chance, multiple of D; 
therefore AB has to D a greater ratio than C has to D. 

[v. Def. 7] 
I say next, that D also has to C a greater ratio than D 

has to AB. 
For, with the same construction, we can prove similarly 

that N is in excess of K, while N is not in excess of FH. 
And A 7 is a multiple of D, 

while FH, K are other, chance, equimultiples of AB, C; 
therefore D has to C a greater ratio than D has to AB. 

[v. Def. 7] 
[Case 2 . ] 
Again, let AE be greater than EB. 
Then the less, EB, if multiplied, will sometime be greater 

than D. [v. Def. 4] 
Let it be multiplied, and 

let GH be a multiple of EB 
and greater than D; c 1

 Q 

and, whatever multiple GH is f T * 
of EB, let 7^7 be made the K 1 1 

same multiple of AE, and K D 

of C. L 

Then we can prove simi
larly that FH, K are equi
multiples of AB, C; 
and, similarly, let N be taken a multiple of D but the first 
that is greater than FG, 
so that FG is again not less than M. 

A -

M-



But GH is greater than D ; 
therefore the whole FH is in excess of D, M, that is, of N. 

Now K is not in excess of N, inasmuch as FG also, which 
is greater than GH, that is, than K, is not in excess of N. 

And in the same manner, by following the above argu
ment, we complete the demonstration. 

Therefore etc. 
Q. E. D. 

The two separate cases found in the Greek text of the demonstration can 
practically be compressed into one. Also the expositor of the two cases 
makes them differ more than they need. It is necessary in each case to 
select the smaller of the two segments AE, EB of AB with a view to taking 
a multiple of it which is greater than D; in the first case therefore AE is 
taken, in the second EB. But, while in the first case successive multiples of 
D are taken in order to find the first multiple that is greater than GH (or K), 
in the second case the multiple is taken which is the first that is greater than 
FG. This difference is not necessary; the first multiple of D that is greater 
than GH would equally serve in the second case. Lastly, the use of the 
magnitude K might have been dispensed with in both cases; it is of no 
practical use and only lengthens the proofs. For these reasons Simson 
considers that Theon, or some other unskilful editor, has vitiated the 
proposition. This however seems an unsafe assumption; for, while it was 
not the habit of the great Greek geometers to discuss separately a number of 
different cases (e.g. in i. 7 and 1. 35 Euclid proves one case and leaves the 
others to the reader), there are many exceptions to prove the rule, e.g. Eucl. 
in. 25 and 3 3 ; and we know that many fundamental propositions, after
wards proved generally, were first discovered in relation to particular cases 
and then generalised, so that Book v., presenting a comparatively new 
theory, might fairly be expected to exhibit more instances than the earlier 
books do of unnecessary subdivision. The use of the AT is no more con
clusive against the genuineness of the proofs. 

Nevertheless Simson's version of the proof is certainly snorter, and more
over it takes account of the case in which AE is equal to EB, and of the case 
in which- AE, EB are both greater than D (though these cases are scarcely 
worth separate mention). 

" I f the magnitude which is not the greater of the two AE, EB be (1) 
not less than D, take FG, GHxhe doubles of AE, EB. 

But if that which is not the greater of the two AE, EB be (2) less than 
D, this magnitude can be multiplied so as to become greater than D whether 
it be AE or EB. 

Let it be multiplied until it becomes greater than D, and let the other be 
multiplied as often ; let FG be the multiple thus taken of AE and GH the 
same multiple of EB, 
therefore FG and GH axe. each of them greater than D. 

And, in every one of the cases, take L the double of D, M its triple and 
so on, till the multiple of D be that which first becomes greater than GH. 

Let N be that multiple of D which is first greater than GH, and M'the 
multiple of D which is next less than N. 



Then, because N is the multiple of J) which is the first that becomes 
greater than GH, 
the next preceding multiple is not greater than GH; 

that is, GH is not less than M. 
And, since FG is the same multiple of AE that GH is of EB, 

GH is the same multiple of EB that FH is of AB; [v. i] 

wherefore FH, GH are equimultiples of AB, EB. 
And it was shown that GH was not less than M; 

and, by the construction, FG is greater than D; 
therefore the whole FH is greater than M, D together. 

But M, D together are equal to N; 
therefore FH is greater than N. 

But GH is not greater than N; 
and FH, GH axe. equimultiples of AB, BE, 

and A'is a multiple of D; 
therefore AB has to D a greater ratio than BE (or C) has to D. [v. Def. 7] 

Also D has to BE a greater ratio than it has to AB. 
For, having made the same construction, it may be shown, in like manner, 

that N is greater than GH but that it is not greater than FH; 
and Nisa multiple of D, 
and GH, FH axe equimultiples of EB, AB; 

Therefore D has to EB a greater ratio than it has to AB." [v. Def. 7] 

The proof may perhaps be more readily grasped in the more symbolical 
form thus. 

Take the m\\\ equimultiples of C, and of the excess of AB over C (that is, 
of AE), such that each is greater than D; 
and, of the multiples of D, let pD be the first that is greater than mC, and nD 
the next less multiple of D. 

Then, since mC is not less than nD, 
and, by the construction, m(AE) is greater than D, 
the sum of mC and m(AE) is greater than the sum of nD and D. 

That is, m(AB) is greater than pD. 
And, by the construction, « C i s less than pD. 
Therefore [v. Def. 7] AB has to D a greater ratio than C has to D. 
Again, since pD is less than m(AB), 

and pD is greater than tn C, 
D has to C a greater ratio than D has to AB. 

PROPOSITION 9. 

Magnitudes which have the same ratio to the same are 
equal to one another; and magnitudes to which the same has 
the same ratio are equal. 



For let each of the magnitudes A, B have the same 
ratio to C; 
I say that A is equal to B. g 

For, otherwise, each of the 
magnitudes A, B would not ° 
have had the same ratio to C; [v. 8] 
but it has; 

therefore A is equal to B. 
Again, let C have the same ratio to each of the magni

tudes A, B; 
I say that A is equal to B. 

For, otherwise, C would not have had the same ratio to 
each of the magnitudes A, B; [v. 8] 
but it has; 

therefore A is equal to B. 
Therefore etc. 

Q. E. D. 
If A is to C as B is to C, 

or if C is to A as C is to B, then A is equal to B. 
Simson gives a more explicit proof of this proposition which has the 

advantage of referring back to the fundamental 5th and 7th definitions, 
instead of quoting the results of previous propositions, which, as will be seen 
from the next note, may be, in the circumstances, unsafe. 

" Let A, B have each of them the same ratio to C; 
A is equal to B. 
For, if they are not equal, one of them is greater than the other; 

let A be the greater. 
Then, by what was shown in the preceding proposition, there are some 

equimultiples of A and B, and some multiple of C, such that the multiple of 
A is greater than the multiple of C, but the multiple of B is not greater than 
that of C. 

Let such multiples be taken, and let D, £ be the equimultiples of A, B, 
and F the multiple of C, so that D may be greater than F, and £ not greater 
than F. 

But, because A is to C as B is to C, 
and of A, B are taken equimultiples D, E, and of C is taken a multiple F, 
and D is greater than F, 

E must also be greater than F. [v. Def. 5] 
But E is not greater than F: which is impossible. 
Next, let C have the same ratio to each of the magnitudes A and B; 

A is equal to B. 
For, if not, one of them is greater than the other; 

let A be the greater. 



PROPOSITION 10. 

Of magnitudes which have a ratio to the same, that 
which has a greater ratio is greater; and that to which the 
same has a greater ratio is less. 

For let A have to C a greater ratio than B has to C; 
I say that A is greater than B. 

For, if not, A is either equal to B or less. 
Now A is not equal to B; 

for in that case each of the magnitudes A, B would have 
had the same ratio to C; [v. 7] 
but they have not; 

therefore A is not equal to B. 
Nor again is A less than B; 

for in that case A would have had to C a less ratio than B 
has to C; [v. 8] 

but it has not; 
therefore A is not less than B. 

But it was proved not to be equal either; 
therefore A is greater than B. 

Again, let C have to B a greater ratio than C has to A ; 
I say that B is less than A. 

For, if not, it is either equal or greater. 
Now B is not equal to A ; 

for in that case C would have had the same ratio to each of 
the magnitudes A, B; [v. 7] 
but it has not; 

therefore A is not equal to B. 

Therefore, as was shown in Prop. 8, there is some multiple F of C, and 
some equimultiples E and D of B and A, such that F is greater than E and 
not greater than D. 

But, because C is to B as C is to A, 
and F\\\e. multiple of the first is greater than E the multiple of the second, 

/"the multiple of the third is greater than D the multiple of the fourth. 
[v. Def. s] 

But F'vi not greater than D: which is impossible. 
Therefore A is equal to B." 



Nor again is B greater than A ; 
for in that case C would have had to B a less ratio than it 
has to A ; [v. 8] 

but it has not; 
therefore B is not greater than A. 

But it was proved that it is not equal either; 
therefore B is less than A. 

Therefore etc. Q. E. D. 
No better example can, I think, be found of the acuteness which Simson 

brought to bear in his critical examination of the Elements, and of his great 
services to the study of Euclid, than is furnished by the admirable note on 
this proposition where he points out a serious flaw in the proof as given in 
the text. 

For the first time Euclid is arguing about greater and less ratios, and it 
will be found by an examination of the steps of the proof that he assumes 
more with regard to the meaning of the terms than he is entitled to assume, 
having regard to the fact that the definition of greater ratio (Def. 7) is all 
that, as yet, he has to go upon. That we cannot argue, at present, about 
greater and less as applied to ratios in the same way as about the same terms 
in relation to magnitudes is indeed sufficiently indicated by the fact that Euclid 
does not assume for ratios what is in Book 1. an axiom, viz. that things which 
are equal to the same thing are equal to one another; on the contrary, he 
proves, in Prop. 1 1 , that ratios which are the same with the same ratio are the 
same with one another. 

Let us now examine the steps of the proof in the text. First we are told 
that 

"A is greater than B. 
For, if not, it is either equal to B or less than it. 
Now A is not equal to B; 

for in that case each of the two magnitudes A, B would have had the 
same ratio to C: [v. 7] 

but they have not: 
therefore A is not equal to B." 

As Simson remarks, the force of this reasoning is as follows. 
If A has to C the same ratio as B has to C, 

then—supposing any equimultiples of A, B to be taken and any multiple 
of C— 
by Def. 5, if the multiple of A be greater than the multiple of C, the multiple 
of B is also greater than that of C. 

But it follows from the hypothesis (that A has a greater ratio to C than B 
has to C) that, 

by Def. 7, there must be some equimultiples of A, B and some multiple of 
C such that the multiple of A is greater than the multiple of C, but the 
multiple of B is not greater than the same multiple of C. 

And this directly contradicts the preceding deduction from the supposition 
that A has to C the same ratio as B has to C; 

therefore that supposition is impossible. 
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The proof now goes on thus : 
" Nor again is A less than B; 

for, in that case, A would have had to C a less ratio than B has to C; 

but it has not; 
therefore A is not less than B." 

It is here that the difficulty arises. As before, we must use Def. 7. "A 
would have had to C a less ratio than B has to C," or the equivalent state
ment that B would have had to C a greater ratio than A has to C, means 
that there would have been some equimultiples of B, A and some multiple of 
C such that 

(1) the multiple of B is greater than the multiple of C, but 
(2) the multiple of A is not greater than the multiple of C, 

and it ought to have been proved that this can never happen if the hypothesis 
of the proposition is true, viz. that A has to C a greater ratio than B has to 
C: that is, it should have been proved that, in the latter case, the multiple of 
A is always greater than the multiple of C whenever the multiple of B is 
greater than the multiple of C (for, when this is demonstrated, it will be 
evident that B cannot have a greater ratio to C than A has to C). But this 
is not proved (cf. the remark of De Morgan quoted in the note on v. Def. 7, 
p. 130), and hence it is not proved that the above inference from the supposi
tion that A is less than B is inconsistent with the hypothesis in the enunciation. 
The proof therefore fails. 

Simson suggests that the proof is not Euclid's, but the work of some one 
who apparently "has been deceived in applying what is manifest, when 
understood of magnitudes, unto ratios, viz. that a magnitude cannot be both 
greater and less than another." 

The proof substituted by Simson is satisfactory and simple. 
" Let A have to C a greater ratio than B has to C; 

A is greater than B. 
For, because A has a greater ratio to C than B has to C, there are some 

equimultiples of A, B and some multiple of C such that 
the multiple of A is greater than the multiple of C, but the multiple of B 

is not greater than it. [v. Def. 7] 
Let them be taken, and let D, E be equimultiples of A, B, and E a 

multiple of C, such that 
D is greater than E, 

but E is not greater than F. 
Therefore D is greater than E. 
And, because D and E are equimultiples of A and B, and D is greater 

than E, 
therefore A is greater than B. [Simson's 4th Ax.] 

Next, let C have a greater ratio to B than it has to A; 
B is less than A. 

For there is some multiple F of C and some equimultiples E and D of B 
and A such that 

F\& greater than E but not greater than D. [v. Def. 7] 
Therefore E is less than D; 

and, because E and D are equimultiples of B and A, 
therefore B is less than A." 



For of A, C, E let equimultiples G, H, K be taken, and 
of B, D, F other, chance, equimultiples L, M, N. 

Then since, as A is to B, so is C to D, 
and of A, C equimultiples G, H have been taken, 
and of B, D other, chance, equimultiples L, M, 
therefore, if G is in excess of L, H is also in excess of M, 
if equal, equal, 
and if less, less. 

Again, since, as C is to D, so is E to F, 
and of C, E equimultiples H, K have been taken, 
and of D, F other, chance, equimultiples M, N, 
therefore, if H is in excess of M, K is also in excess of N, 
if equal, equal, 
and if less, less. 

But we saw that, if H was in excess of M, G was also 
in excess of L ; if equal, equal; and if less, less ; 
so that, in addition, if G is in excess of L, K is also in excess 
of/V, 
•r i 1 it equal, equal, 
and if less, less. 

And G, K are equimultiples of A, E, 
while L, N are other, chance, equimultiples of B, F; 

therefore, as A is to B, so is E to F. 
Therefore etc. 

PROPOSITION I I . 

Ratios which are the same with the same ratio are also 
the same with one another. 

For, as A is to B, so let C be to D, 
and, as C is to D, so let E be to F; 
I say that, as A is to B, so is E to F. 

A c E 

B D F 
G H K 

L M N 



The idiomatic use of the imperfect in quoting a result previously obtained 
is noteworthy. Instead of saying " But it was proved that, if ff is in excess 
of M, G is also in excess of L," the Greek text has " But if ff was in excess 
of M, G was also in excess of L," dXXa. ti iirtptZxt TO © TOV M, vrrtp«x< xal 
TO H TOV A 

This proposition is tacitly used in combination with v. 16 and v. 24 in the 
geometrical passage in Aristotle, Meteorologica in. 5, 376 a 22—26. 

PROPOSITION 1 2 . 

If any number of magnitudes be proportional, as one of 
the antecedents is to one of the consequents, so will all the 
antecedents be to all the consequents. 

Let any number of magnitudes A, B, C, D, E, F be 
proportional, so that, as A is to B, so is C to D and E 
to F; 
I say that, as A is to B, so are A, C, E to B, D, F. 

A B c 
D E F 

G L 

H M 

K N 

For of A, C, E let equimultiples G, H, K be taken, 
and of/?, D, Toother, chance, equimultiples L, M, N. 

Then since, as A is to B, so is C to D, and E to F, 
and of A, C, E equimultiples G, H, K have been taken, 
and of B, D, Toother, chance, equimultiples L, M, N, 
therefore, if G is in excess of L, H is also in excess of M, 
and K of N, 
if equal, equal, 
and if less, less ; 
so that, in addition, 
if G is in excess of L, then G, H, K are in excess of L, M, N, 
if equal, equal, 
and if less, less. 

Algebraically, if a : b = c : d, 
and c : d=e :/, 
then a :b-e :f. 



160 B O O K V [v. 12, 13 

Now G and G, H, K are equimultiples of A and A, C, E, 
since, if any number of magnitudes whatever are respec
tively equimultiples of any magnitudes equal in multitude, 
whatever multiple one of the magnitudes is of one, that 
multiple also will all be of all. [v. 1] 

For the same reason 
L and L, M, N are also equimultiples of B and B, D, F; 

therefore, as A is to B, so are A, C, E to B, D, F. 
[v. Def. 5] 

Therefore etc. 
Q. E. D. 

Algebraically, if a : a' = b : b' = e : c' etc. , each ratio is equal 10 the ratio 
(a + b + c+ . . . ) : (a' + + . . . ) . 

This theorem is quoted by Aristotle, Eth. Nic. v. 7, 1131 b 14, in the 
shortened form "the whole is to the whole what each part is to each part 
(respectively)." 

PROPOSITION 13. 

If a first magnitude have to a second the same ratio as a 
third to a fourth, and the third have to the fourth a greater 
ratio than a fifth has to a sixth, the first will also have to the 
second a greater ratio than the fifth to the sixth. 

For let a first magnitude A have to a second B the 
same ratio as a third C has to a fourth D, 
and let the third C have to the fourth D a greater ratio than 
a fifth E has to a sixth F; 
I say that the first A will also have to the second B a greater 
ratio than the fifth E to the sixth F. 

A c M a 
B D N K 

E • 

F 

H • 

U 

For, since there are some equimultiples of C, E, 
and of D, F other, chance, equimultiples, such that the 
multiple of C is in excess of the multiple of D, 



while the multiple of E is not in excess of the multiple of F, 
[v. Def.. 7] 

let them be taken, 
and let G, H be equimultiples of C, E, 
and K, L other, chance, equimultiples of D, F, 
so that G is in excess of K, but H is not in excess of L ; 
and, whatever multiple G is of C, let M be also that multiple 
oiA, 
and, whatever multiple K is of D, let N be also that multiple 
oiB. 

Now, since, as A is to B, so is C to D, 
and of A, C equimultiples M, G have been taken, 
and of B, D other, chance, equimultiples N, K, 
therefore, if M is in excess of N, G is also in excess of K, 
if equal, equal, 
and if less, less. [v. Def. 5] 

But G is in excess of K; 
therefore M is also in excess of N. 

But H is not in excess of L ; 
and M, H are equimultiples of A, E, 
and N, L other, chance, equimultiples of B, F; 

therefore A has to B a greater ratio than E has to F. 
[v. Def. 7] 

Therefore etc. 
Q. E . D. 

Algebraically, if a : b = c :d, 
and c : d>e ;/, 
then a : b > e :/. 

After the words " for, since " in the first line of the proof, Theon added 
" C has to D a greater ratio than E has to F," so that " there are some 
equimultiples" began, with him, the principal sentence. 

The Greek text has, after "of D, Mother, chance, equimultiples," "and 
the multiple of C is in excess of the multiple of D..." The meaning being 
" such that," I have substituted this for " and," after Simson. 

The following will show the method of Euclid's proof. 
Since c : d> e:f, 

there will be some equimultiples mc, me of c, e, and some equimultiples nd, nf 
of d, f, such that 

mc> nd, while me^nf. 
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But, since a :b = c : d, 
therefore, according as ma > = < nb, mc> = < nd. 

And mond; 
therefore ma > nb, while (from above) me^nf. 

Therefore a : b>e :/. 
Simson adds as a corollary the following: 
" If the first have a greater ratio to the second than the third has to the 

fourth, but the third the same ratio to the fourth which the fifth has to the 
sixth, it may be demonstrated in like manner that the first has a greater ratio 
to the second than the fifth has to the sixth." 

This however scarcely seems to be worth separate statement, since it only 
amounts to changing the order of the two parts of the hypothesis. 

PROPOSITION 14. 

If a first magnitude have to a second the same ratio as a 
third has to a fourth, and the first be greater than the third, 
the second will also be greater than the fourth; if equal, equal; 
and if less, less. 

For let a first magnitude A have the same ratio to a 
second B as a third C has to a fourth D; and let A be 
greater than C; 
I say that B is also greater than D. 

A c 
B o 

For, since A is greater than C, 
and B is another, chance, magnitude, 
therefore A has to B a greater ratio than C has to B. [v. 8] 

But, as A is to B, so is C to D; 
therefore C has also to D a greater ratio than C has to B. 

[v. 13] 
But that to which the same has a greater ratio is less ; 

[v. 10] 

therefore D is less than B; 
so that B is greater than D. 
Similarly we can prove that, if A be equal to C, B will 

also be equal to D ; 
and, if A be less than C, B will also be less than D. 

Therefore etc. 



Algebraically, if a :b = c : d, 
then, according as a > = < <:, b> = <d. 

Simson adds the specific proof of the second and third parts of this 
proposition, which Euclid dismisses with "Similarly we can prove...." 

" Secondly, if A be equal to C, B is equal to D; for A is to B as C, that 
is A, is to D; 

therefore B is equal to D. [v. 9 ] 
Thirdly, if A be less than C, B shall be less than D. 
For C is greater than A ; 

and, because C is to D as A is to B, 
D is greater than B, by the first case. 

Wherefore B is less than D." 
Aristotle, Meteorol. in. 5, 376 a n — 1 4 , quotes the equivalent proposition 

that, if a>b, e>d. 

PROPOSITION 15. 

Parts have the same ratio as the same multiples of them 
taken in corresponding order. 

For let AB be the same multiple of C that DE is of F; 
I say that, as C is to F, so is AB to DE. 

» 2 H >b a . 

D< 5 H >E Fi . 

For, since AB is the same multiple of C that DE is of F, 
as many magnitudes as there are in AB equal to C, so many 
are there also in DE equal to F. 

Let AB be divided into the magnitudes AG, GH, HB 
equal to C, 
and DE into the magnitudes Z?/*', KL, LE equal to Z 7 ; 
then the multitude of the magnitudes AG, GH, HB will be 
equal to the multitude of the magnitudes DK, KL, LE. 

And, since A G. GH, HB are equal to one another, 
and DK, KL, LE are also equal to one another, 
therefore, as AG is to DK, so is GH to KL, and HB to LE. 

[ v - 7 ] 
Therefore, as one of the antecedents is to one of the 

consequents, so will all the antecedents be to all the 
consequents ; [v. 12] 

therefore, as AG is to DK, so is AB to DE. 
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But AG is equal to C and DK to F; 
therefore, as C is to F, so is AB to DE. 

Therefore etc. Q. E. D. 
Algebraically, a : b = ma : mb. 

PROPOSITION 16. 

If four magnitudes be proportional, they will also be 
proportional alternately. 

Let A, B, C, D be four proportional magnitudes, 
so that, as A is to B, so is C to D; 
I say that they will also be so alternately, that is, as A is 
to C, so is B to D. 

A c 

B O -

E' 1 1 1 G.I-

Fi 1 1 1 H -

For of A, B let equimultiples E, F be taken, 
and of C, D other, chance, equimultiples G, H. 

Then, since E is the same multiple of A that F is of B, 
and parts have the same ratio as the same multiples of 
them, [v. 15] 
therefore, as A is to B, so is E to F. 

But as A is to B, so is C to D; 
therefore also, as C is to D, so is E to F. [v. 1 1 ] 

Again, since G, H are equimultiples of C, D, 
therefore, as C is to D, so is G to H. [v. 15] 

But, as C is to D, so is E to F; 
therefore also, as E is to F, so is G to H. [v. n ] 

But, if four magnitudes be proportional, and the first be 
greater than the third, 

the second will also be greater than the fourth ; 
if equal, equal; 
and if less, less. [v. 14] 

Therefore, if E is in excess of G, F is also in excess of H, 
if equal, equal, 
and if less, less. 



Now E, F are equimultiples of A, B, 
and G, H other, chance, equimultiples of C, D ; 

therefore, as A is to C, so is B to D. [v. Def. 5] 
Therefore etc. 

Q. E . D. 

3. " Let A, B, C, D be four proportional magnitudes, so that, as A is to B, so is 
C to D." In a number of expressions like this it is absolutely necessary, when translating 
into English, to interpolate words which are not in the Greek. Thus the Greek here is : 
"EOTW rtaffapa ficytOq ivdXoyoy ret A, B, T, A, us to A x/ws to B, oiVwi to V vpat to A, 
literally " Let A, B, C, D be four proportional magnitudes, as A to B, so C to Z>." The 
same remark applies to the corresponding expressions in the next propositions, v. 17, 18, 
and to other forms of expression in v. 10—23 and later propositions : e.g. in V. 20 we have 
a phrase meaning literally 1 1 Let there be magnitudes...which taken two and two are in the 
same ratio, as A to B, so D to E," etc.: in v. 21 " (magnitudes)...which taken two and 
two are in the same ratio, and let the proportion of them be perturbed, as A to B, so 
E to F,v etc. In all such cases (where the Greek is so terse as to be almost ungrammatical) 
I shall insert the words necessary in English, without further remark. 

Algebraically, if a :b = c : d, 
then a : c = b : d. 

Taking equimultiples ma, mb of a, b, and equimultiples nc, nd of c, d, we 
have, by v. 15, 

a : b = ma : mb, 
c : d=nc : nd. 

And, since a : b = c : d, 
we have [v. 11 ] ma : mb = nc : nd. 

Therefore [v. 14], according as ma> = < nc, mb> = <nd,-
so that a : c = b : d. 

Aristotle tacitly uses the theorem in Meteorologica in. 5, 376 a 22—24. 
The four magnitudes in this proposition must all be of the same kind, and 

Simson inserts " of the same kind " in the enunciation. 

This is the first of the propositions of Eucl. v. which Smith and Bryant 
(Euclid's Elements of Geometry, 1901, pp. 298 sqq.) prove by means of VI. 1 
so far as the only geometrical magnitudes in question are straight lines or 
rectilineal areas; and certainly the proofs are more easy to follow than 
Euclid's. The proof of this proposition is as follows. 

To prove that, If Jour magnitudes of the same kind [straight lines or 
rectilineal areas] be proportionals, they will be proportionals when taken 
alternately. 

Let P, Q, R, S be the four magnitudes of the same kind such that 

P: Q = R:S; 
then it is required to prove that 

P: R = Q : S. 

First, let all the magnitudes be areas. 
Construct a rectangle abed equal to the area P, and to be apply the 

rectangle beef equal to Q. 
Also to ab, bf apply rectangles ag, bk equal to R, S respectively. 
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Then, since the rectangles ac, be have the same height, they are to one 
another as their bases. [vi. 1] 

Hence P: Q = ab : bf. 
But P:Q=P:& 
Therefore P : S = ab : bf, [v. 1 1 ] 

i.e. rect. ag : rect. bk = ab : bf. 
Hence (by the converse of vi. 1) the rect

angles ag, bk have the same height, so that k 
is on the line hg. 

Hence the rectangles ac, ag have the same 
height, namely ab; also be, bk have the same 
height, namely bf. 

Therefore rect. ac : rect. ag=bc : bg, 
and rect. be : rect. bk = bc : bg. [vi. 1] 

Therefore rect. ac : rect. ag= rect. be : rect. bk. [v. n ] 
That is, P:P=Q:S. 

Secondly, let the magnitudes be straight lines AB, BC, CD, DE. 
Construct the rectangles Ab, Be, Cd, De with the same height. 

I 

Then Ab : Be = AB : BC, 
and Cd: De=CD: DE. 

But AB : BC= CD : DE. 
Therefore Ab : Be = Cd : De. 
Hence, by the first case, 

Ab : Cd-^Bc : De, 
and, since these rectangles have the same height, 

AB : CD = BC : DE. 

[v.. . ] 

[v. 11] 

PROPOSITION 17 . 

If magnitudes be proportional componendo, they will also 
be proportional separando. 

Let AB, BE, CD, DF be magnitudes proportional com
ponendo, so that, as AB is to BE, so is CD to DF; 
I say that they will also be proportional separando, that is, 
as AE is to EB, so is CF to DF. 

For of AE, EB, CF, FD let equimultiples GH, HK, 
LM, MN be taken, 
and of EB, FD other, chance, equimultiples, KO, NP, 



Then, since GH is the same multiple of AE that HKis 
of EB, 
therefore GH is the same multiple of AE that GK is of AB. 

[v. , ] 

But GH is the same multiple of AE that LM is of CF; 
therefore GK is the same multiple of AB that LM is of CF. 

A E B c F 0 

q H K g 
L iy N p 

Again, since LM is the same multiple of CF that MN 
is of FD, 
therefore LM is the same multiple of CF that LN is of CD. 

[v. 1] 

But LM was the same multiple of CF that GK is of AB; 
therefore GK is the same multiple of AB that LN is of CD. 

Therefore GK, LN are equimultiples of AB, CD. 
Again, since HK is the same multiple of EB that MN is 

of FD, 
and AT? is also the same multiple of EB that NP is of FD, 

therefore the sum HO is also the same multiple of EB that 
J f f is of FD. [v. z] 

And, since, as AB is to BE, so is CZ? to DF, 
and of ^Z?, CD equimultiples GK, LN have been taken, 
and of EB, FD equimultiples HO, MP, 
therefore, if GK is in excess of HO, LN is also in excess of 
MP, 
if equal, equal, 
and if less, less. 

Let GK be in excess of HO; 
then, if HK be subtracted from each, 

GH is also in excess of KO. 
But we saw that, if GK was in excess of HO, LN was 

also in excess of MP ; 
therefore LN is also in excess of MP, 



and, if MN be subtracted from each, 
LM is also in excess of NP; 

so that, if GH is in excess of KO, LM is also in excess of 
NP. 

Similarly we can prove that, 
if GH be equal to KO, LM will also be equal to NP, 
and if less, less. 

And GH, LM are equimultiples of AE, CF, 
while KO, NP are other, chance, equimultiples of EB, FD ; 

therefore, as AE is to EB, so is CF to FD. 
Therefore etc. 

Q. E . D. 
Algebraically, if a : b = c : d, 

then (a-b) :b = (c-d) :d. 
I have already noted the somewhat strange use of the participles of 

o-vyKiitrOai and 8taipeu7t9at to convey the sense of the technical o-ivdto-is and 
Wpco-tf Xoyov, or what we denote by componendo and separando. iav 
o-vyKtifitva ptylOri dvdXoyov fj, ko.1 Siaiptdivra dvdXoyov lerrat is, literally, "if 
magnitudes compounded be proportional, they will also be proportional 
separated," by which is meant " if one magnitude made up of two parts is to 
one of its parts as another magnitude made up of two parts is to one of its 
parts, the remainder of the first whole is to the part of it first taken as the 
remainder of the second whole is to the part of it first taken." In the 
algebraical formula above a, c are the wholes and b, a-b and d, c-dare the 
parts and remainders respectively. The formula might also be stated thus : 

If a + b : b = c + d : d, 
then a : b = c : d, 
in which case a + b, c + d are the wholes and b, a and d, c the parts and 
remainders respectively. Looking at the last formula, we observe that 
"separated," SiaipSivTa, is used with reference not to the magnitudes a, b, c, d 
but to the compounded magnitudes a + b, b, c + d, d. 

As the proof is somewhat long, it will be useful to give a conspectus of it 
in the more symbolical form. To avoid minuses, we will take for the 
hypothesis the form 

a + b is to b as c + d is to d. 
Take any equimultiples of the four magnitudes a, b, c, d, viz. 

ma, mb, mc, md, 
and any other equimultiples of the consequents, viz. 

nb and nd. 
Then, by v. 1, m(a + b), m (c + d) are equimultiples of a + b, c + d, 
and, by v. 2, (m + n) b, (m + n)d are equimultiples of b, d. 
Therefore, by Def. 5, since a + b is to b as c + d is to d, 

according as m (a + b) > = <(« + ») b, m (c + d)> - <(m + n) d. 



PROPOSITION 18. 

If magnitudes be proportional separando, they will also be 
proportional componendo. 

Let AE, EB, CF, FD be magnitudes proportional 
separando, so that, as AE is 
to EB, so is CF to FD; A E B 

I say that they will also be ' 1

 Q 

proportional componendo, that e F - 1 5 
is, as AB is to BE, so is 
CD to FD. 

For, if CD be not to DF as AB to BE, 
then, as AB is to BE, so will CD be either to some 
magnitude less than DF or to a greater. 

First, let it be in that ratio to a less magnitude DG. 
Then, since, as AB is to BE, so is CD to DG, 

they are magnitudes proportional componendo; 
so that they will also be proportional separando. [v. 17] 

Therefore, as AE is to EB, so is CG to GD. 
But also, by hypothesis, 

as AE is to so is C / 7 to /*Z>. 
Therefore also, as CG is to GD, so is CF to FD. [v. n ] 
But the first CG is greater than the third CF; 

therefore the second GD is also greater than the fourth 
FD. [v. , 4 ] 

But it is also less : which is impossible. 
Therefore, as AB is to BE, so is not CD to a less 

magnitude than FD. 

Subtract from m (a + b), (m + n)b the common part mb, and from 
m (c + d), (m + n)d the common part md; and we have, 

according as ma> = <nb, mo = < nd. 
But MA, *w are any equimultiples of a, c, and nb, nd any equimultiples of 

b, d, 
therefore, by v. Def. 5, 

a is to b as c is to d. 
Smith and Bryant's proof follows, mutatis mutandis, their alternative proof 

of the next proposition (see pp. 1 7 3 — 4 below). 



Similarly we can prove that neither is it in that ratio to 
a greater; 

it is therefore in that ratio to FD itself. 
Therefore etc. 

Q. E. D. 

Algebraically, if a : b = c : d, 
then (a + b) : b = (c + d) : d. 

In the enunciation of. this proposition there is the same special use of 
Siriprj/iiva and awTcBivTa as there was of crvyKci'uu'a and Siaipidivra in the 
last enunciation. Practically, as the algebraical form shows, oijipij/i«Va might 
have been left out. 

The following is the method of proof employed by Euclid. 
Given tnat a : b = c : d, 

suppose, if possible, that 
(a+ 6) :b = (c + d): (d±x). 

Therefore, separando [v. 17] , 
a : b = (c + x) : (d±x), 

whence, by v. 1 1 , (c + x) : (d± x) = c : d. 
But (e-x)<e, while (d + x) > d. 
and (e + x) > c, while (d—x)< d, 

which relations respectively contradict v. 14. 
Simson pointed out (as Saccheri before him saw) that Euclid's demonstra

tion is not legitimate, because it assumes without proof that to any three 
magnitudes, two of which, at least, are of the same kind, there exists a fourth 
proportional. Clavius and, according to him, other editors made this an 
axiom. But it is far from axiomatic; it is not till vi. 12 that Euclid shows, 
by construction, that it is true even in the particular case where the three 
given magnitudes are all straight lines. 

In order to remove the defect it is necessary either (1) to prove beforehand 
the proposition thus assumed by Euclid or (2) to prove v. 18 independently 
of it. 

Saccheri ingeniously proposed that the assumed proposition should be 
proved, for areas and straight lines, by means of Euclid vi. 1, 2 and 12. As 
he says, there was nothing to prevent Euclid from interposing these proposi
tions immediately after v. 17 and then proving v. 18 by means of them, 
vi. 12 enables us to construct the fourth proportional when the three given 
magnitudes are straight lines; and vi. 12 depends only on vi. 1 and 2. 
" Now," says Saccheri, " when we have once found the means of constructing 
a straight line which is a fourth proportional to three given straight lines, we 
obviously have the solution of the general problem ' To construct a straight 
line which shall have to a given straight line the same ratio which two polygons 
have (to one another).'" For it is sufficient to transform the polygons into 
two triangles of equal height and then to construct a straight line which shall 
be a fourth proportional to the bases of the triangles and the given straight 
line. 

The method of Saccheri is, as will be seen, similar to that adopted by 
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Smith and Bryant {foe. eit.) in proving the theorems of Euclid v. 16, 17, 18, 22, 
so far as straight lines and rectilineal areas are concerned, by means of VI, 1. 

De Morgan gives a sketch of a general proof of the assumed proposition 
that, B being any magnitude, and P and Q two magnitudes of the same kind, 
there does exist a magnitude A which is to B in the same ratio as P to Q. 

" The right to reason upon any aliquot part of any magnitude is assumed; 
though, in truth, aliquot parts obtained by continual bisection would suffice: 
and it is taken as previously proved that the tests of greater and of less ratio 
are never both presented in any one scale of relation as compared with 
another" (see note on v. Def. 7 ad fin.). 

" ( 1 ) If M be to B in a greater ratio than Pto Q, so is every magnitude 
greater than M, and so are some less magnitudes; and if M be to B in 
a less ratio than P to Q, so is every magnitude less than M, and so are 
some greater magnitudes. Part of this is in every system : the rest is proved 
thus. If M be to B in a greater ratio than P to Q, say, for instance, we find 
that 15 A/ lies between 22Z? and 23/?, while i$P lies before 22 Q. Let \$Af 
exceed 22/? by Z; then, if N be less than M by anything less than the 15th 
part of Z, \$N is between 22Z? and 232?: or N, less than M, is in a greater 
ratio to B than P to Q. And similarly for the other case. 

(2) Mean certainly be taken so small as to be in a less ratio to B than 
P to Q, and so large as to be in a greater; and since we can never pass from 
the greater ratio back again to the smaller by increasing M, it follows that, 
while we pass from the first designated value to the second, we come upon an 
intermediate magnitude A such that every smaller is in a less ratio to B than 
P to Q, and every greater in a greater ratio. Now A cannot be in a less ratio 
to B than P to Q, for then some greater magnitudes would also be in a less 
ratio; nor in a greater ratio, for then some less magnitudes would be in a 
greater ratio; therefore A is in the same ratio to B as Pto Q. The previously 
proved proposition above mentioned shows the three alternatives to be the 
only ones." 

A l t e r n a t i v e p r o o f s o f V . 18. 

Simson bases his alternative on v. 5, 6. As the 18th proposition is the 
converse of the 17th, and the latter is proved by means of v. 1 and 2, of 
which v. 5 and 6 are converses, the proof of v. 18 by v. 5 and 6 would be 
natural; and Simson holds that Euclid must have proved v. 18 in this way 
because "the 5th and 6th do not enter into the demonstration of any 
proposition in this book as we have it, nor can they be of any use in any 
proposition of the Elements," and "the 5th and 6th have undoubtedly been 
put into the 5th book for the sake of some propositions in it, as all the other 
propositions about equimultiples have been." 

Simson's proof is however, as it seems to me, intolerably long and difficult 
to follow unless it be put in the symbolical form as follows. 

Suppose that a is to b as c is to d; 

it is required to prove that a + b is to b as c + d is to d. 

Take any equimultiples of the last four magnitudes, say 

m(a + b), mb, m (e + d), md, 

and any equimultiples of b, d, as 
nb, nd. 



Clearly, if nb is greater than mb, 
nd is greater thati md; 

if equal, equal; and if less, less. 

I Suppose nb not greater than mb, so that nd is also not greater than md. 
Now m (a + b) is greater than mb: 

therefore m (a + b) is greater than nb. 
Similarly m(c + d) is greater than nd. 

I I . Suppose nb greater than mb. 
Since m (a + b), mb, m(c + d), md are equimultiples of (a + b), b, (c + d), d, 

ma is the same multiple of a that m (a + b) is of (a + b), 
and ««• is the same multiple of c that m (c + d) is of (c + d), 
so that « a , mc are equimultiples of a, c. [v. 5] 

Again nd are equimultiples of d, 
and so are OTA, md; 

therefore (n-m)b, (n-m)d are equimultiples of b, d and, whether n-m 
is equal to unity or to any other integer [v. 6], it follows, by Def. 5, that, 
since a, b, e, d are proportionals, 
if ma is greater than (n - m) b, 
then mc is greater than (n-m)d; 

if equal, equal; and if less, less. 

(1) If now m (a + b) is greater than nb, subtracting mb from each, we have 
ma is greater than (n-m)b; 

therefore mc is greater than (n - m) d, 
and, if we add md to each, 

m (c + d) is greater than nd. 

(2) Similarly it may be proved that, 
if m (a + is equal to nb, 
then m(c + d) is equal to «a", 
and (3) that, if m (a + ^) is less than »A, 
then m(c + d) is less than nd. 

But (under I. above) it was proved that, in the case where nb is not 
greater than mb, 

m(a + b) is always greater than nb, 
and m(c + d) is always greater than nd. 

Hence, whatever be the values of m and n, m (c + d) is always greater than, 
equal to, or less than nd according as m(a + b) is greater than, equal to, or 
less than nb. 

Therefore, by Def. 5, 
a + b is to b as c + a* is to d. 

Todhunter gives the following short demonstration from Austin (Exami
nation of the first six books of Euclid's Elements). 

" Let AE be to EB as CF is to FD: 
AB shall be to BE as CD is to DF. 
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For, because AE is to EB as CF is to ED, 
therefore, alternately, 

AE is to CEas EB is to ED. [v. 16] 
And, as one of the antecedents is to its consequent, so is the sum of the 

antecedents to the sum of the consequents: [v. 12] 
therefore, as EB is to ED, so are AE, EB together to CF, 

FD together; 
that is, AB is to CD as EB is to FD. 
Therefore, alternately, 

AB is to BE as CD is to FD." 
The objection to this proof is that it is only valid in the case 

where the proposition v. 16 used in it is valid, i.e. where all four 
magnitudes are of the same kind. 

Smith and Bryant's proof avails where all four magnitudes 
are straight lines, where all four magnitudes are rectilineal areas, 
or where one antecedent and its consequent are straight lines and the other 
antecedent and its consequent rectilineal areas. 

Suppose that A : B = C : D. 

First, let all the magnitudes be areas. 
Construct a rectangle abed equal to A, and to be apply the rectangle beef 

equal to B. 
Also to ab, bf apply the rectangles ag, bk 

equal to C, D respectively. 
Then, since the rectangles ac, be have equal 

heights be, they are to one another as their 

d 

bases. [vi. 1] 
Hence ab:bf= rect. ac: rect. be 

= A:B 
= C:D 
= rect. ag: rect. bk. 

Therefore [vi. 1, converse] the rectangles ag, bk have the same height, so 
that k is on the straight line kg. 

Hence A + B :B = rec t ae: rect. be 
= af:bf 
= rect. ak : rect. bk 
= C+D-.D. 

Secondly, let the magnitudes A, B be straight lines and the magnitudes 
C, D areas. 

Let ab, bf he equal to the straight lines A, B, and to ab, bf apply the 
rectangles ag, bk equal to C, D respectively. 

Then, as before, the rectangles ag, bk have the same height. 
Now A + B:B = af:bf 

= rect. ak: rect. bk 
= C + D:D. 

Thirdly, let all the magnitudes be straight lines. 
Apply to the straight lines C, D rectangles P, Q having the same height. 
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Then P: Q 
Hence, by the second case, 

ArB-.B 
Also P+Q: Q 
Therefore A+B-.B 

PROPOSITION 19 

If, as a whole is to a whole, so is a part subtracted to a 
part subtracted, the remainder will also be to the remainder 
as whole to whole. 

For, as the whole AB is to the whole CD, so let the 
part AE subtracted be to the part CF 
subtracted; 
I say that the remainder EB will also be A — - + 8 

to the remainder FD as the whole AB to c r o 
the whole CD. 

For since, as AB is to CD, so is AE 
to CF, 
alternately also, as BA is to AE, so is DC to CF. [v. 16] 

And, since the magnitudes are proportional componendo, 
they will also be proportional separando, [v. 17] 
that is, as BE is to EA, so is DF to CF, 
and, alternately, 

as BE is to DF, so is EA to FC. [v. 16] 

But, as AE is to CF, so by hypothesis is the whole AB 
to the whole CD. 

Therefore also the remainder EB will be to the remainder 
FD as the whole AB is to the whole CD. [v. n ] 

Therefore etc. 

[PORISM. From this it is manifest that, if magnitudes be 
proportional componendo, they will also be proportional 
converlendo.] 

0. E. D. 

Algebraically, if a : b = c: d (where c < a and d < b), then 
(a-c):(b-d)=a:b. 

The " Porism " at the end of this proposition is led up to by a few lines 
which Heiberg brackets because it is not Euclid's habit to explain a 
Porism, and indeed a Porism, from its very nature, should not need any 

C:D. 

P+Q-.Q. 
C+£>.£>. 
C+D-.D. 

[vi- A 



PROPOSITION 20. 

If there be three magnitudes, and others equal to them in 
multitude, which taken two and two are in the same ratio, and 
if ex aequali the first be greater than the third, the fourth will 
also be greater than the sixth; if equal, equal; and, if less, less. 

explanation, being a sort of by-product appearing without effort or trouble, 
dirpoy/IATCVTW? (Proclus, p. 303, 6). But Heiberg thinks that Simson does 
wrong in finding fault with the argument leading to the "Porism," and that 
it does contain the true demonstration of conversion of a ratio. In this it 
appears to me that Heiberg is clearly mistaken, the supposed proof on the 
basis of Prop. 19 being no more correct than the similar attempt to prove the 
inversion of a ratio from Prop. 4. The words are : " And since it was 
proved that, as AB is to CD, so is EB to ED, 

alternately also, as AB is to BE, so is CD to FD: 
therefore magnitudes when compounded are proportional. 

But it was proved that, as BA is to AE, so is DC to CF, and this is 
convertendo." 

It will be seen that this amounts to proving from the hypothesis a:b = c:d 
that the following transformations are simultaneously true, viz.: 

a: a — c = b : b — d, 
and a:c=b:d. 

The former is not proved from the latter as it ought to be if it were intended 
to prove conversion. 

The inevitable conclusion is that both the "Porism" and the argument 
leading up to it are interpolations, though no doubt made, as Heiberg says, 
before Theon's time. 

The conversion of ratios does not depend upon v. 19 at all but, as Simson 
shows in his Proposition E (containing a proof already given by Clavius), on 
Props. 17 and 18. Prop. E is as follows. 

If four magnitudes be proportionals, they are also proportionals by conversion, 
that is, the first is to its excess above the second as the third is to 
its excess above the fourth. 

Let AB be to BE as CD to DF: A 

then BA is to AE as DC to CF. 
Because AB is to BE as CD to DF, 

by division [separando], 
AE is to EB as CF to FD, [v. 17] 

and, by inversion, B 

BE is to EA as Z>^to FC. 
[Simson's Prop. B directly obtained from v. Def. 5] 

Wherefore, by composition [componendo], 
BA is to AE as DC to CF. [v. 18] 



A D -

B E -
C F-

For, since A is greater than C, 
and B is some other magnitude, 
and the greater has to the same a greater ratio than the less 
has, [v. 8] 
therefore A has to B a greater ratio than C has to B. 

But, as A is to B, so is D to E, 
and, as C is to B, inversely, so is F to E j 
therefore D has also to E a. greater ratio than F has to E. [v. 13] 

But, of magnitudes which have a ratio to the same, that 
which has a greater ratio is greater; [v. 10] 

therefore D is greater than F 
Similarly we can prove that, if A be equal to C, D will 

also be equal to F; and if less, less. 
Therefore etc. 

Q. E. D. 

Though, as already remarked, Euclid has not yet given us any definition 
of compounded ratios, Props. 20—23 contain an important part of the theory 
of such ratios. The term "compounded ratio" is not used, but the propositions 
connect themselves with the definitions of ex aequali in its two forms, the 
ordinary form defined in Def. 17 and that called perturbed proportion in 
Def. 18. The compounded ratios dealt with in these propositions are those 
compounded of successive ratios in which the consequent of one is the 
antecedent of the next, or the antecedent of one is the consequent of 
the next. 

Prop. 22 states the fundamental proposition about the ratio ex aequali in 
its ordinary form, to the effect that, 

if a is to b as d is to e, 
and b is to c as e is t o / , 
then a is to c as d is to / 

Let there be three magnitudes A, B, C, and others 
D, E, F equal to them in multitude, which taken two and 
two are in the same ratio, so that, 

as A is to B, so is D to E, 
and as B is to C, so is E to F; 
and let A be greater than C ex aequali; 
I say that D will also be greater than F; if A is equal to C, 
equal; and, if less, less. 
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with the extension to any number of such ratios; Prop. 23 gives the 
corresponding theorem for the case of perturbed proportion, namely that, 

if a is to b as e is to / , 
and b is to c as d is to e, 
then a is to c as d is to f. 

Each depends on a preliminary proposition, Prop. 22 on Prop. 20 and 
Prop. 23 on Prop. 21. The course of the proof will be made most clear by 
using the algebraic notation. 

The preliminary Prop. 20 asserts that, 
if a : b = d : e, 
and b:c = e:f, 

then, according as « > = <<:, d> = <./. 
For, according as a is greater than, equal to, or less than c, 

the ratio a : b is greater than, equal to, or less than the ratio c: b, [v. 8 or v. 7] 
or (since d :e = a:b, 

and e:b=/:e) 
the ratio d: e is greater than, equal to, or less than the ratio / : e, 

[by aid of v. 13 and v. 1 1 ] 
and therefore d is greater than, equal to, or less than / [v. 10 or v. 9] 

It is next proved in Prop. 22 that, by v. 4, the given proportions can be 
transformed into 

ma : nb = md: tie, 
and nb : pc = ne : pf, 

whence, by v. 20, 
according as ma is greater than, equal to, or less than pc, 

md is greater than, equal to, or less than pf, 
so that, by Def. 5, 

a:c = d:f. 
Prop. 23 depends on Prop. 21 in the same way as Prop. 22 on Prop. 20, 

but the transformation of the ratios in Prop. 23 is to the following: 
(1) ma:mb = ne: tip 

(by a double application of v. 15 and by v. n ) , 
(2) mb : nc = md: ne 

(by v. 4, or equivalent steps), 
and Prop. 21 is then used. 

Simson makes the proof of Prop. 20 slightly more explicit, but the main 
difference from the text is in the addition of the two other cases which Euclid 
dismisses with " Similarly we can prove." These cases are 

" Secondly, let A be equal to C; then shall D be equal to F. 
Because A and C are equal to one another, 

A is to B as C is to B. [v. 7] 
But A is to B as D is to E, 
and C is to B as F is to E, 

wherefore D is to E as Fto E; [v. 1 1 ] 
and therefore D is equal to F. [v. 9] 



Next, let A be less than C; then shall D be less than F. 
For C is greater than A, 

and, as was shown in the first case, 
C i s to B as Fxo E, 

and, in like manner, 
B is to A as E to D; 

therefore F is greater than D, by the first case; and therefore D is less 
than F." 

PROPOSITION 21. 

If there be three magnitudes, and others equal to them in 
multitude, which taken two and two together are in the same 
ratio, and the proportion of them be perturbed, then, if ex 
aequali the first magnitude is greater than the third, the 
fourth will also be greater than the sixth; if equal, equal; 
and if less, less. 

Let there be three magnitudes A,B,C, and others D, E, F 
equal to them in multitude, which taken two and two are in 
the same ratio, and let the proportion of them be perturbed, 
so that, 

as A is to B, so is E to F, 
and, as B is to C, so is D to E, 
and let A be greater than C ex aequali; 
I say that D will also be greater than F; if A is equal to 
C, equal; and if less, less. 

A D 

B E 

C F 

For, since A is greater than C, 
and B is some other magnitude, 
therefore A has to B a greater ratio than C has to B. [v. 8] 

But, as A is to B, so is E to F, 
and, as C is to B, inversely, so is E to D. 
Therefore also E has to F a greater ratio than E has to D. 

[v- n\ 
But that to which the same has a greater ratio is less; 

[v. 10] 

therefore F is less than D ; 
therefore D is greater than F. 
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Similarly we can prove that, 
if A be equal to C, D will also be equal to F; 

and if less, less. 
Therefore etc. Q. E. D. 

Algebraically, if a:b = e:f, 
and b :c = d:e, 

then, according as a > = <f, d •> = </. 
Simson's alterations correspond to those which he makes in Prop. 20. After 
the first case he proceeds thus. 

"Secondly, let A be equal to C; then shall D be equal to F. 
Because A and C are equal, 

A is to B as C is to B. \v. 7] 
But A is to B as E is to F, 

and C is to B as E is to D: 
wherefore E is to Fa& E to D, [v. n ] 

and therefore D is equal to F. [v. 9] 
Next, let A be less than C; then shall D be less than F. 
For C is greater than A, 

and, as was shown,' 
C is to B as E to Z>, 

and, in like manner, 
B is to A as Fxo E; 

therefore i^is greater than Z>, by the first case, 
and therefore D is less than F." 

The proof may be shown thus. 
According as o > = <f , a :b> = <c:b. 

But a :b = e :/, and, by inversion, c:b = e:d. 
Therefore,according as a > = <f , e:/> = <e:d, 

and therefore d > = </. 

PROPOSITION 22. 
If there be any number of magnitudes whatever, and others 

equal to them in multitude, which taken two and two together 
are in the same ratio, they will also be in the same ratio ex 
aequali. 

Let there be any number of magnitudes A, B, C, and 
others D, E, F equal to them in multitude, which taken two 
and two together are in the same ratio, so that, 

as A is to B, so is D to E, 
and, as B is to C, so is E to F; 
I say that they will also be in the same ratio ex aequali, 

< that is, as A is to C, so is D to F>. 



Q 1 K ' ' M 1 
H 1 J . • 1 N 1 

Then, since, as A is to B, so is D to E, 
and of A, D equimultiples G, H have been taken, 
and of B, E other, chance, equimultiples K, L, 

therefore, as G is to K, so is H to L. [v. 4] 
For the same reason also, 

as K is to M, so is L to N. 
Since, then, there are three magnitudes G, K, M, and 

others H, L, N equal to them in multitude, which taken two 
and two together are in the same ratio, 
therefore, ex aequali, if G is in excess of M, H is also in excess 
o f /V; 
if equal, equal; and if less, less. [v. 20] 

And G, H are equimultiples of A, D, 
and M, N other, chance, equimultiples of C, F. 
Therefore, as A is to C, so is D to F. [v. Def. 5] 
Therefore etc. 

Q. E. D. 

Euclid enunciates this proposition as true of any number of magnitudes 
whatever forming two sets connected in the manner described, but his proof is 
confined to the case where each set consists of three magnitudes only. The 
extension to any number of magnitudes is, however, easy, as shown by 
Simson. 

"Next let there be four magnitudes A, B, C, D, and other four E, F, G, H, 
which two and two have the same ratio, viz.: 

as A is to B, so is E to F, 
and as B is to C, so is Fxo G, 
and as C is to D, so is G to If; 

A shall be to D as E to H. 
Because A, B, C are three magnitudes, and E, F, G other three, which 

taken two and two have the same ratio, 
by the foregoing case, 

A is to C as E to G. 

A B C D 

E F Q H 

For of A, D let equimultiples G, H be taken, 
and of B, E other, chance, equimultiples K, L ; 
and, further, of C, F other, chance, equimultiples M, N. 

A . B c 
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But C is to D as G is to H; 
wherefore again, by the first case, 

A is to D as E to H. 
And so on, whatever be the number of magnitudes." 

PROPOSITION 23. 

If there be three magnitudes, and others equal to them in 
multitude, which taken two and two together are in the same 
ratio, and the proportion of them be perturbed, they will also 
be in the same ratio ex aequali. 

Let there be three magnitudes A, B, C, and others equal 
to them in multitude, which, taken two and two together, are 
in the same proportion, namely D, E, F; and let the propor
tion of them be perturbed, so that, 

as A is to B, so is E to F, 
and, as B is to C, so is D to E; 
I say that, as A is to C, so is D to F. 

A B — c — 
D E F" 

Q 1 1 H 1 1 L — 

K 1 1 M 1 N1-

Of A, B, D let equimultiples G, H, K be taken, 
and of C, E, F other, chance, equimultiples L, M, N. 

Then, since G, H are equimultiples of A, B, 
and parts have the same ratio as the same multiples of 
them, [v. 15] 

therefore, as A is to B, so is G to H. 
F o r the same reason also, 

as E is to F, so is M to N. 
And, as A is to B, so is £ to F; 

therefore also, as G is to H, so is M to N. [v. n ] 
Next, since, as B is to C, so is D to E, 

alternately, also, as B is to D, so is C to £. [v. 16] 
And, since H, K are equimultiples of B, D, 

and parts have the same ratio as their equimultiples, 
therefore, as B is to D, so is H to K. [v. 15] 



But, as B is to D, so is C to E; 
therefore also, as H is to K, so is C to E. [v. 11 ] 

Again, since L, M are equimultiples of C, E, 
therefore, as C is to E, so is L to M. [v. 15] 

But, as C is to E, so is H to A*; 
therefore also, as TV is to K, so is L to J / , [v. 1 1 ] 

and, alternately, as H is to L, so is K to [v. 16] 
But it was also proved that, 

as 67 is to H, so is M to N. 
Since, then, there are three magnitudes 67, H, L, and 

others equal to them in multitude K, M, N, which taken two 
and two together are in the same ratio, 
and the proportion of them is perturbed, 
therefore, ex aequali, if 67 is in excess of Z , K is also in excess 
oiN; 
if equal, equal; and if less, less. [v. 21] 

And 67, K are equimultiples of A, D, 
and Z , N of C, F. 

Therefore, as A is to C, so is D to F. 
Therefore etc. 

Q. E. D. 

There is an important difference between the version given by Simson of 
one part of the proof of this proposition and that found in the Greek text of 
Heiberg. Peyrard's MS. has the version given by Heiberg, but Simson's 
version has the authority of other MSS. The Basel editio princeps gives both 
versions (Simson's being the first). After it has been proved by means of 
v. 15 and v. 11 that, 

as G is to H, so is M to N, 
or, with the notation used in the note on Prop. 20, 

ma : mb = ne : nf, 
it has to be proved further that, 

as H is to Z, so is K to M, 
or mb :nc= md: ne, 

and it is clear that the latter result may be directly inferred from v. 4. The 
reading translated by Simson makes this inference : 

" And because, as B is to C, so is D to E, 
and H, K are equimultiples of B, D, 
and Z, M of C, E, 

therefore, as Zj*"is to Z, so is AT to M." [v. 4] 
The version in Heiberg's text is not only much longer (it adopts the 

roundabout method of using each of three Propositions v. 1 1 , 15, 16 twice 



over), but it is open to the objection that it uses v. 16 which is only applicable 
if the four magnitudes are of the same kind; whereas v. 23, the proposition 
now in question, is not subject to this restriction. 

Simson rightly observes that in the last step of the proof it should be 
stated that " G, K are any equimultiples whatever of A, D, and Z, JV any 
whatever of C, F." 

He also gives the extension of the proposition to any number of magnitudes, 
enunciating it thus: 

" If there be any number of magnitudes, and as many others, which, taken 
two and two, in a cross order, have the same ratio; the first shall have to the 
last of the first magnitudes the same ratio which the first of the others has to 
the last"; 
and adding to the proof as follows: 

"Next, let there be four magnitudes A, B, C, D, and other four £, F, G, H, 
which, taken two and two in a cross order, have the same ratio, viz.: 

A to B as G to ZZ, 
B to C as F to G, 

and C to D as E to F; 
then A is to D as £ to H. 
Because A, B, C are three magnitudes, and F, G, H other three which, 

taken two and two in a cross order, have the same ratio, 
by the first case, A is to C as Fto ZZ. 

But C is to Z> as £ is to F; 
wherefore again, by the first case, 

A is to D as £ to ZZ. 
And so on, whatever be the number of magnitudes." 

PROPOSITION 24. 

If a first magnitude have to a second the same ratio as a 
third has to a fourth, and also a fifth have to the second the 
same ratio as a sixth to the fourth, the first and fifth added 
together will have to the second the same ratio as the third and 
sixth have to the fourth. 

Let a first magnitude AB have to a second C the same 
ratio as a third DE has to a 
fourth F; A g G 
and let also a fifth BG have to 0 
the second C the same ratio as D i H 
a sixth EH has to the fourth F 
F; 
I say that the first and fifth added together, A G, will have 
to the second C the same ratio as the third and sixth, DH, 
has to the fourth F. 

A B c 0 
E F Q H 



Therefore etc. Q. E. D. 

Algebraically, if a:c = d:f, 
and b:c-e:f, 
then (a + b):c=(d+e):f. 

This proposition is of the same character as those which precede the 
propositions relating to compounded ratios; but it could not be placed earlier 
than it is because v. 22 is used in the proof of it. 

Inverting the second proportion to 
c: b =/: e, 

it follows, by v. 22, that a:b = d:e, 
whence, by v. 18, (a + b): b = (d + e) : e, 
and from this and the second of the two given proportions we obtain, by a 
fresh application of v. 22, 

(a + b):c=(d+e):f. 
The first use of v. 22 is important as showing that the opposite process to 

compounding ratios, or what we should now call division of one ratio by 
another, does not require any new and separate propositions. 

Aristotle tacitly uses v. 24 in combination with v. 11 and v. 16, Meteorologica 
in. 5, 376 a 22—26. 

Simson adds two corollaries, one of which (Cor. 2) notes the extension to 
any number of magnitudes. 

" T h e proposition holds true of two ranks of magnitudes whatever be their 
number, of which each of the first rank has to the second magnitude the same 
ratio that the corresponding one of the second rank has to a fourth magnitude; 
as is manifest." 

Simson's Cor. 1 states the corresponding proposition to the above with 
separando taking the place of componendo, viz., that corresponding to the 
algebraical form 

(a-b):c=(d-e):f. 
"COR. 1. If the same hypothesis be made as in the proposition, the 

excess of the first and fifth shall be to the second as the excess of the third 
and sixth to the fourth. The demonstration of this is the same with that of 
the proposition if division be used instead of composition." That is, we use 
v. 17 instead of v. 18, and conclude that 

{a-b) :b = (d-e):e. 

For since, as BG is to C, so is EH to F, 
inversely, as C is to BG, so is F to EH. 

Since, then, as AB is to C, so is DE to F, 
and, as C is to BG, so is Z 7 to EH, 

therefore, ex aequali, as AB is to Z?(7, so is DE to Z 7 / / . [v. 22] 
And, since the magnitudes are proportional separando, they 

will also be proportional componendo ; [v. 18] 
therefore, as A G is to GB, so is DH to HE. 

But also, as BG is to C, so is Z 7 / / to F; 
therefore, ex aequali, as A G is to C, so is Z ? / / to Z 7 . [v. 22] 



PROPOSITION 25, 

// four magnitudes be proportional, the greatest and the 
least are greater than the remaining two. 

Let the four magnitudes AB, CD, E, F be proportional 
so that, as AB is to CD, so is E to 
F, and let AB be the greatest of them 
and F the least; A Q B 
I say that AB, F are greater than E 

CD, E. H D 

c • 
For let AG be made equal to E, F , 

and CH equal to F. 
Since, as AB is to CD, so is E 

to F, 
and E is equal to A G, and F to CH, 

therefore, as AB is to CD, so is A G to CH. 
And since, as the whole AB is to the whole CD, so is 

the part AG subtracted to the part CH subtracted, 
the remainder GB will also be to the remainder HD as 

the whole AB is to the whole CD. [v. 19] 
But AB is greater than CD ; 

therefore GB is also greater than HD. 
And, since A G is equal to E, and CH to F, 

therefore AG, Fare equal to CH, E. 
And if, GB, HD being unequal, and GB greater, AG, F 

be added to GB and CH, E be added to HD, 
it follows that AB, F are greater than CD, E. 
Therefore etc. 

Q. E. D. 

Algebraically, if a :b-c:d, 
and a is the greatest of the four magnitudes and d the least, 

a + d > b + c. 
Simson is right in inserting a word in the setting-out, "let AB be the 

greatest of them and < consequently > F the least." This follows from the 
particular case, really included in Def. 5, which Simson makes the subject of 
his proposition A, the case namely where the equimultiples taken are once the 
several magnitudes. 

The proof is as follows. 
Since a :b = c:d, 

a-c:b — d=a:b. [v. 19] 



But a > b; therefore (a - c) > (b - d). [v. 16 and 14] 
Add to each (c + d); 

therefore (a + d)> (b + c). 
There is an important particular case of this proposition, which is, 

however, not mentioned here, viz. the case where b = c. The result shows, in 
this case, that the arithmetic mean between two magnitudes is greater than 
their geometric mean. The truth of this is proved for straight lines in vi.- 27 
by " geometrical algebra," and the theorem forms the 8iopta/ios for equations 
of the second degree. 

Simson adds at the end of Book v. four propositions, F, G, H, K, which, 
however, do not seem to be of sufficient practical use to justify their inclusion 
here. But he adds at the end of his notes to the Book the following 
paragraph which deserves quotation word for word. 

"The 5th book being thus corrected, I most ie.idily agree to what the 
learned Dr Barrow says, 'that there is nothing in the whole boiiy of the 
elements of a more subtile invention, nothing more solidly established, and 
more accurately handled than the doctrine of proportionals.' And there is 
some ground to hope that geometers will think that this could not have been 
said with as good reason, since Theon's time till the present." 

Simson's claim herein will readily be admitted by all readers who are 
competent to form a judgment upon his criticisms and elucidations of Book v. 



BOOK VI. 

I N T R O D U C T O R Y N O T E . 

The theory of proportions has been established in Book v. in a perfectly 
general form applicable to all kinds of magnitudes (although the representation 
OF magnitudes by straight lines gives it a geometrical appearance); it is now 
necessary to apply the theory to the particular case of geometrical investigation. 
The only thing still required in order that this may be done is a proof OF the 
existence of such a magnitude as bears to any given finite magnitude any 
given finite ratio; and this proof is supplied, so far as regards the subject 
matter of geometry, by vi. 12 which shows how to construct a fourth pro
portional to three given straight lines. 

A few remarks on the enormous usefulness of the theory of proportions 
to geometry will not be out of place. We have already in Books I. and II. 
made acquaintance with one important part of what has been well called 
geometrical algebra, the method, namely, of application of areas. We have 
seen that this method, working by the representation of products of two 
quantities as rectangles, enables us to solve some particular quadratic equations. 
But the limitations of such a method are obvious. So long as general 
quantities are represented by straight lines only, we cannot, if our geometry 
is plane, deal with products of more than two such quantities; and, even 
by the use of three dimensions, we cannot work with products of more 
than three quantities, since no geometrical meaning could be attached to 
such a product. This limitation disappears so soon as we can represent any 
general quantity, corresponding to what we denote by a letter in algebra, by 
a ratio; and this we can do because, on the general theory of proportion 
established in Book v., a ratio may be a ratio of two incommensurable 
quantities as well as of commensurables. Ratios can be compounded ad 
infinitum, and the division of one ratio by another is equally easy, since it is 
the same thing as compounding the first ratio with the inverse of the second. 
Thus e.g. it is seen at once that the coefficients in a quadratic of the most 
general form can be represented by ratios between straight lines, and the 
solution by means of Books 1. and n. of problems corresponding to quadratic 
equations with particular coefficients can now be extended to cover any 
quadratic with real roots. As indicated, we can perform, by composition of 
ratios, the operation corresponding to multiplying algebraical quantities, and 
this to any extent. We can divide quantities by compounding a ratio with 
the inverse of the ratio representing the divisor. For the addition and 
subtraction of quantities we have only to use the geometrical equivalent of 
bringing to a common denominator, which is effected by means of the fourth 
proportional. 



D E F I N I T I O N S . 

i . Similar rectilineal figures are such as have their 
angles severally equal and the sides about the equal angles 
proportional. 

[2 . Reciprocally related figures. See note.'] 

3. A straight line is said to have been cut in extreme 
and mean ratio when, as the whole line is to the greater 
segment, so is the greater to the less. 

4. The height of any figure is the perpendicular drawn 
from the vertex to the base. 

DEFINITION I. 

O/uota c\rjfjLaTa tvOvypafi/xd lariv, oo*a TAS TC yoivtas uras Kara p.iav Kal 
TAS irfpi TOLS 10-as yoWas irXtvpa.% dvdXoyov. 

This definition is quoted by Aristotle, Anal. post. 11. 17, 99 a 13, where 
he says that similarity (TO op.01.ov) in the case of figures "consists, let us say 
(10-u)?), in their having their sides proportional and their angles equal." The 
use of the word To-ios may suggest that, in Aristotle's time, this definition had 
not quite established itself in the text-books (Heiberg, Mathematisches zu 
Aristoteles, p. 9). 

It was pointed out in Van Swinden's Elements of Geometry (Jacobi's 
edition, 1834, pp. 114—5) that Euclid omits to state an essential part of the 
definition, namely that "the corresponding sides must be opposite to equal 
angles," which is necessary in order that the corresponding sides may follow 
in the same order in both figures. 

At the same time the definition states more than is absolutely necessary, 
for it is true to say that two polygons are similar when, if the sides and angles 
are taken in the same order, the angles are equal and the sides about the equal 
angles are proportional, omitting 

(1) three consecutive angles, 

or (2) two consecutive angles and the side common to them, 
o r (3) two consecutive sides and the angle included by them, 

and making no assumption with regard to the omitted sides and angles. 

Austin objected to this definition on the ground that it is not obvious that 
the properties (1) of having their angles respectively equal and (2) of having 
the sides about the equal angles proportional can co-exist in two figures; but, 
a definition not being concerned to prove the existence of the thing defined, 
the objection falls to the ground. We are properly left to satisfy ourselves as 
to the existence of similar figures in the course of the exposition in Book vi., 
where we learn how to construct on any given straight line a rectilineal figure 
similar to a given one (vi. 18). 

http://op.01.ov
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• 

DEFINITION 2. 
The Greek text gives here a definition of reciprocally related figures 

(imnrnrovodra ax/jfara). " [Two] figures are reciprocally related when there 
are in each of the two figures antecedent and consequent ratios" ("Ai'TI7R«jroi'6'dTa 
o€ axqfjbaTCL io~Tivt orav iv CKartpw T W (T)erffJiilTW yyovpcvoi T« Kal t-n-ofxtvoi Xoyot 
<!o-iv). No intelligible meaning can be attached to "antecedent and con
sequent ratios " here; the sense would require rather " an antecedent and a 
consequent of (two equal) ratios in each figure." Hence Candalla and 
Peyrard read Xoymv opoi ("terms of ratios") instead of Adyoi. Camerer reads 
Xoyo>v without dpot. But the objection to the definition lies deeper. It is 
never used; when we come, in vi. 14, 15, x i . 34 etc. to parallelograms, 
triangles etc. having the property indicated, they are not called " reciprocal" 
parallelograms etc., but parallelograms etc. "the sides of which are reciprocally 
proportional," mv avratardvOaaiv 01 rktupaL Hence Simson appears to be 
right in condemning the definition; it may have been interpolated from Heron, 
who has it. 

Simson proposes in his note to substitute the following definition. "Two 
magnitudes are said to be reciprocally proportional to two others when one 
of the first is to one of the other magnitudes as the remaining one of the last 
two is to the remaining one of the first." This definition requires that the 
magnitudes shall be all of the same kind. 

DEFINITION 3 . 

"Axpov Kal fxftrnv Xoyov tvOtia TiTfirjo~&ai Aeycrcu, orav rj ws 7/ oXtj 77009 TO 
/itifov Tfirjfia, ovrui? TO p-iifyv irpos TO iXarrov. 

DEFINITION 4. 

*Yî os COT! 7RAKROS o"^»//LtaTos y diro T7S Kopvtftrjs iirl TT}I> fidaiv KA^cTOs 
dyo/xivr). 

The definition of "height" is not found in Campanus and is perhaps 
rightly suspected, since it does not apply in terms to parallelograms, parallele
pipeds, cylinders and prisms, though it is used in the Elements with reference 
to these latter figures. Aristotle does not appear to know altitude (ityos) in 
the mathematical sense; he uses KaOirot of triangles (Meteorologica in. 3, 
373 a 11) . The term is however readily understood, and scarcely requires 
definition. 

[DEFINITION 5. 

Adyos Ik \6ymv o~vyK(to-8ai Acycrat, OTav 01 T W Xdyutv rniAucdnrrcs tip' cavrds 
7roAAa7rAao'ia0'0€«rai TTOCWO-I riva. 

"A ratio is said to be compounded of ratios when the sizes (mjAocdrirrcs) of 
the ratios multiplied together make some (? ratio, or size)."J 

As already remarked (pp. 116, 132), it is beyond doubt that this definition 
of ratio is interpolated. It has little MS. authority. The best MS. (P; only has 
it in the margin; it is omitted altogether in Campanus' translation from the 

file:///6ymv
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Arabic; and the other MSS. which contain it do not agree in the position 
which they give to it. There is no reference to the definition in the place 
where compound ratio is mentioned for the first time (vi. 23), nor anywhere 
else in Eucl id; neither is it ever referred to by the other great geometers, 
Archimedes, Apollonius and the rest. It appears to be only twice mentioned 
at all, (1 ) in the passage of Eutocius referred to above (p. 116) and (2) by 
Theon in his commentary on Ptolemy's o-wrafis. Moreover the content of 
the definition is in itself suspicious. It speaks of the "sizes of ratios being 
multiplied together (literally, into themselves)," an operation unknown to 
geometry. There is no wonder that Eutocius, and apparently Theon also, in 
their efforts to explain it, had to give the word irijAiKorr/s a meaning which has 
no application except in the case of such ratios as can be expressed by 
numbers (Eutocius e.g. making it the "number by which the ratio is called"). 
Nor is it surprising that Wallis should have found it necessary to substitute 
for the " quantitas " of Commandinus a different translation, " quantuplicity," 
which he said was represented by the "exponent of the ratio" (rationis ex-
ponens), what Peletarius had described as "denominatio ipsae proportionis" 
and Clavius as "denominator." The fact is that the definition is ungeometrical 
and useless, as was already seen by Savile, in whose view it was one of the 
two blemishes in the body of geometry (the other being of course Postulate 5). 

It is right to add that Hultsch (art. "Eukleides" in Pauly-Wissowa's Real-
Encyclopadie der elassisehen Altertumswissensehaft) thought the definition 
genuine. His grounds are (1) that it stood in the iraA<u& CKSOO-I? repre
sented by P (though P has it in the margin only) and (2) that some ex
planation on the subject must have been given by way of preparation for 
vi. 23, while there is nothing in the definition which is inconsistent with the 
mode of statement of vi. 23. If the definition is after all genuine, I should 
be inclined to regard it as a mere survival from earlier textbooks, like the first 
of the two alternative definitions of a solid angle (xi . Def. 1 1 ) ; for its form 
seems to suit the old theory of proportion, applicable to commensurable 
magnitudes only, better than the generalised theory of Eudoxus. 



BOOK VI. PROPOSITIONS. 

PROPOSITION I. 

Triangles and parallelograms which are under the same 
height are to one another as their bases. 

Let ABC, A CD be triangles and EC, CF parallelograms 
under the same height; 

5 I say that, as the base BC is to the base CD, so is the 
triangle ABC to the triangle A CD, and the parallelogram 
EC to the parallelogram CF. 

E A F 

/ / / / \ / \ >v 
H Q B C O K L 

For let BD be produced in both directions to the points 
H, L and let [any number of straight lines] BG, GH be 

io made equal to the base BC, and any number of straight lines 
DK, KL equal to the base CD; 

let AG, AH, AK, AL be joined. 
Then, since CB, BG, GH are equal to one another, 
the triangles ABC, AGB, AHG are also equal to one 

is another. [i. 38] 
Therefore, whatever multiple the base HC is of the base 

BC, that multiple also is the triangle AHC of the triangle 
ABC. 

For the same reason, 
20 whatever multiple the base LC is of the base CD, that 

multiple also is the triangle ALC of the triangle ACD; 
and, if the base HC is equal to the base CL, the triangle 
AHC is also equal to the triangle ACL, [i- 3 8 ] 



if the base HC is in excess of the base CL, the triangle AHC 
25 is also in excess of the triangle ACL, 

and, if less, less. 
Thus, there being four magnitudes, two bases BC, CD 

and two triangles ABC, A CD, 
equimultiples have been taken of the base BC and the 

30 triangle ABC, namely the base HC and the triangle AHC, 
and of the base CD and the triangle ADC other, chance, equi
multiples, namely the base LC and the triangle ALC; 

and it has been proved that, 
if the base HC is in excess of the base CL, the triangle AHC 

35 is also in excess of the triangle ALC; 
if equal, equal; and, if less, less. 

Therefore, as the base BC is to the base CD, so is the 
triangle ABC to the triangle ACD. [v. Def. 5] 

Next, since the parallelogram EC is double of the triangle 

and the parallelogram FC is double of the triangle ACD, 
while parts have the same ratio as the same multiples of 

therefore, as the triangle ABC is to the triangle ACD, so is 
45 the parallelogram EC to the parallelogram FC. 

Since, then, it was proved that, as the base BC is to CD, 
so is the triangle ABC to the triangle A CD, 
and, as the triangle ABC is to the triangle ACD, so is the 
parallelogram EC to the parallelogram CF, 

50 therefore also, as the base BC is to the base CD, so is the 
parallelogram EC to the parallelogram FC. [v. n ] 

Therefore etc. 

4. Under the same height. The Greek text has "under the same height AC," with 
a figure in which the side A C common to the two triangles is perpendicular to the base and 
is therefore itself the "height." But, even if the two triangles are placed contiguously so as 
to have a common side A C, it is quite gratuitous to require it to be perpendicular to the base. 
Theon, on this occasion making an improvement, altered to "which are (6Vra) under the 
same height, (namely) the perpendicular drawn from A to BD." I have ventured to alter so 
far as to omit "AC" and to draw the figure in the usual way. 

14. A B C , A G B , A H G . Euclid, indifferent to exact order, writes "AHG,AGB, ABC." 
46. Since then it was proved that, as the base B C is to CD, so is the triangle 

A B C to the triangle A C D . Here again words have to be supplied in translating the 
extremely terse Greek iirel olr iittx^v, 4* tf* V i* t« l Br rpbs TJ)» TA, oDrm TO ABr 
rptyuror Tpbs T6 ArA rplywvov, literally " since was proved, as the base BC to CD, so the 
triangle ABC to the triangle ACD." Cf. note on v. 16, p. 165. 

4 0 ABC, [I. 41] 

them, [v- 15] 

Q. E . D. 
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The proof assumes—what is however an obvious deduction from 1. 38— 
that, of triangles or parallelograms on unequal bases and between the same 
parallels, the greater is that which has the greater base. 

It is of course not necessary that the two given triangles should have a 
common side, as in the figure; the proof is just as easy if they have not. 
The proposition being equally true of triangles and parallelograms of equal 
heights, Simson states this fact in a corollary thus: 

" From this it is plain that triangles and parallelograms that have equal 
altitudes are to one another as their bases. 

Let the figures be so placed as to have their bases in the same straight 
line; and, if we draw perpendiculars from the vertices of the triangles to the 
bases, the straight line which joins the vertices is parallel to that in which 
their bases are, because the perpendiculars are both equal and parallel to one 
another [1. 33]. Then, if the same construction be made as in the proposition, 
the demonstration will be the same." 

The object of placing the bases in one straight line is to get the triangles 
and parallelograms within the same parallels. Cf. Proclus' remark on 1. 38 
(p. 405, 17) that having the same height is the same thing as being in the 
same parallels. 

Rectangles, or right-angled triangles, which have one of the sides about 
the right angle of the same length can be placed so that the equal sides 
coincide and the others are in a straight line. If then we call the common 
side the base, the rectangles or the right-angled triangles are to one another 
as their heights, by vi. 1. Now, instead of each right-angled triangle or 
rectangle, we can take any other triangle or parallelogram respectively with an 
equal base and between the same parallels. Thus 

Triangles and parallelograms having equal bases are to one another as their 
heights. 

I.egendre and those authors of modern text-books who follow him in 
basing their treatment of proportion on the algebraical definition are obliged 
to divide their proofs of propositions like this into two parts, the first of 
which proves the particular theorem in the case where the magnitudes are 
commensurable, and the second extends it to the case where they are 
incommensurable. 

Legendre (Eliments de Geometric, III. 3) uses for this extension a rigorous 
method by reductio ad absurdum similar to that 
used by Archimedes in his treatise On the 
equilibrium of planes, 1. 7. The following is 
Legendre's proof of the extension of vi. 1 to in
commensurable parallelograms and bases. 

The proposition having been proved for 
commensurable bases, let there be two rectangles 
ABCD, AEFD as in the figure, on bases AB, 
AE which are incommensurable with one another. 

To prove that rect ABCD: rect AEFD = AB: AE. 
For, if not, let rect ABCD: rect. AEFD = AB : AO, (1) 

where AO is (for instance) greater than AE. 
Divide AB into equal parts each of which is less than EO, and mark off 

on AO lengths equal to one of the parts; then there will be at least one point 
of division between £ and O. 

Let it be I, and draw IK parallel to EF. 
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Then the rectangles ABCD, AIKD are in the ratio of the bases AB, A I, 
since the latter are commensurable. 

Therefore, inverting the proportion, 
rect. AIKD : rect. ABCD = AI: AB (2). 

From this and (1), ex aequali, 
rect. AIKD : rect. AEFD = AI:AO. 

But A O > AI; therefore rect. AEFD > rect. AIKD. 
But this is impossible, for the rectangle AEFD is less than the rectangle 

AIKD. 
Similarly an impossibility can be proved if AO < AE. 
Therefore rect. ABCD : rect. AEFD * AB : AE. 
Some modern American and German text-books adopt the less rigorous 

method of appealing to the theory of limits. 

PROPOSITION 2. 

If a straight line be drawn parallel to one of the sides of a 
triangle, it will cut the sides of the triangle proportionally ; 
and, if the sides of the triangle be cut proportionally, the line 
joining the points of section will be parallel to the remaining 
side of the triangle. 

For let DE be drawn parallel to BC, one of the sides of 
the triangle ABC; 
I say that, as BD is to DA, so is CE to 
EA. 

For let BE, CD be joined. 
Therefore the triangle BD E is equal to 

the triangle CDE; 
for they are on the same base DE and in 
the same parallels DE, BC. [1. 38] 

And the triangle ADE is another area. 
But equals have the same ratio to the same; [v. 7] 

therefore, as the triangle BDE is to the triangle ADE, so 
is the triangle CDE to the triangle ADE. 

But, as the triangle BDE is to ADE, so is BD to DA ; 
for, being under the same height, the perpendicular drawn 
from E to AB, they are to one another as their bases, [vi. 1] 

For the same reason also, 
as the triangle CDE is to ADE, so is CE to EA. 

Therefore also, as BD is to DA, so is CE to EA. [v. 11] 
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Again, let the sides AB, AC of the triangle ABC be cut 
proportionally, so that, as BD is to DA, so is CE to EA ; 
and let DE be joined. 

I say that DE is parallel to BC. 
For, with the same construction, 

since, as BD is to DA, so is CE to EA, 
but, as BD is to DA, so is the triangle BDE to the triangle 
ADE, 
and, as CM is to so is the triangle CDE to the triangle 
ADE, [vi. I] 
therefore also, 

as the triangle BDE is to the triangle ADE, so is the 
triangle CDE to the triangle ADE. [v. n ] 

Therefore each of the triangles BDE, CDE has the same 
ratio to ADE. 

Therefore the triangle BDE is equal to the triangle CDE; 
[v. 9] 

and they are on the same base DE. 
But equal triangles which are on the same base are also 

in the same parallels. [i. 39] 
Therefore DE is parallel to BC. 
Therefore etc. 

Q. E. D. 

Euclid evidently did not think it worth while to distinguish in the 
enunciation, or in the figure, the cases in which the parallel to the base cuts 
the other two sides produced (a) beyond the point in which they intersect, 
(b) in the other direction. Simson gives the three figures and inserts words 
in the enunciation, reading "it shall cut the other sides, or those sides produced, 
proportionally" and "if the sides, or the sides produced, be cut proportionally." 

Todhunter observes that the second part of the enunciation ought to 
make it clear which segments in the proportion correspond to which. Thus 
e.g., if AD were double of DB, and CE double of EA, the sides would be 
cut proportionally, but DE would not be parallel to BC. The omission 
could be supplied by saying "and if the sides of the triangle be cut 
proportionally so that the segments adjacent to the third side are corresponding 
terms in the proportion." 

PROPOSITION 3. 

If an angle of a triangle be bisected and the straight line 
cutting the angle cut the base also, the segments of the base 
will have the same ratio as the remaining sides of the triangle; 
and, if the segments of the base have the same ratio as the 



remaining sides of the triangle, the straight line joined from 
the vertex to the point of section will bisect the angle of the 
triangle. 

Let ABC be a triangle, and let the angle BA C be bisected 
by the straight line AD ; 
I say that, as BD is to CD, so 
is BA to AC. 

For let CE be drawn through 
C parallel to DA, and let BA 
be carried through and meet it 
at E. 

Then, since the straight line 
A C falls upon the parallels AD, 
EC, 

the angle ACE is equal to the angle CAD. [i. 29] 
But the angle CAD is by hypothesis equal to the angle 

BAD; 
therefore the angle BAD is also equal to the angle ACE. 

Again, since the straight line BAE falls upon the parallels 
AD, EC, 

the exterior angle BAD is equal to the interior angle 
AEC. [1. 29] 

But the angle ACE was also proved equal to the angle 

therefore the angle A CE is also equal to the angle AEC, 
so that the side AE is also equal to the side AC. [1. 6] 
And, since AD has been drawn parallel to EC, one of 

the side;> of the triangle BCE, 
therefore, proportionally, as BD is to DC, so is BA to AE. 

But AE is equal to AC; ty*] 
therefore, as BD is to DC, so is BA to AC. 

Again, let BA be to AC as BD to DC, and let AD be 
joined; 
I say that the angle BA C has been bisected by the straight 
line AD. 

For, with the same construction, 
since, as BD is to DC, so is BA to AC, 
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and also, as BD is to DC, so is BA to AE: for AD has 
been drawn parallel to EC, one of the sides of the triangle 
BCE: [vi. 2] 

therefore also, as BA is to AC, so is BA to AE. [v. n ] 
Therefore A C is equal to AE, [v. 9] 

so that the angle AEC is also equal to the angle ACE. [1. 5] 
But the angle AEC is equal to the exterior angle BAD, 

[1.29] 
and the angle ACE is equal to the alternate angle CAD; [id.] 

therefore the angle BAD is also equal to the angle CAD. 
Therefore the angle BA C has been bisected by the straight 

line AD. 
Therefore etc. 

Q. E. D. 

The demonstration assumes that CE will meet BA produced in some 
point E. This is proved in the same way as it is proved in VI. 4 that BA, ED 
will meet if produced. The angles ABD, BDA in the figure of VI. 3 are 
together less than two right angles, and the angle BDA is equal to the angle 
BCE, since DA, CE are parallel. Therefore the angles ABC, BCE are 
together less than two right angles; and BA, CE must meet, by 1. Post. 5. 

The corresponding proposition about the segments into which BC is 
divided externally by the bisector of the external angle at A when that 
bisector meets BC produced (i.e. when the sides AB, AC are not equal) is 
important. Simson gives it as a separate proposition, A, noting the fact that 
Pappus assumes the result without proof (Pappus, vn. p. 730, 24). 

The best plan is however, as De Morgan says, to combine Props. 3 and A 
in one proposition, which may be enunciated thus: If an angle of a triangle 
be bisected internally or externally by a straight line which cuts the opposite side 
or the opposite side produced, the segments of that side will have the same ratio 
as the other sides of the triangle; and, if a side of a triangle be divided internally 
or externally so that its segments have the same ratio as the other sides of the 
triangle, the straight line drawn from the point of section to the angular point 
which is opposite to the first mentioned side will bisect the interior or exterior angle 
at that angular point. 

Let AC be the smaller of the two sides AB, AC, so that the bisector AD 
of the exterior angle at A may meet BC produced beyond C. Draw CE 
through C parallel to DA, meeting BA in E. 

Then, if EA C is the exterior angle bisected by AD in the case of external 
bisection, and if a point E is taken on AB in the figure of vi. 3, the proof of 
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vi. 3 can be used almost word for word for the other case. We have only to 
speak of the angle " F A C " for the angle " BAC," and of the angle " FAD" 
for the angle "BAD " wherever they occur, to say "let BA, or BA produced, 
meet CF in E," and to substitute " BA or BA produced" for '"BAE" 
lower down. 

If AD, AE be the internal and external bisectors of the angle A in a 
triangle of which the sides AB, AC are unequal, AC being the smaller, and 
if AD, AE meet BC and BC produced in D, E respectively, 

the ratios of BD to DC and of BE to EC are alike equal to the ratio of 
BA to AC. 

Therefore BE is to EC as BD to DC, 
that is, BE is to EC as the difference between BE and ED is to the 
difference between ED and EC, 
whence BE, ED, EC are in harmonic progression, or DE is a harmonic mean 
between BE and EC, or again B, D, C, E is a harmonic range. 

Since the angle DAC is half of the angle BAC, 
and the angle CAE half of the angle CAE, 

while the angles BAC, CAE are equal to two right angles, 
the angle DAE is a right angle. 

Hence the circle described on DE as diameter passes through A. 
Now, if the ratio of BA to A C is given, and if BC is given, the points 

D, E on BC and BC produced are given, and therefore so is the circle on 
D, E as diameter. Hence the locus of a point such that its distances from two 
given points are in a given ratio (not being a ratio of equality) is a circle. 

This locus was discussed by Apollonius in his Plane Loci, Book n., as we 
know from Pappus (vn. p. 666), who says that the book contained the 
theorem that, if from two given points straight lines inflected to another 
point are in a given ratio, the point in which they meet will lie on either a 
straight line or a circumference of a circle. The straight line is of course the 
locus when the ratio is one of equality. The other case is quoted in the 
following form by Eutocius (Apollonius, ed. Heiberg, n. pp. 180—4). 

Given two points in a plane and a proportion between unequal straight lines, 
it is possible to describe a circle in the plane so that the straight lines inflected 

from the given points to the circumference of the circle shall have a ratio the 
same as the given one. 

Apollonius' construction, as given by Eutocius, is remarkable because he 
makes no use of either of the points D, E. He finds O, the centre of the 
required circle, and the length of" its radius directly from the data 2?C and the 
given ratio which we will call h: k. But the construction was not discovered 
by Apollonius; it belongs to a much earlier date, since it appears in exactly 
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the same form in Aristotle, Meteorologica in. 5, 376 a 3 sqq. The 
analysis leading up to the construction is, as usual, not given either by 
Aristotle or Eutocius. We are told to take three straight lines x, CO (a 
length measured along BC produced beyond C, where B, C are the points at 
which the greater and smaller of the inflected lines respectively terminate), 
and r, such that, if A: k be the given ratio and h > k, 

B D C O ( E ) 

This determines the position of O, and the length of r, the radius of the 
required circle. The circle is then drawn, any point P is taken on it and 
joined to B, C respectively, and it is proved that 

PB: PC=h:k. 

We may conjecture that the analysis proceeded somewhat as follows. 
It would be seen that B, C are " conjugate points " with reference to the 

circle on DE as diameter. (Cf. Apollonius, Conies, I. 36, where it is proved, 
in terms, for a circle as well as for an ellipse and a hyperbola, that, if the 
polar of B meets the diameter DE in C, then EC: CD = EB : BD.) 

If O be the middle point of DE, and therefore the centre of the circle, 
D, E may be eliminated, as in the Conies, 1. 37, thus. 

Since EC: CD = EB : BD, 

it follows that EC + CD: EC- CD = EB + BD : EB~BD, 

or 20D.20C=20B-.2OD, 

that is, BO.OC= OD2 = r*, say. 

If therefore P be any point on the circle with centre O and radius r, 

BO:OP=OP: OC, 

so that BOP, POC are similar triangles. 

In addition, h:k=BD: DC= BE :.EC 
= BD + BE : DE = BO : r. 

Hence we require that 
BO:r = r:OC=BP:PC=h:k (8) 

Therefore, alternately, 
k:CO = h:r, 

which is the second relation in (/3) above. 
Now assume a length x such that each of the last ratios is equal to x: BC, 

as in (/}). 



PROPOSITION 4. 

In equiangular triangles the sides about the equal angles 
are proportional, and those are corresponding sides which 
subtend the equal angles. 

Then x:BC = k: CO = h:r. 

Therefore x + k: BO = h:r, 
and, alternately, x + k: h - BO: r 

= h:k, from (8) above; 
and this is the relation (a) which remained to be found. 

Apollonius' proof of the construction is given by Eutocius, who begins by 
saying that it is manifest that r is a mean proportional between BO and OC. 
This is seen as follows . 

From (/?) we derive 
x:BC=k: CO = A:r = (k + x): BO, 

whence BO :r=(A + x):A 

= h:k, by (a), 
= r:CO, by (,8), 

and therefore r 2 = BO. CO. 

But the triangles BOP, POC have the angle at 0 common, and, since 
BO: OP = OP: OC, the triangles are similar and the angles OPC, OBP 
are equal. 

[Up to this point Aristotle's proof is exactly the same; from this point it 
diverges slightly.] 

If now CL be drawn parallel to BP meeting OP in L, the angles BPC 
L CP are equal also. 

Therefore the triangles BPC, PCL are similar, and 
BP:PC=PC:CL, 

whence BP1: PC = BP:CL 
= BO: OC, by parallels, 

= BO*: OP1 (since BO :OP=OP: OC). 
Therefore BP:PC=BO:OP 

= h:k (for OP=r). 

[Aristotle infers this more directly from the similar triangles POB, COP. 
Since these triangles are similar, 

OP: CP= OB: BP, 
whence BP: PC = BO : OP 

= h:k.} 
Apollonius proves lastly, by reductio ad absurdunt, that the last equation 

cannot be true with reference to any point P which is not on the circle so 
described. 



Let ABC, DCE be equiangular triangles having the 
angle ABC equal to the angle 
DCE, the angle BAC to the 
angle CDE, and further the angle 
ACS to the angle CED ; 
I say that in the triangles ABC, 
DCE the sides about the equal 
angles are proportional, and those 
are corresponding sides which 
subtend the equal angles. 

For let BC be placed in a 
straight line with CE. 

Then, since the angles ABC, ACB are less than two right 
angles, [1. 1 7 ] 
and the angle A CB is equal to the angle DEC, 
therefore the angles ABC, DEC are less than two right 
angles; 
therefore BA, ED, when produced, will meet. [1. Post. 5 ] 

Let them be produced and meet at E. 
Now, since the angle DCE is equal to the angle ABC, 

BE is parallel to CD. [1. 2 8 ] 
Again, since the angle ACB is equal to the angle DEC, 

AC is parallel to EE. [1. 2 8 ] 
Therefore FA CD is a parallelogram ; 

therefore FA is equal to DC, and AC to FD. [1. 3 4 ] 
And, since AC has been drawn parallel to EE, one side 

of the triangle FBE, 
therefore, as BA is to AF, so is BC to CE. [vi. 2 ] 

But AF is equal to CD; 
therefore, as BA is to CD, so is BC to CE, 

and alternately, as AB is to BC, so is DC to CE. [v. 1 6 ] 
Again, since CD is parallel to BE, 

therefore, as BC is to CE, so is FD to DE. [vi. 2 ] 
But FD is equal to AC; 

therefore, as BC is to CE, so is A C to DE, 
and alternately, as BC is to CA, so is CE to ED. [v. 1 6 ] 



and, 

Since then it was proved that, 
as AB is to BC, so is DC to CE, 

., as BC is to CA, so is CE to ED; 
therefore, ex aequali, as i L 4 is to AC, so is CD to [v. 2 2 ] 

Therefore etc. 

Todhunter remarks that " the manner in which the two triangles are to be 
placed is very imperfectly described; their bases are to be in the same straight 
line and contiguous, their vertices are to be on the same side of the base, and 
each of the two angles which have a common vertex is to be equal to the 
remote angle of the other triangle." But surely Euclid's description is 
sufficient, except for not saying that B and D must be on the same side 

vi. 4 can be immediately deduced from vi. 2 if we superpose one triangle 
on the other three times in succession, so that each angle successively 
coincides with its equal, the triangles being similarly situated, e.g. if (A, B, C 
and D, E, F being the equal angles respectively) we apply the angle DEE to 
the angle ABC so that D lies on AB (produced if necessary) and Fori BC 
(produced if necessary). Be Morgan prefers this method. " Abandon," he 
says, " the peculiar mode of construction by which Euclid proves two cases at 
once; make an angle coincide with its equal, and suppose this process repeated 
three times, one for each angle." 

If two triangles have their sides proportional, the triangles 

Let ABC, DEE be two triangles having their sides 
proportional, so that, 

as AB is to BC, so is DE to EE, 

and further, as BA is to AC, so is ED to DE; 
I say that the triangle ABC is equiangular with the triangle 
DEE, and they will have those angles equal which the corre
sponding sides subtend, namely the angle ABC to the angle 
DEE, the angle BCA to the angle EED, and further the 
angle BAC to the angle EDF. 

For on the straight line EE, and at the points E, E on 
it, let there be constructed the angle EEG equal to the angle 
ABC, and the angle EEG equal to the angle ACB; [1. 2 3 ] 

Q. E. D. 

of BCE. 

PROPOSITION 5. 

as BC is to CA, so is EE to FD, 
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therefore the remaining angle at A is equal to the remaining 
angle at G. [1. 3 2 ] 

Therefore the triangle ABC is equiangular with the 
triangle GEF. 

Therefore in the triangles ABC, GEF the sides about 
the equal angles are proportional, and those are corresponding 
sides which subtend the equal angles ; [vi. 4 ] 

therefore, as AB is to BC, so is GE to EE. 
But, as AB is to BC, so by hypothesis is DE to EE; 
therefore, as DE is to EE, so is GE to EF. [v. n ] 
Therefore each of the straight lines DE, GE has the 

same ratio to EE; 
therefore DE is equal to GE. [v. 9 ] 

For the same reason 
DE is also equal to GE. 

Since then DE is equal to EG, 
and EF is common, 
the two sides DE, EF are equal to the two sides GE, EF; 

and the base DE is equal to the base EG ; 
therefore the angle DEE is equal to the angle GEF, [i 8 ] 
and the triangle DEE is equal to the triangle GEF, 
and the remaining angles are equal to the remaining angles, 
namely those which the equal sides subtend. [1. 4 ] 

Therefore the angle DEE is also equal to the angle GEE, 
and the angle EDF to the angle EGF. 
And, since the angle FED is equal to the angle GEF, 

while the angle GEF is equal to the angle ABC, 
therefore the angle ABC is also equal to the angle DEF. 



For the same reason 
the angle A CB is also equal to the angle DFE, 

and further, the angle at A to the angle at D; 
therefore the triangle ABC is equiangular with the triangle 

DBF. 
Therefore etc. 

Q. E. D. 

This proposition is the complete converse, vi. 6 a partial converse, of VI. 4 . 
Todhunter, after Walker, remarks that the enunciation should make it 

clear that the sides of the triangles taken in order are proportional. It is quite 
possible that there should be two triangles ABC, DEFsuz\\ that 

AB is to ^ C a s DE to EF, 
and BC is to CA as DF is to ED (instead of EFlo FD), 
so that AB is to AC as DFlo EF 

{ex aequali in perturbed proportion); 
in this case the sides of the triangles are proportional, but not in the same 
order, and the triangles are not necessarily equiangular to one another. For a 
numerical illustration we may suppose the sides of one triangle to be 3 , 4 and 
5 feet respectively, and those of another to be 12 , 15 and 2 0 feet respectively. 

In vi. 5 there is the same apparent avoidance of indirect demonstration 
which has been noticed on 1. 4 8 . 

PROPOSITION 6. 

If two triangles have one angle equal to one angle and the 
sides about the equal angles proportional, the triangles will be 
equiangular and will have those angles equal which the corre
sponding sides subtend. 

Let ABC, DEF be two triangles having one angle BAC 
equal to one angle EDF and the sides about the equal angles 
proportional, so that, 

as BA is to AC, so is ED to DE; 
I say that the triangle ABC is equiangular with the triangle 
DEF, and will have the angle ABC equal to the angle DEF, 
and the angle A CB to the angle DFE. 

For on the straight line DE, and at the points D, F on it, 
let there be constructed the angle FDG equal to either of the 
angles BA C, EDF, and the angle DFG equal to the angle 
ACB; [ 1 . 2 3 ] 

therefore the remaining angle at .5 is equal to the remaining 
angle at G. [1. 3 J ] 



Therefore ED is equal to DG; [v. 9 ] 
and DF is common ; 

therefore the two sides ED, DFare equal to the two sides 
GD, DF; and the angle EDF is equal to the angle GDF; 

therefore the base EF is equal to the base GE, 

and the triangle DEF is equal to the triangle DGF, 

and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend. [1. 4 ] 

Therefore the angle DFG is equal to the angle DFE, 
and the angle DGF to the angle DEF. 
But the angle DFG is equal to the angle ACB; 

therefore the angle A CB is also equal to the angle DFE. 

And, by hypothesis, the angle BAC is also equal to the 
angle EDF; 

therefore the remaining angle at B is also equal to the 
remaining angle at E ; [1. 3 2 ] 

therefore the triangle ABC is equiangular with the triangle 
DEF. 

Therefore etc. 

Therefore the triangle ABC is equiangular with the 
triangle DGF. 

Therefore, proportionally, as BA is to AC, so is GD to 
DF. ' 1 " [vi. 4 ] 

But, by hypothesis, as BA is to AC, so also is ED to DF; 
therefore also, as ED is to DF, so is GD to DF. [v. n ] 



PROPOSITION 7. 

If two triangles have one angle equal to one angle, the 
sides about other angles proportional, and the remaining angles 
either both less or both not less than a right angle, the triangles 
will be equiangular and will have those angles equal, the sides 
about which are proportional. 

Let ABC, DEF be. two triangles having one angle equal 
to one angle, the angle BAC to 
the angle EDF, the sides about 
other angles ABC, DEF propor
tional, so that, as AB is to BC, 
so is DE to EF, and, first, each 
of the remaining angles at C, F 
less than a right angle ; 

I say that the triangle ABC is 
equiangular with the triangle 
DEF, the angle ABC will be 
equal to the angle DEF, and the remaining angle, namely 
the angle at C, equal to the remaining angle, the angle 
at F. 

For, if the angle ABC is unequal to the angle DEF, one 
of them is greater. 

Let the angle ABC be greater ; 
and on the straight line AB, and at the point B on it, let the 
angle ABG be constructed equal to the angle DEF. [1. 2 3 ] 

Then, since the angle A is -equal to D, 
and the angle ABG to the angle DEF, 
therefore the remaining angle A GB is equal to the remaining 
angle DFE. [1. 3 2 ] 

Therefore the triangle ABG is equiangular with the 
triangle DEF. 

Therefore, as AB is to BG, so is DE to EF [vi. 4 ] 
But, as DE is to EF, so by hypothesis is AB to BC; 

therefore AB has the same ratio to each of the straight 
lines BC, BG; [v. n ] 

therefore BC is equal to BG, [v. 9 ] 
so that the angle at C is also equal to the angle BGC. [1. 5 ] 



But, by hypothesis, the angle at C is less than a right 
angle; 
therefore the angle BGC is also less than a right angle; 
so that the angle AGB adjacent to it is greater than a right 
angle. [1. 1 3 ] 

And it was proved equal to the angle at F; 
therefore the angle at F is also greater than a right angle. 

But it is by hypothesis less than a right angle : which is 
absurd. 

Therefore the angle ABC is not unequal to the angle 
DEF; 
therefore it is equal to it. 

But the angle at A is also equal to the angle at D ; 
therefore the remaining angle at C is equal to the remaining 
angle at F. [1. 3 2 ] 

Therefore the triangle ABC is equiangularwith the triangle 
DEF. 

But, again, let each of the angles at C, F be supposed not 
less than a right angle; 
I say again that, in this case too, the 
triangle ABC is equiangular with the 
triangle DEF. 

For, with the same construction, 
we can prove similarly that 

BC is equal to BG ; 
so that the angle at C is also equal to 
the angle BGC. [1. 5 ] 

But the angle at C is not less than a right angle; 
therefore neither is the angle BGC less than a right angle. 

Thus in the triangle BGC the two angles are not less 
than two right angles : which is impossible. [1. 1 7 ] 

Therefore, once more, the angle ABC is not unequal to 
the angle DEF; 
therefore it is equal to it. 

But the angle at A is also equal to the angle at D; 
therefore the remaining angle at C is equal to the remaining 
angle at F. [1. 3 2 ] 
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Therefore the triangle ABC is equiangular with the triangle 
DEF. 

Therefore etc. 
Q. E. D. 

Todhunter points out, after Walker, that some more words are necessary 
to make the enunciation precise: " I f two triangles have one angle equal to one 
angle, the sides about other angles proportional <so that the sides subtending 
the equal angles are homologous>...." 

This proposition is the extension to similar triangles of the ambiguous case 
already mentioned as omitted by Euclid in relation to equality of triangles in 
all respects (cf. note following 1. 2 6 , Vol. 1. p. 3 0 6 ) . The enunciation of vi. 7 
has suggested the ordinary method of enunciating the ambiguous case where 
equality and not similarity is in question. Cf. Todhunter's note on 1. 2 6 . 

Another possible way of presenting this proposition is given by Todhunter. 
T h e essential theorem to prove i s : 

If two triangles have two sides of the one proportional to two sides of the 
other, and the angles opposite to one pair of corresponding sides equal, the angles 
which are opposite to the other pair of corresponding sides shall either be equal or 
be together equal to two right angles. 

For the angles included by the proportional sides must be either equal or 
unequal. 

I f they are equal, then, since the triangles have two angles of the one 
equal to two angles of the other, respectively, they are equiangular to one 
another. 

We have therefore only to consider the case in which the angles included 
by the proportional sides are unequal. 

The proof is, except at the end, like that of vi. 7. 
Let the triangles ABC, DEF have the angle at A equal to the angle at D; 

let AB be to BC as DE to EF, 
but let the angle ABC be not equal to the angle DEF. 

A 
T h e angles ACB, DFE shall be together equal to two right angles. 
For one of the angles ABC, DEF must be the greater. 
Let ABC be the greater; and make the angle ABG equal to the angle 

DEF. 
Then we prove, as in vi. 7, that the triangles ABG, DEF ate: equiangular, 

whence 
AB is to BG as DE is to EF 

But AB is to BC as DE is to EF, by hypothesis. 
Therefore BG is equal to BC, 

and the angle BGC is equal to the angle BCA. 



Now, since the triangles ABG, DEF~aie equiangular, 
the angle BGA is equal to the angle EFD. 

Add to them respectively the equal angles BGC, BCA; therefore the 
angles BCA, EFD are together equal to the angles BGA, BGC, i.e. to two 
right angles. 

I t follows therefore that the angles BCA, EFD must be either equal or 
supplementary. 

But ( i ) , if each of them is less than a right angle, they cannot be 
supplementary, and they must therefore be equal; 

( 2 ) if each of them is greater than a right angle, they cannot be 
supplementary and must therefore be equal; 

( 3 ) if one of them is a right angle, they are supplementary and also equal. 

Simson distinguishes the last case ( 3 ) in his enunciation: "then, if each of 
the remaining angles be either less or not less than a right angle, or if one of 
them be a right angle..." 

T h e change is right, on the principle of restricting the conditions to the 
minimum necessary to enable the conclusion to be inferred. Simson adds a 
separate proof of the case in which one of the remaining angles is a right 
angle. 

" Lastly, let one of the angles at C, F, viz. the angle at C, be a right angle; 
in this case likewise the triangle ABC 
is equiangular to the triangle DEF. 

For, if they be not equiangular, 
make, at the point B of the straight 
line AB, the angle ABG equal to the 
angle DEF; then it may be proved, 
as in the first case, that BG is equal 
to BC. 

But the angle BCG is a right 
angle; 
therefore the angle BGC is also a 
right angle; 
whence two of the angles of the tri
angle BGC are together not less than 
two right angles: which is impossible. 

Therefore the triangle ABC is equiangular to the triangle DEF." 

PROPOSITION 8. 

If in a right-angled triangle a perpendicular be drawn 
from the right angle to the base, the triangles adjoining the 
perpendicular are similar both to the whole and to one another. 

Let ABC be a right-angled triangle having the angle 
BAC right, and let AD be drawn from A perpendicular 
to BC; 
I say that each of the triangles ABD, ADC is similar to 
the whole ABC and, further, they are similar to one another. 



For, since the angle BAC is equal to the angle ADB, 
for each is right, 
and the angle at B is common to the 
two triangles ABC and ABD, 
therefore the remaining angle ACB 
is equal to the remaining angle 
BAD; [ . . 3 2 ] 

therefore the triangle ABC is equi
angular with the triangle ABD. 

Therefore, as BC which subtends the right angle in the 
triangle ABC is to BA which subtends the right angle in 
the triangle ABD, so is AB itself which subtends the angle 
at C in the triangle ABC to BD which subtends the equal 
angle BAD in the triangle ABD, and so also is AC to AD 
which subtends the angle at B common to the two triangles. 

[vi- 4 ] 

Therefore the triangle ABC is both equiangular to the 
triangle ABD and has the sides about the equal angles 
proportional. 

Therefore the triangle ABC is similar to the triangle 
ABD. [vi. Def. 1] 

Similarly we can prove that 
the triangle ABC is also similar to the triangle ADC; 
therefore each of the triangles ABD, ADC is similar to the 
whole ABC. 

I say next that the triangles ABD, ADC are also similar 
to one another. 

For, since the right angle BDA is equal to the right angle 
ADC, 
and moreover the angle BAD was also proved equal to the 
angle at C, 
therefore the remaining angle at B is also equal to the 
remaining angle DAC; [r. 3 a ] 
therefore the triangle ABD is equiangular with the triangle 
ADC. 

Therefore, as BD which subtends the angle BAD in the 
triangle ABD is to DA which subtends the angle at C in the 
triangle ADC equal to the angle BAD, so is AD itself 
which subtends the angle at B in the triangle ABD to DC 
which subtends the angle DAC in the triangle ADC equal 



to the angle at B, and so also is BA to AC, these sides 

therefore the triangle ABD is similar to the triangle ADC. 

Therefore etc. 

PORISM. From this it is clear that, if in a right-angled 
triangle a perpendicular be drawn from the right angle to the 
base, the straight line so drawn is a mean proportional 
between the segments of the base. Q. E. D. 

Simson remarks on this proposition: " It seems plain that some editor 
has changed the demonstration that Euclid gave of this proposition: For, 
after he has demonstrated that the triangles are equiangular to one another, 
he particularly shows that their sides about the equal angles are proportionals, 
as if this had not been done in the demonstration of prop. 4 of this book: 
this superfluous part is not found in the translation from the Arabic, and is 
now left out." 

This seems a little hypercritical, for the "particular showing" that the 
sides about the equal angles are proportionals is really nothing more than 
a somewhat full citation of vi. 4 . Moreover to shorten his proof still 
more, Simson says, after proving that each of the triangles ABD, ADC is 
similar to the whole triangle ABC, " A n d the triangles ABD, ADC being 
both equiangular and similar to ABC are equiangular and similar to one 
another," thus assuming a particular case of vi. 2 1 , which might well be 
proved here, as Euclid proves it, with somewhat more detail. 

We observe that, here as generally, Euclid seems to disdain to give the 
reader such small help as might be afforded by arranging the letters used to 
denote the triangles so as to show the corresponding angular points in the 
same order for each pair of triangles; A is the first letter throughout, and the 
other two for each triangle are in the order of the figure from left to right. I t 
may be in compensation for this that he states at such length which side 
corresponds to which when he comes to the proportions. 

In the Greek texts there is an addition to the Porism inserted after 
" (Being) what it was required to prove," viz. " and further that between the 
base and any one of the segments the side adjacent to the segment is a mean 
proportional." Heiberg concludes that these words are an interpolation 
( 1 ) because they come after the words oirtp ! 8 « 8ct£<u which as a rule follow the 
Porism, ( 2 ) they are absent from the best Theonine MSS., though P and 
Campanus have them without the oirtp ISti Sci£<u. Heiberg's view seems to 
be confirmed by the fact noted by Austin, that, whereas the first part of the 
Porism is quoted later in vi. 1 3 , in the lemma before x . 3 3 and in the lemma 
after x in . 1 3 , the second part is proved in the former lemma, and elsewhere, 
as also in Pappus (m. p. 7 2 , 9 — 2 3 ) . 

From a given straight line to cut off a prescribed part. 
Let AB be the given straight line ; 

thus it is required to cut off from AB a prescribed part. 

subtending the right angles ; [vi. 4 ] 

[vi. Def. 1 ] 

PROPOSITION 9. 



Let the third part be that prescribed. 
5 Let a straight line AC be drawn through from A con

taining with AB any angle; 

let a point D be taken at random on 
AC, and let DE, EC be made equal 
to AD. [i. 3 ] 

10 Let BC be joined, and through D 
let DF be drawn parallel to it. [ 1 3 1 ] 

Then, since FD has been drawn 
parallel to BC, one of the sides of the triangle ABC, 
therefore, proportionally, as CD is to DA, so is BE to FA. 

[vi. 2 ] 

•5 But CD is double of DA ; 
therefore BE is also double of FA ; 
therefore BA is triple of AF. 

Therefore from the given straight line AB the prescribed 
third part AF has been cut off. 

Q. E. F. 

6. a n y ang l e . The expression here and in the two following propositions is Tvxovaa 
•yuvla, corresponding exactly to Tv%bv arnutw which I have translated as " a point (taken) 
at random"; but "an angle (taken) at random" would not be so appropriate where it is a 
question, not of taking Any angle at all, but of drawing a straight line casually so as to make 
any angle with another straight line. 

Simson observes that " this is demonstrated in a particular case, viz. that 
in which the third part of a straight line is required to be cut off; which is 
not at all like Euclid's manner. Besides, the author of that demonstration, 
from four magnitudes being proportionals, concludes that the third of them is 
the same multiple of the fourth which the first is of the second; now this is 
nowhere demonstrated in the 5 th book, as we now have i t ; but the editor 
assumes it from the confused notion which the vulgar have o f proportionals." 

T h e truth of the assumption referred to is proved by Simson in his 
proposition D given above (p. 1 2 8 ) ; hence he is 
able to supply a general and legitimate proof 
of the present proposition. A 

" L e t AB be the given straight l ine ; it is 
required to cut off any part from it. 

From the point A draw a straight line AC 
making any angle with AB; in AC take any 
point D, and take AC the same multiple of AD 
that AB is of the part which is to be cut off 
from i t ; 

join BC, and draw DE parallel to i t : 

then AE is the part required to be cut off. 
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Because ED is parallel to one of the sides of the triangle ABC, viz. to BC, 
as CD is to DA, so is BE to EA, [vi. 2 ] 

and, eomponendo, 

CA is to AD, as BA to AE. [v. 1 8 ] 

But CA is a multiple of AD; 
therefore BA is the same multiple of AE. [Prop. D ] 

Whatever part therefore AD is of AC, AE is the same part of AB; 
wherefore from the straight line AB the part required is cut off." 

T h e use of Simson's Prop. D can be avoided, as noted by Camerer after 
Baermann, in the following way. We first prove, as above, that 

CA is to AD as BA is to AE. 

Then we infer that, alternately, 
CA is to BA as AD to AE. [v. 1 6 ] 

But AD is to AE as n. AD to n. AE 

(where n is the number of times that AD is contained in AC); [v. 1 5 ] 

whence AC is to AB as n . AD is to n. AE. [v. 1 1 ] 
In this proportion the first term is equal to the third; therefore [v. 1 4 ] 

the second is equal to the fourth, 
so that AB is equal to n times AE. 

Prop. 9 is of course only a particular case of Prop. 10 . 

PROPOSITION 1 0 . 

To cut a given uncut straight line similarly to a given cut 
straight line. 

Let AB be the given uncut straight line, and AC the 
straight line cut at the points D, 
E; and let them be so placed as 
to contain any angle ; 
let CB be joined, and through D, 
E let DF, EG be drawn parallel 
to BC, and through D let DHK 
be drawn parallel to AB. [1. 3 1 ] 

Therefore each of the figures 
FH, HB is a parallelogram ; 
therefore DH is equal to EG and HK to GB. [1. 3 4 ] 

Now, since the straight line HE has been drawn parallel 
to KC, one of the sides of the triangle DKC, 
therefore, proportionally, as CE is to ED, so is KH to HD. 

[v.- 2} 

H A 1 
A F Q B 



But KH is equal to BG, and HD to GF; 
therefore, as CE is to ED, so is BG to GF. 

Again, since FD has been drawn parallel to GE, one ot 
the sides of the triangle A GE, 
therefore, proportionally, as ED is to DA, so is GF to FA. 

[vi. 2 ] 

But it was also proved that, 
as CE is to ED, so is BG to GF; 

therefore, as CE is to ED, so is BG to GF, 
and, as iTZ? is to DA, so is GF to /vS?. 

Therefore the given uncut straight line AB has been cut 
similarly to the given cut straight line AC. 

Q. E. F. 

PROPOSITION 1 1 . 

To two given straight lines to find a third proportional. 
Let BA, AC be the two given straight lines, and let 

them be placed so as to contain any 
angle; 
thus it is required to find a third pro
portional to BA, AC. 

For let them be produced to the 
points D, £, and let BD be made equal 
X.0AC; [ 1 . 3 ] 
let BC be joined, and through D let DE 
be drawn parallel to it. [1. 3 1 ] 

Since, then, BC has been drawn 
parallel to DE, one of the sides of the triangle ADE, 
proportionally, as AB is to BD, so is A C to CE. [vi. 2 ] 

But BD is equal to AC; 
therefore, as AB is to AC, so is AC tc CE. 

Therefore to two given straight lines AB, AC a. third 
proportional to them, CE, has been found. 

Q. E. F. 

1. to find. The Greek word, here and in the next two propositions, is rpootvpttv, 
literally " t o find in addition." 

This proposition is again a particular case of the succeeding Prop. 12 . 
Given a ratio between straight lines, vi, 11 enables us to find the ratio 

which is its duplicate. 
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PROPOSITION 1 2 . 

To three given straight lines to find a fourth proportional. 
Let A, B, C be the three given straight lines ; 

thus it is required to find a fourth proportional to A, B, C. 

Let two straight lines DE, DF be set out containing any 
angle EDF; 
let DG be made equal to A, GE equal to B, and further DH 
equal to C; 
let GH be joined, and let EF be drawn through E parallel 
to i t [1. 3 1 ] 

Since, then, GH has been drawn parallel to EF, one of 
the sides of the triangle DEF, 
therefore, as DG is to GE, so is DH to HE. [vi. 2 ] 

But DG is equal to A, GE to B, and DH to C; 
therefore, as A is to B, so is C to HE. 

Therefore to the three given straight lines A, B, C a fourth 
proportional HE has been found. 

Q. E. F. 

We have here the geometrical equivalent of the " rule of three." 
I t is of course immaterial whether, as in Euclid's proof, the first and 

second straight lines are measured on one of the lines forming the angle and 
the third on the other, or the first and third are measured on one and the 
second on the other. 

I f it should be desired that the first and the required fourth be measured 
on one of the lines, and the second and third on 
the other, we can use the following construction. 
Measure DE on one straight line equal to A, and 
on any other straight line making an angle with 
the first at the point D measure DF equal to B, 
and DG equal to C. Join EF, and through G 
draw GH anti-parallel to EF, Le. make the angle 
DGH equal to the angle DEF; let GH meet 
DE (produced if necessary) in H. 



PROPOSITION 1 3 . 

To two given straight lines to find a mean proportional. 
Let AB, BC be the two given straight lines; 

thus it is required to find a mean 
proportional to AB, BC. 

Let them be placed in a straight 
line, and let the semicircle ADC be 
described on AC; 
let BD be drawn from the point B at 
right angles to the straight line AC, 
and let AD, DC be joined. 

Since the angle ADC is an angle in a semicircle, it is 
right. [ in . 3 1 ] 

And, since, in the right-angled triangle ADC, DB has 
been drawn from the right angle perpendicular to the base, 
therefore DB is a mean proportional between the segments of 
the base, AB, BC. [vi. 8, Por.] 

Therefore to the two given straight lines AB, BC a mean 
proportional DB has been found. 

Q. E. F. 

This proposition, the Book vi. version of 11. 14 , is equivalent to the 
extraction of the square root. It further enables us, given a ratio between 
straight lines, to find the ratio which is its sub-duplicate, or the ratio of which 
it is duplicate. 

• 

PROPOSITION 1 4 . 

In equal and equiangular parallelograms the sides about 
the equal angles are reciprocally proportional; and equiangular 
parallelograms in which the sides about the equal angles are 
reciprocally proportional are equal. 

DH is then the fourth proportional. 
For the triangles EDF, GDH are similar, and the sides about the equal 

angles are proportional, so that 
DE is to DFzs. DG to DH, 

or A is to B as C to DH. 
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Let AB, BC be equal and equiangular parallelograms 
having the angles at B equal, and 
let DB, BE be placed in a straight 
line; 

therefore FB, BG are also in 
a straight line. [1. 1 4 ] 

I say that, in AB, BC, the 
sides about the equal angles are 
reciprocally proportional, that is to 
say, that, as DB is to BE, so is 
GB to BE. 

For let the parallelogram EE be completed. 
Since, then, the parallelogram AB is equal to the parallelo

gram BC, 
and EE is another area, 

therefore, as AB is to EE, so is BC to EE. [v. 7 ] 
But, as AB is to EE, so is DB to BE, [vi. 1 ] 

and, as BC is to EE, so is GB to BE. [id.] 

therefore also, as DB is to BE, so is GB to BE. [v. 1 1 ] 
Therefore in the parallelograms AB, BC the sides about 

the equal angles are reciprocally proportional. 
Next, let GB be to BE as DB to BE; 

I say that the parallelogram AB is equal to the parallelogram 
BC. 

For since, as DB is to BE, so is 6 \ 5 to BE, 
while, as DB is to BE, so is the parallelogram AB to the 
parallelogram [vi. 1 ] 
and, as GB is to />V r , so is the parallelogram BC to the 
parallelogram EE, [vi. 1 ] 
therefore also, as is to EE, so is BC to /^if; [v. 1 1 ] 
therefore the parallelogram AB is equal to the parallelogram 
BC. [v. 9 ] 

Therefore etc. 
Q. E. D. 

De Morgan says upon this proposition : " Owing to the disjointed manner 
in which Euclid treats compound ratio, this proposition is strangely out of 
place. It is a particular case of vi. 2 3 , being that in which the ratio of the 
sides, compounded, gives a ratio of equality. T h e proper definition of four 
magnitudes being reciprocally proportional is that the ratio compounded of 
their ratios is that of equality." 



I t is true that vi. 1 4 is a particular case of vi. 2 3 , but, if either is out of 
place, it is rather the latter that should be placed before vi. 1 4 , since most of 
the propositions between vi. 15 and vi. 2 3 depend upon vi. 1 4 and 15 . But 

is perfectly consistent with Euclid's manner to give a particular case first 
and its extension later, and such an arrangement often has great advantages 
in that it enables the more difficult parts of a subject to be led up to more 
easily and gradually. Now, if De Morgan's view were here followed, we 
should, as it seems to me, be committing the mistake of explaining what is 
relatively easy to understand, viz. two ratios of which one is the inverse of 
the other, by a more complicated conception, that of compound ratio. In 
other words, it is easier for a learner to realise the relation indicated by the 
statement that the sides of equal and equiangular parallelograms are "recipro
cally proportional" than to form a conception of parallelograms such that 
" the ratio compounded of the ratio of their sides is one of equality." For 
this" reason I would adhere to Euclid's arrangement. 

T h e conclusion that, since DB, BE are placed in a straight line, FB, BG 
are also in a straight line is referred to 1. 14 . T h e deduction is made clearer 
by the following steps. 

T h e angle DBF is equal to the angle GBE; 

add to each the angle FBE; 

therefore the angles DBF, FBE are together equal to the angles GBE, FBE. 
[C. N. 2 ] 

But the angles DBF, FBE are together equal to two right angles, [1. 1 3 ] 

therefore the angles GBE, FBE are together equal to two right angles, 
[C. N. 1 ] 

and hence FB, BG are in one straight line. [1. 1 4 ] 

T h e result is also obvious from the converse of 1. 15 given by Proclus 
(see note on 1. 1 5 ) . 

The proposition VI. 1 4 contains a theorem and one partial converse o f i t ; 
so also does vi. 1 5 . T o each proposition may be added the other partial 
converse, which may be enunciated as follows, the words in square brackets 
applying to the case of triangles (vi. 1 5 ) . 

c 

Equal parallelograms [triangles] which have the sides about one angle in 
each reciprocally proportional are equiangular [have the angles included by those 
sides either equal or supplementary^] 

Let AB, BC be equal parallelograms, or let FBD, EBG be equal 
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triangles, such that the sides about the angles at B are reciprocally propor
tional, i.e. such that 

DB : BE = GB : BE. 
We shall prove that the angles FBD, EBG are either equal or supple

mentary. 
Place the figures so that DB. BE are in one straight line. 
Then FB, BG are either in a straight line, or not in a straight line. 

( 1 ) I f FB, BG are in a straight line, the figure of the proposition 
(with the diagonals FD, EG drawn) represents the facts, and 

the angle FBD is equal to the angle EBG. [1. 1 5 ] 

( 2 ) I f FB, BG are not in a straight line, 
produce FB to Hso that BH may be equal to BG. 

Join E}f, and complete the parallelogram EBHK. 
Now, since DB : BE = GB : BF 

and GB = HB, 

DB : BE = HB : BF, 
and therefore, by vi. 1 4 or 1 5 , 
the parallelograms AB, BKare equal, or the triangles FBD, EBH are equal. 

But the parallelograms AB, BC are equal, and the triangles FBD, EBG 
are equal; 
therefore the parallelograms BC, BK are equal, and the triangles EBH, 
EBG are equal. 

Therefore these parallelograms or triangles are within the same parallels : 
that is, G, C, H, K are in a straight line which is parallel to DE. [1. 3 9 ] 

Now, since BG, BH axe equal, 
the angles BGH, BHG are equal. 

By parallels, it follows that 
the angle EBG is equa' to the angle DBH, 

whence the angle EBG is supplementary to the angle FBD. 

PROPOSITION J 5 . 

In eqital triangles which have one angle equal to one angle 
the sides about the equal angles are reciprocally proportional; 
and those triangles which have one angle equal to one angle, 
and in which the sides about the equal angles are reciprocally 
proportional, are equal. 

Let ABC, ADE be equal triangles having one angle 
equal to one angle, namely the angle BAC to the angle 
DAE; 
I say that in the triangles ABC, ADE the sides about the 
equal angles are reciprocally proportional, that is to say, that, 

as CA is to AD, so is EA to AB. 
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For let them be placed so that CA is in a straight 
line with AD; 
therefore EA is also in a straight line with 
AB. [i. 1 4 ] 

Let BD be joined. 
Since then the triangle ABC is equal to 

the triangle ADE, and BAD is another 
area, 
therefore, as the triangle CAB is to the 
triangle BAD, so is the triangle EAD to 
the triangle BAD. [v. 7 ] 

But, as CAB is to BAD, so is CA to AD, [vi. 1] 

and, as EAD is to BAD, so is EA to AB. [id.] 

Therefore also, as CA is to AD, so is EA to AB. [v. 1 1 ] 
Therefore in the triangles ABC, ADE the sides about 

the equal angles are reciprocally proportional. 
Next, let the sides of the triangles ABC, ADE be reci

procally proportional, that is to say, let EA be to AB as CA 
to AD; 
I say that the triangle ABC is equal to the triangle ADE. 

For, if BD be again joined, 
since, as CA is to AD, so is EA to AB, 
while, as CA is to AD, so is the triangle ABC to the triangle 
BAD, 
and, as EA is to AB, so is the triangle EAD to the triangle 
BAD, " [vi. 1 ] 

therefore, as the triangle ABC is to the triangle BAD, so is 
the triangle EAD to the triangle BAD. [v. n ] 

Therefore each of the triangles ABC, EAD has the same 
ratio to BAD. 

Therefore the triangle ABC is equal to the triangle EAD. 
[V- 9 ] 

Therefore etc. 
Q. E. D. 

As indicated in the partial converse given in the last note, this proposition 
is equally true if the angle included by the two sides in one triangle if 
supplementary, instead of being equal, to the angle included by the two sides 
in the other. 



Let ABC, ADE be two triangles such that the angles BA C, DAE are 
supplementary, and also 

CA : AD = EA : AB. 
In this case we can place the triangles so that 

CA is in a straight line with AD, and AB lies 
along AE (since the angle EAC, being supple
mentary to the angle EAD, is equal to the angle 

I f we join BD, the proof given by Euclid 
applies to this case also. 

I t is true that vi. 15 can be immediately inferred from vi. 14 , since a 
triangle is half of a parallelogram with the same base and height. But, 
Euclid's object being to give the student a grasp of methods rather than 
results, there seems to be no advantage in deducing one proposition from the 
other instead of using the same method on each. 

PROPOSITION 1 6 . 

If four straight lines be proportional, the rectangle con
tained by the extremes is equal to the rectangle contained by 
the means; and, if the rectangle contained by the extremes be 
equal to the rectangle contained by tfie means, the four straight 
lines will be proportional. 

Let the four straight lines AB, CD, E, F be proportional, 
so that, as AB is to CD, so is E to F; 
I say that the rectangle contained by AB, F is equal to the 
rectangle contained by CD, E. 

Let AG, CH be drawn from the points A, C at right 
angles to the straight lines AB, CD, and let AG be made 
equal to F, and CH equal to E. 

Let the parallelograms BG, DH be completed. 
Then since, as AB is to CD, so is E to F, 

while E is equal to CH, and & to AG, 
therefore, as AB is to CD, so is CH to AG. 

Therefore in the parallelograms BG, DH the sides about 
the equal angles are reciprocally proportional. 



But those equiangular parallelograms in which the sides 
about the equal angles are reciprocally proportional are equal; 

[vi. 1 4 ] 

therefore the parallelogram BG is equal to the parallelogram 
DH. 

And BG is the rectangle AB, F, for A G is equal to F; 
and DH is the rectangle CD, E, for E is equal to CH; 
therefore the rectangle contained by AB, F is equal to the 
rectangle contained by CD, E. 

Next, let the rectangle contained by AB, F be equal to 
the rectangle contained by CD, E; 
I say that the four straight lines will be proportional, so that, 
as AB is to CD, so is E to F. 

For, with the same construction, 
since the rectangle AB, Fis equal to the rectangle CD, E, 
and the rectangle AB, F is BG, for AG is equal to F, 
and the rectangle CD, E is DH, for CH is equal to E, 

therefore BG is equal to DH. 
And they are equiangular 
But in equal and equiangular parallelograms the sides about 

the equal angles are reciprocally proportional. [vi. 1 4 ] 
Therefore, as AB is to CD, so is CH to AG. 
But CH is equal to E, and AG to F; 

therefore, as AB is to CD, so is E to F. 
Therefore etc. Q. E. D. 

This proposition is a particular case of vi. 1 4 , but one which is on all 
accounts worth separate statement. I t may also be enunciated in the follow
ing form: 

Rectangles which have their bases reciprocally proportional to their heights-
are equal in area; and equal rectangles have their bases reciprocally proportional 
to their heights. 

Since any parallelogram is equal to a rectangle of the same height and 
on the same base, and any triangle with the same height and on the same 
base is equal to half the parallelogram or rectangle, it follows that Equal 

parallelograms or triangles have their bases reciprocally proportional to their 
heights and vice versa. 

T h e present place is suitable for giving certain important propositions, 
including those which Simson adds to Book vi. as Props. B , C and D, which 
are proved directly by means of vi. 16 . 

1. Proposition B is a particular case o f the following theorem. 
If a circle be circumscribed about a triangle A B C and there be drawn through 

A any two straight lines either both within or both without the angle BAC, viz. 
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AD meeting B C {produced if necessary) in D and A E meeting the circle again 
in E , such that the angles D A B , E A C are equal, then the rectangle AD, A E is 
equal to the rectangle BA, AC. 

] 

Join CE. 
T h e angles BAD, EAC art equal, by hypothesis; 

and the angles ABD, AEC are equal. [m. 2 

Therefore the triangles ABD, AEC are equiangular. 

Hence BA is to AD as EA is to AC, 
and therefore the rectangle BA, AC is equal to the rectangle AD, AE. 

[vi. 1 6 ] 
There are now two particular cases to be considered. 
(a) Suppose that AD, AE coincide; 

ADE will then bisect the angle BAC. 

{b) Suppose that AD, AE are in one straight line but that D, E are on 
opposite sides of A ; 
AD will then bisect the external angle at A. 

E 

In the first case {a) we have 

the rectangle BA, A C equal to the rectangle EA, AD; 
and the rectangle EA, AD is equal to the rectangle ED, DA together with 
the square on AD, [11. 3 ] 

i.e. to the rectangle BD, DC together with the square on AD. [m. 3 5 ] 

Therefore the rectangle BA, AC is equal to the rectangle BD, DC 
together with the square on AD. [This is Simson's Prop. B ] 

In case {b) the rectangle EA, AD is equal to the excess of the rectangle 
ED, DA over the square on AD; 
therefore the rectangle BA, AC is equal to the excess of the rectangle BD, 
DC over the square on AD. 



PROPOSITION C. 

If from any angle of a triangle a straight line be drawn perpendicular to the 
opposite side, the rectangle contained by the other two sides of the triangle is equal 
to the rectangle contained by the perpendicular and the diameter of the circle 
circumscribed about the triangle. 

Let ABC be a triangle and AD the perpendicular on AB. Draw the 
diameter AE of the circle circumscribed about the triangle ABC. 

Then shall the rectangle BA, A C be equal to the rectangle EA, AD. 
Join EC. 

T h e following converse of Simson's Prop. B may be given: If a straight 
line AD be drawn from the vertex A of a triangle to meet the base, so that the 
square on A D together with the rectangle B D , DC is equal to the rectangle BA, 
AC, the line A D will bisect the angle B A C except when the sides A B , AC are 
equal, in which case every line drawn to the base will have the property men
tioned. 

Let the circumscribed circle be drawn, and let AD produced meet it in 
E; join CE. 

T h e rectangle BD, DC is equal to the rectangle ED, DA. [m. 3 5 ] 
Add to each the square on AD; 

therefore the rectangle BA, AC is equal to the rectangle EA, AD. 
[hyp. and 11. 3 ] 

Hence AB is to AD as AE to AC. [vi. 1 6 ] 
But the angle ABD is equal to the angle AEC. [ill. 2 1 ] 
Therefore the angles BDA, EC A are either equal or supplementary. 

[vi. 7 and note] 
(a) I f they are equal, the angles BAD, EAC 

are also equal, and AD bisects the angle BAC. 
(b) I f they are supplementary, the angle ADC 

must be equal to the angle A CE. 
Therefore the angles BAD, ABD are together 

equal to the angles ACB, BCE, i.e. to the angles 
ACD, BAD. 

Take away the common angle BAD, and 
the angles ABD, ACD are equal, or 

AB is equal to AC. 
Euclid himself assumes, in Prop. 6 7 of the Data, the result of so much of 

this proposition as relates to the case where BA = AC. He assumes namely, 
without proof, that, if BA = AC, and if D be any point on BC, the rectangle 
BD, DC together with the square on AD is equal to the square on AB. 



Since the right angle BDA is equal to the right angle ECA in a semi
circle, [ H I . 3 1 ] 
and the angles ABD, AEC in the same segment are equal, [ H I . 2 1 ] 

the triangles ABD, AEC axe. equiangular. 
Therefore, as BA is to AD, so is EA to AC, [vi. 4 ] 

whence the rectangle BA, A C is equal to the rectangle EA, AD. [vi. 1 6 ] 
This result corresponds to the trigonometrical formula for R, the radius of 

the circumscribed circle, 
abc 

E = -
4 A 

PROPOSITION D . 

This is the highly important lemma given by Ptolemy (ed. Heiberg, Vol. 1, 
pp. 3 6 — 7 ) which is the basis of his calculation of the table of chords in the 
section of Book 1. of the iityaK-q o-iWa|is entitled " concerning the size of the 
straight lines [i.e. chords] in the circle " (irepi TIJS 7TT;\KCOTT;TO5 r&v iy T<3 KVKAUI 

tiBfiuv). 
The theorem may be enunciated thus. 
The rectangle contained by the diagonals of any quadrilateral inscribed in a 

circle is equal to the sum of the rectangles contained by the pairs of opposite sides. 
I shall give the proof in Ptolemy's words, with the addition only, in 

brackets, of two words applying to a second figure not given by Ptolemy. 
" Let there be a circle with any quadrilateral ABCD inscribed in it, and 

let AC, BD be joined. 
It is to be proved that the rectangle contained by A C and BD is equal 

to the sum of the rectangles AB, DC and AD, BC. 
For let the angle ABE be made equal to the angle contained by DB, BC. 

I f then we add [or subtract] the angle EBD, 
the angle ABD will also be equal to the angle EBC. 

But the angle BDA is also equal to the angle BCE, [111. 2 1 ] 
for they subtend the same segment; 
therefore the triangle ABD is equiangular with the triangle EBC. 

Hence, proportionally, 
as BC is to CE, so is BD to DA. [vi. 4 ] 

Therefore the rectangle BC, AD is equal to the rectangle BD, CE. 
[vi. 1 6 ] 

Again, since the angle ABE is equal to the angle DB C, 
and the angle BAE is also equal to the angle BDC, [ H I . 2 1 ] 

the triangle ABE is equiangular with the triangle DBC. 



[vi- 4 ] 
[vi. I 6 ] 

of the 

Therefore, proportionally, 
as BA is to AE, so is BD to DC; 

therefore the rectangle BA, DC is equal to the rectangle BD, AE. 
But it was also proved that 

the rectangle BC, AD is equal to the rectangle BD, CE; 
therefore the rectangle AC, BD as a whole is equal to the sum 
rectangles AB, DC and AD, BC: 

(being) what it was required to prove." 
Another proof of this proposition, and of its converse, is indicated by 

Dr Lachlan (Elements of Euclid, pp. 2 7 3 — 4 ) . I t depends on two preliminary 
propositions. 

( 1 ) If two circles be divided, by a chord in each, into segments which are 
similar respectively, the chords are proportional to the corresponding diameters. 

The proof is instantaneous if we join the ends of each chord to the centre 
of the circle which it divides, when we obtain two similar triangles. 

( 2 ) IfDbe any point on the circle circumscribed about a triangle ABC, and 
D X , D Y , DZ be perpendicular to the sides BC, CA, A B of the triangle 
respectively, then X , Y , Z lie in one straight line ; and, conversely, / / the feet of 
the perpendiculars from any point D on the sides of a triangle lie in one straight 
line, D lies on the circle circumscribed about the triangle. 

The proof depending on III. 2 1 , 22 is well known. 
Now suppose that D is any point in the plane of a triangle ABC, and 

that DX, D Y, DZ are perpendicular to the sides 
BC, CA, AB respectively. 

Jo in YZ, DA. 
Then, since the angles at Y, Z are right, 

A, Y, D, Z lie on a circle of which DA is the 
diameter. 

And YZ divides this circle into segments which 
are similar respectively to the segments into which 
BC divides the circle circumscribing ABC, since 
the angles ZA Y, BA C coincide, and their supple
ments are equal. 

Therefore, if d be the diameter of the circle 
circumscribing ABC, 

BC is to d as YZ is to DA ; 
and therefore the rectangle AD, BC is equal to the rectangle d, YZ. 

Similarly the rectangle BD, CA is equal to the rectangle d, ZX, and the 
rectangle CD, AB is equal to the rectangle d, XY. 

Hence, in a quadrilateral in general, the rectangle 
contained by the diagonals is less than the sum of the 
rectangles contained by the pairs of opposite sides. 

Next, suppose that D lies on the circle circum
scribed about ABC, but so that A, B, C, D follow 
each other on the circle in this order, as in the figure 
annexed. 

Let DX, DY, DZ be perpendicular to BC, CA, 
AB respectively, so that X, Y, Zare in a straight line. 

Then, since the rectangles AD, BC; BD, CA; CD, AB are equal to the 
rectangles d, YZ; d, ZX; d, XY respectively, and XZ is equal to the sum of 



XY, YZ, so that the rectangle d, XZ is equal to the sum of the rectangles 
d, XY&nd d, YZ, it follows that 

the rectangle AC, BD is equal to the sum of the rectangles AD, BC and 
AB, CD. 

Conversely, if the latter statement is true, while we are supposed to know 
nothing about the position of D, it follows that 

XZ must be equal to the sum of XY, YZ, 
so that X, Y, Z must be in a straight line. 

Hence, from the theorem ( 2 ) above, it follows that D must lie on the 
circle circumscribed about ABC, i.e. that ABCD is a quadrilateral about 
which a circle can be described. 

All the above propositions can be proved on the basis of Book 111. and 
without using Book vi., since it is possible by the aid of u i . , 2 1 and 3 5 alone 
to prove that in equiangular triangles the rectangles contained by the non-
corresponding sides about equal angles are equal to one another (a result arrived 
at by combining VI, 4 and vi. 1 6 ) . This is the method adopted by Casey, 
H. M. Taylor, and Lachlan; but I fail to see any particular advantage in it. 

Lastly, the following proposition may be given which Playfair added as 
vi. E . It appears in the Data of Euclid, Prop. 9 3 , and may be thus 
enunciated. 

If the angle B A C of a triangle A B C be bisected by the straight line A D 
meeting the circle circumscribed about the triangle in D, and if BD be joined, 
then 

the sum of BA, AC is to AD as B C is to B D . 

Join CD. Then, since AD bisects the angle BAC, the subtended arcs 
BD, DC, and therefore the chords BD, DC, are 
equal. 

( 1 ) The result can now be easily deduced from 
Ptolemy's theorem. 

For the rectangle AD, BCis equal to the sum of 
the rectangles AB, DC and AC, BD, i.e. (since 
BD, CD are equal) to the rectangle contained by 
BA + AC and BD. 

Therefore the sum of BA, AC is to AD as BC 
is to BD. [vi. 1 6 ] 

( 2 ) Euclid proves it differently in Data, Prop. 9 3 . 
Let AD meet BC in E. 
Then, since AE bisects the angle BAC, 

BA is to AC as BE to EC, [vi. 3 ] 
or, alternately, 

AB is to BE as A C to CE. [v. 1 6 ] 
Therefore also 

BA + AC\s to BC as AC to CE. [v. 1 2 ] 

Again, since the angles BAD, EA C are equal, and the angles ADB, A CE 
are also equal, [m. 2 1 ] 

the triangles ABD, AEC axe equiangular. 

Therefore A C is to CE as AD to BD. [vi. 4 ] 



Hence BA + A C is to BC as AD to BD, [v. 1 1 ] 
and, alternately, 

+ AC is to as BC is to A O . [v. 1 6 ] 
Euclid concludes that, if the circle ABC is given in magnitude, and the 

chord BC cuts off a segment of it containing a given angle (so that, by Data 
Prop. 8 7 , BC and also BD are given in magnitude), 

the ratio o f BA + AC to AD is given, 
and further that (since, by similar triangles, BD is to DE as A C is to CE, 
while A * + A C is to - 5 C as A C is to CE), 

the rectangle ( A < + AC), DE, being equal to the rectangle BC, BD, is 
also given. 

PROPOSITION 1 7 

//" three straight lines be proportional, the rectangle con
tained by the extremes is equal to the square on the mean; 
and, if the rectangle contained by the extremes be equal to the 
square on the mean, the three straight lines will be proportional. 

Let the three straight lines A, B, C be proportional, so 
that, as A is to B, so is B to C ; 
I say that the rectangle contained by A, C is equal to the 
square on B. 

A 

B • D 

c 

Let D be made equal to B. 
Then, since, as A is to B, so is B to C, 

and B is equal to D, 
therefore, as A is to B, so is D to C. 

But, if four straight lines be proportional, the rectangle 
contained by the extremes is equal to the rectangle contained 
by the means. [vi. 16 

Therefore the rectangle A, C is equal to the rectangle 
B, D. 

But the rectangle B, D is the square on B, for B k 
equal to D; 
therefore the rectangle contained by A, C is equal to the 
square on B. 

Next, let the rectangle A, C be equal to tne square on B 
I say that, as A is to B, so is B to C. 



Let DE be joined, and on the straight line AB, and at 
the points A, B on it, let the angle GAB be constructed 
equal to the angle at C, and the angle ABG equal to the 
angle CDF. [1. 2 3 ] 

Therefore the remaining angle CFD is equal to the angle 
AGB; J 1 [ 1 . 3 2 ] 

therefore the triangle FCD is equiangular with the triangle 
GAB. 

Therefore, proportionally, as FD is to GB, so is EC to 
GA, and CD to AB. 

For, with the same construction, 
since the rectangle A, C is equal to the square on B, 
while the square on B is the rectangle B, D, for B is equal 
toD, 
therefore the rectangle A, C is equal to the rectangle B, D. 

But, if the rectangle contained by the extremes be equal 
to that contained by the means, the four straight lines are 
proportional. [vi. 1 6 ] 

Therefore, as A is to B, so is D to C. 
But B is equal to D; 

therefore, as A is to B, so is B to C. 
Therefore etc. Q. E. D. 

VI. 17 is, of course, a particular case of VI. 1 6 . 

PROPOSITION 18 . 

On a given straight line to describe a rectilineal figure 
similar and similarly situated to a given rectilineal figure. 

Let AB be the given straight line and CE the given 
rectilineal figure; 
thus it is required to describe on the straight line AB a. 
rectilineal figure similar and similarly situated to the recti
lineal figure CE. 



Again, on the straight line BG, and at the points B, G on 
it, let the angle BGH be constructed equal to the angle DFE, 
and the angle GBH equal to the angle FDE. [i. 2 3 ] 

Therefore the remaining angle at E is equal to the re
maining angle at H; [1. 3 2 ] 

therefore the triangle FDE is equiangular with the triangle 
GBH; 

therefore, proportionally, as FD is to GB, so is EE to 
GH, and ED to HB. [yt 4 ] 

But it was also proved that, as FD is to GB, so is EC to 
GA, and CD to AB ; 

therefore also, as EC is to A G, so is CD to AB, and EE 
to GH, and further ED to HB. 

And, since the angle CFD is equal to the angle AGB, 
and the angle DFE to the angle BGH, 
therefore the whole angle CFE is equal to the whole angle 
AGH. 

r or the same reason 
the angle CDE is also equal to the angle ABH. 

And the angle at C is also equal to the angle at A, 
and the angle at E to the angle at H. 

Therefore AH is equiangular with CE ; 
and they have the sides about their equal angles proportional; 

therefore the rectilineal figure AH is similar to the 
rectilineal figure CE. [vi. Def. 1] 

Therefore on the given straight line AB the rectilineal 
figure AH has been described similar and similarly situated 
to the given rectilineal figure CE. 

Q. E. F. 

Simson thinks the proof of this proposition has been vitiated, his grounds 
for this view being ( 1 ) that it is demonstrated only with reference to 
quadrilaterals, and does not show how it may be extended to figures of five or 
more sides, ( 2 ) that Euclid infers, from the fact of two triangles being 
equiangular, that a side of the one is to the corresponding side of the other as 
another side o f the first is to the side corresponding to it in the other, i.e. he 
permutes, without mentioning the fact that he does so, the proportions 
obtained in vi. 4 , whereas the proof of the very next proposition gives, in a 
similar case, the intermediate step of permutation. I think this is hyper-
criticism. As regards ( 2 ) it should be noted that the permuted form of the 
proportion is arrived at first in the proof of vi. 4 ; and the omission of the 



intermediate step of altcrnando, whether accidental or not, is of no importance. 
On the other hand, the use of this form of the proportion certainly simplifies 
the proof of the proposition, since it makes unnecessary the subsequent 
ex aequali steps of Simson's proof, their place being taken by the inference 
[v. n ] that ratios which are the same with a third ratio are the same with one 
another. 

Nor is the first objection of any importance. We have only to take as the 

A B C D 

given polygon a polygon of five sides at least, as CDEFG, join one extremity 
of CD, say D, to each of the angular points other than C and E, and then 
use the same mode of construction as Euclid's for any number of successive 
triangles as ABL, LBK, etc., that may have to be made. Euclid's con
struction and proof for a quadrilateral are quite sufficient to show how to deal 
with the case of a figure of five or any greater number of sides. 

Clavius has a construction which, given the power of moving a figure 

bodily from one position to any other, is easier. CDEFG being the given 
polygon, join CE, CF. Place AB on CD so that A falls on C, and let B 
fall on D, which may either lie on CD or on CD produced. 

Now draw DE' parallel to DE, meeting CE, produced if necessary, in E1, 
EF' parallel to EF, meeting CF, produced if necessary, in F", and so on. 

Let the parallel to the last side but one, FG, meet CG, produced if 
necessary, in G'. 

Then CDEF'G' is similar and similarly situated to CDEFG, and it is 
constructed on CD, a straight line equal to AB. 

The proof of this is obvious. 
A more general construction is indicated in the subjoined figure. I f 

CDEFG be the given polygon, suppose its angular points all joined to any 
point O and the connecting straight lines produced both ways. Then, if CD, 
a straight line equal to AB, be placed so that it is parallel to CD, and C, D 
lie respectively on OC, OD (this can of course be done by finding fourth 
proportionals), we have only to draw DE, EF, etc., parallel to the 
corresponding sides of the original polygon in the manner shown. 



Pairs of similar triangles, similarly put together, give similar figures ; and 
every pair of similar figures is composed of pairs of similar triangles similarly 

put together. 
He would then make the problem of vi. 1 8 an application of the first part. 

In form this would certainly appear to be an improvement; but, provided that 
the relation of the propositions is understood, the matter of form is perhaps 
not of great importance. 

PROPOSITION I 9. 

Similar triangles are to one another in the duplicate ratio 
of the corresponding sides. 

Let ABC, DEF be similar triangles having the angle at 
B equal to the angle at E, and such that, as AB is to BC, so 

5 is DE to EF, so that BC corresponds to EF; [v. Def. 1 1 ] 
I say that the triangle ABC has to the triangle DEF a ratio 
duplicate of that which BC has to EF. 

A 

For let a third proportional BG be taken to BC, EF, so 
that, as BC is to EF, so is EF to BG; [vi. n ] 

10 and let AG be joined. 
Since then, as AB is to BC, so is DE to EF, 

therefore, alternately, as AB is to DE, so is BC to EF. [v. 1 6 ] 

De Morgan would rearrange Props. 1 8 and 2 0 in the following manner. 
He would combine Prop. 1 8 and the first part of Prop. 2 0 into one, with the 
enunciation: 



VI. i 9 ] P R O P O S I T I O N S 1 8 , 1 9 2 3 3 

But, as BC is to EF, so is EF to BG; 
therefore also, as AB is to DE, so is EF to BG. [v. n ] 

15 Therefore in the triangles ABG, DEF the sides about 
the equal angles are reciprocally proportional. 

But those triangles which have one angle equal to one 
angle, and in which the sides about the equal angles are 
reciprocally proportional, are equal; [vi. 1 5 ] 

20 therefore the triangle ABG is equal to the triangle DEF. 
Now since, as BC is to EF, so is EF to BG, 

and, if three straight lines be proportional, the first has to 
the third a ratio duplicate of that which it has to the second, 

[v. Def. 9 ] 

therefore BC has to BG a ratio duplicate of that which CB 
25 has to EF. 

But, as CB is to BG, so is the triangle ABC to the 
triangle ABG ; [vi. 1 ] 
therefore the triangle ABC also has to the triangle ABG a 
ratio duplicate of that which BC has to EF. 

30 But the triangle ABG is equal to the triangle DEF; 
therefore the triangle ABC also has to the triangle DEF a 
ratio duplicate of that which BC has to EF. 

Therefore etc. 
PORISM. From this it is manifest that, if three straight 

35 lines be proportional, then, as the first is to the third, so is 
the figure described on the first to that which is similar and 
similarly described on the second. 

Q. E. D. 

4. and such that, as A B is to B C , so is D E to E F , literally "(triangles) having 
the angle at B equal to the angle at E, and (having), as AB to BC, so DE to EF." 

Having combined Prop. 1 8 and the first part of Prop. 2 0 as just indicated, 
De Morgan would tack on to Prop. 1 9 the second part of Prop. 2 0 , which 
asserts that, if similar polygons be divided into the same number of similar 
triangles, the triangles are " homologous to the wholes " (in the sense that the 
polygons have the same ratio as the corresponding triangles have), and that 
the polygons are to one another in the duplicate ratio of corresponding sides. 
This again, though no doubt an improvement of form, would necessitate the 
drawing over again of the figure of the altered Proposition 1 8 and a certain 
amount of repetition. 

Agreeably to his suggestion that Prop. 2 3 should come before Prop. 1 4 
which is a particular case of it, De Morgan would prove Prop. 1 9 for 

parallelograms by means of Prop. 2 3 , and thence infer the truth of it for 



triangles or the halves of the parallelograms. He adds : " The method of 
Euclid is an elegant application of the operation requisite to compound equal 
ratios, by Which the conception of the process is lost sight of." For the 
general reason given in the note on VI. 1 4 above, I think that Euclid showed 
the sounder discretion in the arrangement which he adopted. Moreover it is 
not easy to see how performing the actual operation of compounding two 
equal ratios can obscure the process, or the fact that two equal ratios are 
being compounded. On the definition of compounded ratios and duplicate 
ratio, De Morgan has himself acutely pointed out that " composition " is here 
used for the process of detecting the single alteration which produces the 
effect of two or more, the duplicate ratio being the result of compounding two 
equal ratios. T h e proof of vi. 1 9 does in fact exhibit the single alteration 
which produces the effect of two. And the operation was of the essence of 
the Greek geometry, because it was the manipulation of ratios in this manner, 
by simplification and transformation, that gave it so much power, as every one 
knows who has read, say, Archimedes or Apollonius. Hence the introduction 
of the necessary operation, as well as the theoretical proof, in this proposition 
seems to me to have been distinctly worth while, and, as it is somewhat 
simpler in this case than in the more general case of VI. 2 3 , it was in 
accordance with the plan of enabling the difficulties of Book VI. to be more 
easily and gradually surmounted to give the simpler case first. 

That Euclid wished to emphasise the importance of the method adopted, 
as well as of the result obtained, in vi. 19 seems to me clearly indicated by 
the Porism which follows the proposition. It is as if he should say : " I have 
shown you that simitar triangles are to one another in the duplicate ratio of 
corresponding sides; but I have also shown you incidentally how it is possible 
to work conveniently with duplicate ratios, viz. by transforming them into 
simple ratios between straight lines. I shall have occasion to illustrate the 
use of this method in the proof of vi. 2 2 . " 

T h e Porism to vi. 19 presents one difficulty. I t will be observed that it 
speaks of the figure (etoos) described on the first straight line and of that which 
is similar and similarly described on the second. I f "figure" could be 
regarded as loosely used for the figure of the proposition, i.e. for a triangle, 
there would be no difficulty. I f on the other hand " the figure " means any 
rectilineal figure, i.e. any polygon, the Porism is not really established until 
the next proposition, vi. 2 0 , has been proved, and therefore it is out of place 
here. Yet the correction Tpiymvov, triangle, for eKo?, figure, is due to Theon 
alone; P and Campanus have " figure," and the reading of Philoponus and 
Psellus, •tetpa.ywvov, square, partly supports eTSos, since it can be reconciled with 
«Sos but not with tyty—r. Again the second Porism to vi. 2 0 , in which this 
Porism is reasserted for any rectilineal figure, and which is omitted by 
Campanus and only given by P in the margin, was probably interpolated by 
Theon. Heiberg concludes that Euclid wrote "figure" (etSos), and Theon, 
seeing the difficulty, changed the word into " t r iangle" here and added Por. 2 
to vi. 2 0 in order to make the matter clear. I f one may hazard a guess as to 
how Euclid made the slip, may it be that he first put it after vi 2 0 and then, 
observing that the expression of the duplicate ratio by a single ratio between 
two straight lines does not come in vi. 2 0 but in vi. 1 9 , moved the Porism to 
the end of vi. 19 in order to make the connexion clearer, without noticing 
that, if this were done, tloos would need correction ? 

T h e following explanation at the end of the Porism is bracketed by 
Heiberg, viz. " Since it was proved that, as CB is to BG, so is the triangle 



ABC to the triangle ABG, that is DEF." Such explanations in Porisms are 
not in Euclid's manner, and the words are not in Campanus, though they date 
from a time earlier than Theon. 

PROPOSITION 2 0 . 

Similar polygons are divided into similar triangles, and 
into triangles equal in multitude and in the same ratio as 
the wholes, and the polygon has to the polygon a ratio duplicate 
of that which the corresponding side has to the corresponding 

5 side. 
Let ABCDE, FGHKL be similar polygons, and let AB 

correspond to FG; 
I say that the polygons ABCDE, FGHKL are divided into 
similar triangles, and into triangles equal in multitude and in 

10 the same ratio as the wholes, and the polygon ABCDE has 
to the polygon FGHKL a ratio duplicate of that which AB 
has to FG. 

c D H K 

Now, since the polygon ABCDE is similar to the polygon 
,s FGHKL, 

the angle BAE is equal to the angle GEL ; 
and, as BA is to AE, so is GF to EL. [vi. Def. 1 ] 

Since then ABE, FGL are two triangles having one 
angle equal to one angle and the sides about the equal angles 

20 proportional, 
therefore the triangle ABE is equiangular with the triangle 
FGL ; [vi. 6 ] 

so that it is also similar ; [vi. 4 and Def. 1 ] 
therefore the angle ABE is equal to the angle FGL. 



25 But the whole angle ABC is also equal to the whole angle 
FGH because of the similarity of the polygons ; 
therefore the remaining angle EBC is equal to the angle 
LGH. 
. And, since, because of the similarity of the triangles A BE, 

3 ° FGL, 
as EB is to BA, so is LG to GF, 

and moreover also, because of the similarity of the polygons, 
as AB is to BC, so is FG to GH, 

therefore, ex aequali, as EB is to BC, so is LG to GH; [v. 2 2 ] 
35 that is, the sides about the equal angles EBC, LGH are 

proportional; 
therefore the triangle EBC is equiangular with the triangle 
LGH, [vi. 6 ] 

so that the triangle EBC is also similar to the triangle 
40 LGH. [vi. 4 and Def. 1] 

For the same reason 
the triangle ECD is also similar to the triangle LHK. 

Therefore the similar polygons ABCDE, FGHKL have 
been divided into similar triangles, and into triangles equal in 

45 multitude. 
I say that they are also in the same ratio as the wholes, 

that is, in such manner that the triangles are proportional, 
and ABE, EBC, ECD are antecedents, while FGL, LGH, 
LHK are their consequents, and that the polygon ABCDE 

5 ° has to the polygon FGHKL a ratio duplicate of that which 
the corresponding side has to the corresponding side, that is 
AB to FG. 

For let A C, FH be joined. 
Then since, because of the similarity of the polygons, 

ss the angle ABC is equal to the angle FGH, 
and, as AB is to BC, so is FG to GH, 

the triangle ABC is equiangular with the triangle FGH; 
[vi- 6 ] 

therefore the angle BA C is equal to the angle GFH, 
and the angle BCA to the angle GHF. 

60 And, since the angle BAM is equal to the angle GFN, 
and the angle ABM is also equal to the angle FGN, 



therefore the remaining angle A MB is also equal to the 
remaining angle FNG ; [1. 3 2 ] 
therefore the triangle ABM is equiangular with the triangle 

6 S FGN. 
Similarly we can prove that 

the triangle BMC is also equiangular with the triangle GNH. 
Therefore, proportionally, as AM is to MB, so is FN to 

NG, 
70 and, as BM is to MC, so is GN to NH; 

so that, in addition, ex aequali, 
as AM is to MC, so is FN to NH. 

But, as AM is to MC, so is the triangle ABM Xa MBC, 
and A ME to EMC; for they are to one another as their 

75 bases. [vi. 1 ] 
Therefore also, as one of the antecedents is to one of the 

consequents, so are all the antecedents to all the consequents; 
[v. 1 2 ] 

therefore, as the triangle A MB is to BMC, so is ABE to 
CBE. 

80 But, as A MB is to BMC, so is AM to MC; 
therefore also, as AM is to MC, so is the triangle ABE to 
the triangle EBC. 

For the same reason also, 
as FN is to NH, so is the triangle FGL to the triangle 

85 GLH. 
And, as AM is to MC, so is FN to NH; 

therefore also, as the triangle ABE is to the triangle BEC, 
so is the triangle FGL to the triangle GLH; 
and, alternately, as the triangle ABE is to the triangle FGL, 

90 so is the triangle BEC to the triangle GLH. 
Similarly we can prove, if BD, GK be joined, that, as the 

triangle BEC is to the triangle LGH, so also is the triangle 
ECD to the triangle LHK. 

And since, as the triangle ABE is to the triangle FGL, 
95 so is EBC to LGH, and further ECD to LHK, 

therefore also, as one of the antecedents is to one of the 
consequents, so are all the antecedents to all the consequents ; 

[v. 12 

therefore, as the triangle ABE is to the triangle FGL, 
so is the polygon ABCDE to the polygon FGHKL. 



Again, let the polygons ABCDE, FGHKL be set out, and let BE, EC, 
GL, LH be joined. 

I say that, as the triangle ABE is to FGL, so is EBC to LGH and CDF 
to HKL. 

For, since the triangle ABE is similar to the triangle FGL, the triangle 
ABE has to.the triangle FGL a ratio duplicate of that which BE has to GL. 

100 But the triangle ABE has to the triangle FGL a ratio 
duplicate of that which the corresponding side AB has to the 
corresponding side FG; for similar triangles are in the 
duplicate ratio of the corresponding sides. [vi. 1 9 ] 

Therefore the polygon ABCDE also has to the polygon 
i o 5 FGHKL a ratio duplicate of that which the corresponding 

side AB has to the corresponding side FG. 
Therefore etc. 

PORISM. Similarly also it can be proved in the case of 
quadrilaterals that they are in the duplicate ratio of the 

no corresponding sides. And it was also proved in the case of 
triangles; therefore also, generally, similar rectilineal figures 
are to one another in the duplicate ratio of the corresponding 
sides. 

Q. E . D . 

1. in the s ame ratio a s the w h o l e s . The same word opiXoyos is used which I have 
generally translated by " corresponding." But here it is followed by a dative, oySKoyo. rot* 
tfXoij " homologous with the wholes," instead of being used absolutely. The meaning can 
therefore here be nothing else but " i n the same ratio w i t h " or "proportional to the 
who les" ; and Euclid seems to recognise that he is making a special use of the word, 
because he explains it lower down (1. 46): " the triangles are homologous to the wholes, that 
is, in such manner that the triangles are proportional, and ABE, EBC, ECD are ante
cedents, while FGL, LGH, LHK are their consequents." 

49. f T ^ f j - a aiiriov, "their consequents," is a little awkward, but may be supposed to 
indicate which triangles correspond to which as consequent to antecedent. 

An alternative proof of the second part of this proposition given after the 
Porisms is relegated by August and Heiberg to an Appendix as an interpolation. 
I t is shorter than the proof in the text, and is the only one given by many 
editors, including Clavius, Billingsley, Barrow and Simson. I t runs as follows: 

" We will now also prove that the triangles are homologous in another and 
an easier manner. 



For the same reason also 
the triangle BEC has to the triangle GLH a ratio duplicate of that which 
BE has to GL. 

Therefore, as the triangle ABE is to the triangle FGL, so is BEC 
to GLH 

Again, since the triangle EBC is similar to the triangle LGH, 
EBC has to LGH a ratio duplicate of that which the straight line CE has 
to HL. 

For the same reason also 
the triangle ECD has to the triangle LHK a ratio duplicate of that which 
CE has to HL. 

Therefore, as the triangle EBC is to LGH, so is ECD to LHK. 
But it was proved that, 

as EBC is to LGH, so also is ABE to FGL. 
Therefore also, as ABE is to FGL, so is BEC to GLH and ECD to 

LHK. 
Q. E. D." 

Now Euclid cannot fail to have noticed that the second part of his 
proposition could be proved in this way. It seems therefore that, in giving 
the other and longer method, he deliberately wished to avoid using the result 
of vi. 1 9 , preferring to prove the first two parts of the theorem, as they can be 
proved, independently of any relation between the areas of similar triangles. 

The first part of the Porism, stating that the theorem is true of quadrilaterals, 
would be superfluous but for the fact that technically, -according to Book 1. 
Def. 1 9 , the term "polygon" (or figure of many sides, iro\vTr\ivftov) used in the 
enunciation of the proposition is confined to rectilineal figures of more than 

four sides, so that a quadrilateral might seem to be excluded. T h e mention 
of the triangle in addition fills up the tale of " similar rectilineal figures." 

The second Porism, Theon's interpolation, given in the text by the editors, 
but bracketed by Heiberg, is as follows: 

" And, if we take O a third proportional to AB, FG, then BA has to O a 
ratio duplicate of that which AB has to FG. 

But the polygon has also to the polygon, or the quadrilateral to the 
quadrilateral, a ratio duplicate of that which the corresponding side has to 
the corresponding side, that is AB to FG; 
and this was proved in the case of triangles a lso; 

so that it is also manifest generally that, if three straight lines be proportional, 
as the first is to the third, so will the figure described on the first be to the 
similar and similarly described figure on the second." 

PROPOSITION 2 1 . 

Figures which, are similar to the same rectilineal figure 
are also similar to one another. 

For let each of the rectilineal figures A, B be similar to C; 
I say that A is also similar to B. 



Again, since B is similar to C, 
it is equiangular with it and has the sides about the equal 
angles proportional. 

Therefore each of the figures A, B is equiangular with C 
and with C has the sides about the equal angles proportional; 

therefore A is similar to B. 
Q. E. D. 

I t will be observed that the text above omits a step which the editions 
generally have before the final inference " Therefore A is similar to B." The 
words omitted are " so that A is also equiangular with B and [with B] has the 
sides about the equal angles proportional." Heiberg follows P in leaving 
them out, conjecturing that they may be an addition of Theon's. 

PROPOSITION 2 2 . 

If four straight lines be proportional, the rectilinealfigures 
similar and similarly described upon them will also be pro
portional; and, if the rectilineal figures similar and similarly 
described upon them be proportional, the straight lines will 
themselves also be proportional. 

Let the four straight lines AB, CD, EF, GH be pro
portional, 
so that, as AB is to CD, so is EFto GH, 
and let there be described on AB, CD the similar and similarly-
situated rectilineal figures KAB, LCD, 
and on EF, GH the similar and similarly situated rectilineal 
figures ME, NH; 
I say that, as KAB is to LCD, so is MF to NH. 

F o r let there be taken a third proportional 0 to AB, CD, 
and a third proportional P to EF, GH. [vi. n ] 

For, since A is similar to C, 
it is equiangular with it and has the sides about the equal 
angles proportional. [vi. Def. i ] 



vi. 2 2 ] P R O P O S I T I O N S 2 1 , 2 2 2 4 1 

Then since, as AB is to CD, so is EF to GH, 
and, as CD is to 0 , so is GH to />, 

therefore, ex aequali, as is to 0, so is EF to P. [v. 2 2 ] 
But, as AB is to 0 , so is KAB to ZCZ>, 
and, as EF is to /> so is MF to A W ; [ V ' ' ' 9 ' P ° r " ] 

therefore also, as KAB is to LCD, so is MF to NH. [v. n ] 

Next, let MF be to NH as is to LCD ; 
I say also that, as AB is to CD, so is EF to GH. 

For, if EF is not to t 7 # as AB to CD, 
let EF be to as AB to CD, [vi. 1 2 ] 

and on QR let the rectilineal figure SR be described similar 
and similarly situated to either of the two MF, NH. [vi. 1 8 ] 

Since then, as AB is to t?Z>, so is EF to QR, 
and there have been described on AB, CD the similar and 
similarly situated figures KAB. LCD, 
and on EF, QR the similar and similarly situated figures 
MF, SR, 
therefore, as KAB is to LCD, so is MF to SR. 

But also, by hypothesis, 
as KAB is to LCD, so is MF to NH; 

therefore also, as MF is to SR, so is MF to NH. [v. 11] 
Therefore MF has the same ratio to each of the figures 

NH, SR; 
therefore NH is equal to SR. [v. 9 ] 

But it is also similar and similarly situated to it; 
therefore GH is equal to QR. 



2 4 2 B O O K V I [VI. 2 2 

And, since, as AB is to CD, so is EF to QR, 
while QR is equal to GH, 
therefore, as AB is to CD, so is EF to GH. 

Therefore etc. 
Q . E . D . 

The second assumption in the first step of the first part of the proof, viz. 
that, as CD is to O, so GH to P, should perhaps be explained. It is a 
deduction [by v. n ] from the facts that 

AB is to CD as CD to 0, 
EF is to GHas GH to P, 

and AB is to CD as EF to GH. 

The defect in the proof of this proposition is well known, namely the 
assumption, without proof, that, because the figures NH, SB are equal, 
besides being similar and similarly situated, their corresponding sides GH, QR 
are equal. Hence the minimum addition necessary to make the proof 
complete is a proof of a lemma to the effect that, if two similar figures are also 
equal, any pair of corresponding sides are equal. 

T o supply this lemma is one alternative; another is to prove, as a 
preliminary proposition, a much more general theorem, viz. that, if the 
duplicate ratios of two ratios are equal, the two ratios are themselves equal. 
When this is proved, the second part of VI. 22 is an immediate infeience from 
it, and the effect is, o f course, to substitute a new proof instead of 
supplementing Euclid's. 

I. I t is to be noticed that the lemma required as a minimum is very like 
what is needed to supplement vi. 2 8 and 2 9 , in the proofs of which Euclid 
assumes that, if two similar parallelograms are unequal, any side in the greater 
is greater than the corresponding side in the smaller. Therefore, on the whole, it 
seems preferable to adopt the alternative of proving the simpler lemma which 
will serve to supplement all three proofs, viz. that, if of two similar rectilineal 

figures the first is greater than, equal to, or less than, the second, any side of the 
first is greater than, equal to, or less than, the corresponding side of the second 
respectively. 

The case of equality of the figures is the case required for vi. 22 ; and the 
proof of it is given in the Greek text after the proposition. Since to give such 
a " lemma " after the proposition in which it is required is contrary to Euclid's 
manner, Heiberg concludes that it is an interpolation, though it is earlier than 
Theon. T h e lemma runs thus : 

" B u t that, if rectilineal figures be equal and similar, their corresponding 
sides are equal to one another we will prove thus. 

Let NH, SR be equal and similar rectilineal figures, and suppose that, 

as HG is to GN, so is RQ to QS; 

I say that RQ is equal to HG. 

For, if they are unequal, one of them is greater; 

let RQ be greater than HG. 



Then, since, as RQ is to QS, so is HG to GN, 
alternately also, as RQ is to HG, so is QS to GN; 
and QR is greater than HG; 

therefore QS is also greater than GN; 
so that RS is also greater than HN*. 

But it is also equal: which is impossible. 
Therefore (X/? is not unequal to Cr^T; 

therefore it is equal to it." 

[The step marked * is easy to see if it is remembered that it is only 
necessary to prove its truth in the case of triangles (since similar polygons are 
divisible into the same number of similar and similarly situated triangles 
having the same ratio to each other respectively as the polygons have). I f the 
triangles be applied to each other so that the two corresponding sides of each, 
which are used in the question, and the angles included by them coincide, 
the truth of the inference is obvious.] 

The lemma might also be arrived at by proving that, if a ratio is greater than 
a ratio of equality, the ratio which is- its duplicate is also greater than a ratio of 
equality; and if the ratio which is duplicate of another ratio is greater than a 
ratio of equality, the ratio of which it is the duplicate is also greater than a ratio 
of equality. It is not difficult to prove this from the particular case of v. 2 5 in 
which the second magnitude is equal to the third, i.e. from the fact that in 
this case the sum of the extreme terms is greater than double the middle term. 

I I . We now come to the alternative which substitutes a new proof for the 
second part of the proposition, making the whole proposition an immediate 
inference from one to which it is practically equivalent, viz. that 

( 1 ) If two ratios be equal, their duplicate ratios are equal, and ( 2 ) con
versely, if the duplicate ratios of two ratios be equal, the ratios are equal. 

The proof of part ( 1 ) is after the manner of Euclid's own proof of the first 
part of vi. 2 2 . 

Let A be to B as C to D, 
and let A" be a third proportional to A, B, and F a third proportional to C, D, 
so that 

A is to B as B to X, 
and C is to D as D to Y; 

whence A is to X in the duplicate ratio of A to B, 
and C is to Y in the duplicate ratio of C to D. 

Since A is to B as C is to D, 
and B is to X as A is to B, 

i.e. as C is to D, r , 
, [v. n ] 

i.e. as D is to Y, 1 J 

therefore, ex aequali, A is to X as C is to Y. 

Part ( 2 ) is much more difficult and is the crux of the whole thing. 
Most of the proofs'depend on the assumption that, B being any magnitude 

and P and Q two magnitudes of the same kind, there does exist a magnitude 
A which is to B in the same ratio as P to Q. It is this same assumption 



pmA >pnB, pmD If-pnE, 

and npB>nqC, npE1t*nqF, 

whence pmA > nq C, pmD nqF. 

Now pmA, pmD are equimultiples o f mA, mD, 

and nqC, nqF equimultiples of qC, qF. 

Therefore [v. 3 ] they are respectively equimultiples of A, D and o f C, F. 

Hence [v. Def. 7 ] A:C>D:F. 

Another proof given by Clavius, though depending on the assumption 
referred to, is nea t 

Take G such that 
G: C = E:F. 

D 
E 

F 

B: C>G: C, [v. 1 3 ] 

B>G. [v. 1 0 ] 

A : G>A : B. [v. 8 ] 

A -

B -

C -

O 
H -

Therefore 

and 

Therefore 

which makes Euclid's proof of v. 1 8 illegitimate, since it is nowhere proved 
in Book v. Hence any proof of the proposition now in question which 
involves this assumption even in the case where B, P, Q are all straight lines 
should not properly be given as an addition to Book v . ; it should at least be 
postponed until we have learnt, by means of VI. 12 , giving the actual 
construction of a fourth proportional, that such a fourth proportional exists. 

Two proofs which are given of the proposition depend upon the following 
lemma. 

If A, B , C be three magnitudes of one kind, and D, E , F three magnitudes 
of one kind, then, if 

the ratio of A to B is greater than that ofDtoJL, 

and the ratio of B to C greater than that of E to F , 

ex aequali, the ratio of A to C is greater than that of D toF. 

One proof o f this does not depend upon che assumption referred to, and 
therefore, i f this proof is used, the theorem can be added to Book v. The 
proof is that of Hauber (Camerer's Euclid, p. - 358 of Vol. 11.) and is reproduced 
by Mr H. M. Taylor. For brevity we will use symbols. 

Take equimultiples mA, mD of A, D and nB, nE of B, E such that 

mA>nB, but mD^-nE. 

Also let pB, pE be equimultiples of B, E and qC, qF equimultiples of 
C,F such that 

pB>qC, hvApElf-qF. 

Therefore, multiplying the first line by / and the second by n, we have 



VI. 2 2 ] P R O P O S I T I O N 22 

But A . £>£>:£. 
Therefore, a fortiori, A : G>D : E. 
Suppose H taken such that 

H: G = D : E. 

Therefore A>H. [v. 1 3 , 1 0 ] 

Hence A : C>H: C. [v. 8 ] 

But H: G = Z> : £, 

G : C = E : F. 

Therefore, ex aequali, H: C=D : F. [v. 2 2 ] 

Hence A : C>D : F. [v. 1 3 ] 

Now we can prove that 

Ratios of which equal ratios are duplicate are equal. 

Suppose that A : B = B : C, 

and D : £ = £ : F, 

and further that A : C = D : F. 

it is required ' o prove that 
A : B = D : E. 

For, if not, one of the ratios must be greater than the other. 
Let A : B be the greater. 
Then, since A : B - B : C, 

and D : E = £ : F, 
while A: £>£>:£, 
it follows that B : C>£ : F. [v. 1 3 J 

Hence, by the lemma, ex aequali, 
A : C>D : F, 

which contradicts the hypothesis. 

Thus the ratios A : B and D: £ cannot be unequal; that is, they are equal. 

Another proof, given by Dr Lachlan, also assumes the existence of a 
fourth proportional, but depends upon a simpler lemma to the effect that 

// is impossible that two different ratios can have the same duplicate ratio. 

For, if possible, let the ratio A : B be duplicate both of A : X and A : Y, 
so that 

A : X=X: B, 
and A: Y= Y: B. 

Let X be greater than Y. 
Then A : X<A : Y; [v. 8 ] 
that is, X : B <Y: B, [v. n , 1 3 ] 

or X<Y. [v. 1 0 ] 
But X is greater than Y: which is absurd, etc. 

Hence X= Y. 



B O O K V I [VI. 2 2 

Now suppose that A : B = B : C, 

D:E = E:F, 

and A:C=D:F. 

T o prove that A : B = D: E. 

I f this is not so, suppose that 

A : B = D : Z. 

Since A : C =-D : F, 

therefore, inversely, C : A = F: D. 

Therefore, ex aequali, 

C:B = F.Z, [v. 2 2 ] 

or, inversely, B : C = Z : F. 

Therefore A : B = Z : F. [v. 1 1 ] 

But A : B = D : Z, by hypothesis. 

Therefore D:Z=Z:F. [v. 1 1 ] 

Also, by hypothesis, D : E = E : F; 

whence, by the lemma, E = Z. 

Therefore A : B --- D : E. 

De Morgan remarks that the best way of remedying the defect in Euclid 
is to insert the proposition (the lemma to the last proof) that it is impossible 
that two different ratios can have the same duplicate ratio, " which," he says, 
"immediately proves the second (or defective) case of the theorem." But this 
seems to be either too much or too little: too much, if we choose to make 
the minimum addition to Euclid (for that addition is a lemma which shall prove 
that, if a duplicate ratio is a ratio of equality, the ratio of which it is duplicate 
is also one of equality), and too little if the proof is to be altered in the more 
fundamental manner explained above. 

I think that, if Euclid's attention had been drawn to the defect in his 
proof of vi. 22 and he had been asked to remedy it, he would have done so 
by supplying what I have called the minimum lemma and not by making the 
more fundamental alteration. This I infer from Prop. 2 4 of the Data, where 
he gives a theorem corresponding to the proposition that ratios of which equal 
ratios are duplicate are equal. T h e proposition in the Data is enunciated 
thus : If three straight lines be proportional, and the first have to the third a 
given ratio, it will also have to the second a given ratio. 

A, B, C being the three straight lines, so that 

A : B = B : C, 
and A : C being a given ratio, it is required to prove that A : B is also a 
given ratio. 

Euclid takes any straight line D, and first finds another, F, such that 

D : F= A : C, 
whence D : F must be a given ratio, and, as D is given, F is therefore given. 

Then he takes E a mean proportional between D, F, so that 

D:E = E:F. 



For let them be placed so that BC is in a straight line 
with CG; 

therefore DC is also in a straight line with CE. 
, Let the parallelogram DG be completed ; 
let a straight line K be set out, and let it be contrived that, 

as BC is to CG, so is K to L, 
and, as DC is to CE, so is L to M. [vi. 1 2 ] 

I t follows [vi. 1 7 ] that 
the rectangle D, Fis equal to the square on E. 

But D, Fare both given; 
therefore the square on E is given, so that E is also given. 

[Observe that De Morgan's lemma is here assumed without proof. I t 
may be proved ( 1 ) as it is by De Morgan, whose proof is that given above, 
p. 2 4 5 , ( 2 ) in the manner of the "minimum lemma," pp. 2 4 2 — 3 above, or 
( 3 ) as it is by Proclus on 1. 4 6 (see note on that proposition).] 

Hence the ratio D : E is given. 
Now, since A : C = D : F, 

and A : C= (square on A): (rect. A, C), 
while D : F= (square on D): (rect. D, F ) , [vi. 1 ] 

therefore (square on A): (rect. A, C) = (square on D): (rect. D, F ) . [v. 1 1 ] 
But, since A : B = B : C, (rect. A, C) - (sq. on B); [vi. 1 7 ] 

and (rect. D, F) = (sq. on E), from above; 
therefore (square on A) : (square on B) = (sq. on D) : (sq. on E). 

Therefore, says Euclid, 
A : B = D : E, 

that is, he assumes the truth of VI. 22 for squares. 
Thus he deduces his proposition from vi. 2 2 , instead of proving vi. 22 by 

means of it (or the corresponding proposition used by Mr Taylor and 
Dr I.achlan). 

PROPOSITION 23. 

Equiangular parallelograms have to one another the ratio 
compounded of tlie ratios of their sides. 

Let AC, CF be equiangular parallelograms having the 
angle BCD equal to the angle ECG; 

5 I say that the parallelogram A C has to the parallelogram 
CF the ratio compounded of the ratios of the sides. 

<* . D . . . 
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Then the ratios of K to L and of L to M are the same 
is as the ratios of the sides, namely of BC to CG and of DC 

to CE. 
But the ratio of K to M is compounded of the ratio of K 

to L and of that of L to M; 
so that K has also to M the ratio compounded of the ratios 

ao of the sides. 
Now since, as BC is to CG, so is the parallelogram AC 

to the parallelogram CH, [vi. 1 ] 
while, as BC is to CG, so is K to L, 
therefore also, as K is to L, so is AC to CH. [v. n ] 

25 Again, since, as DC is to CE, so is the parallelogram CH 
to CF, [vi. 1 ] 

while, as DC is to CE, so is L to M, 
therefore also, as L is to M, so is the parallelogram CH to 
the parallelogram CF. [v. u ] 

30 Since then it was proved that, as K is to L, so is the 
parallelogram AC to the parallelogram CH, 
and, as L is to M, so is the parallelogram CH to the 
parallelogram CF, 
therefore, ex aequali, as K is to M, so is AC to the parallelo-

35 gram CF. 
But K has to M the ratio compounded of the ratios of 

the sides; 
therefore A C also has to CF the ratio compounded of the 

ratios of the sides. 
4 ° Therefore etc. 

Q. E . D . 

I , 6, 19, 36. the ratio c o m p o u n d e d of the ra t ios o f the s ides , \6yor rbv ovyKet/jtcron 
4k tS>p v\evpuir which, meaning literally " the ratio compounded of the sides," is negligently 
written here and commonly for \6yov rbv iruyKctntvov iic t »v TWJ* ir\evpuv (sc. Xbyuv). 

I I . let it be con t r ived that , a s B C is to C G , so i s K to L . The Greek phrase is 
of the usual terse kind, untranslatable literally : xal yeyovh-u tin ftiv i) BR irpbt rr,y TH, 
OOTOJ ti K Tpbt T6 A, the words meaning " and let (there) be made, as BC to CG, so A" to 
L," where L is the straight line which has to be constructed. 

T h e second definition of the Data says that A ratio is said to de given if 
•we can find (iropla-atrdai) [another ratio that is] the same with it. Accordingly 
vi. 2 3 not only proves that equiangular parallelograms have to one another a 
ratio which is compounded of two others, but shows that that ratio is "given" 
when its component ratios are given, or that it can be represented as a simple 
ratio between straight lines. 

file:///6yor
file:///6yov


Just as vi. 2 3 exhibits the operation necessary for compounding two 
ratios, a proposition ( 8 ) of the Data indicates the operation by which we may 
divide one ratio by another. T h e proposition proves that Things which 
have a given ratio to the same thing have also a given ratio to one another. 
Euclid's procedure is of course to compound one ratio with the inverse of the 
other; but, when this is once done and the result of Prop. 8 obtained, he 
uses the result in the later propositions as a substitute for the method of 
composition. Thus he uses the division of ratios, instead of composition, 
in the propositions of the Data which deal with the same subject-matter as 
vi. 2 3 . The effect is to represent the ratio of two equiangular parallelograms 
as a ratio between straight lines one of which is one side of one of the 
parallelograms. Prop. 5 6 of the Data shows us that, if we want to express 
the ratio of the parallelogram AC to the parallelogram CF in the figure 

of vi. 2 3 in the form of a ratio in which, for example, the side BC is the 
antecedent term, the required ratio of the parallelograms is BC : X, where 

DC : CE = CG : X, 
or X is a fourth proportional to X>Cand the two sides of the parallelogram CF. 

Measure CK along CB, produced if necessary, so that 
DC: CE=CG: CK 

(whence CK is equal to X). 

[This may be simply done by joining DG and then drawing EK parallel 
to it meeting CB in K.] 

Complete the parallelogram AK. 
Then, since DC : CE = CG : CK, 

the parallelograms DK, CFare equal. [vi. 1 4 ] 
Therefore (AC): (CF) = (AC) : (DK) [v. 7 ] 

= BC: CK [vi. 1 ] 

= BC : X. 
Prop. 6 8 of the Data uses the same construction to prove that, If two 

equiangular parallelograms have to one another a given ratio, and one side have 
to one side a given ratio, the remaining side will also have to the remaining side 
a given ratio. 

I do not use the figure of the Data but, for convenience' sake, I adhere 
to the figure given above. Suppose that the ratio of the parallelograms is 
given, and also that of CD to CE. 

Apply to CD the parallelogram DK equal to CF and such that CK, CB 
coincide in direction. [1. 4 5 ] 

Then the ratio of AC to KD is given, being equal to that of AC to CF. 
And (AC) : (KD) = CB : CK; 

therefore the ratio of CB to CK is given. 



A 

B G C E H F 

Let AC, DFbe equiangular parallelograms on the bases BC, EF, and let 
the angles at B, E be equal. 

Draw perpendiculars AG, DH to BC, EF respectively. 
Since the angles at B, G are equal to those at E, H, 

the triangles ABG, DEHaxe equiangular. 

Therefore BA : AG - ED : DH. [vi. 4 ] 

But BA 'AG -- (rect. BA, BC) : (rect. AG, BC), 
and ED : DH'= (rect. ED, EF) : (rect. DH, EF). [vi. 1] 

Therefore [v. 11 and v. 1 6 ] 

(rect. AB, BC) : (rect. DE, EF) = (rect. AG, BC) : (rect. DH, EF) 
= (AC):{DF). 

Thus it is proved that the ratio compounded of the ratios AB : DE and 
BC: EF is equal to the ratio of the rectangle AB, BC to the rectangle 
DE, EF. 

But, since KD = CF, 
CD : CE = CG : CK. [vi. 1 4 ] 

Hence CG : CK is a given ratio. 
And CB : CK was proved to be a given ratio. 
Therefore the ratio of CB to CG is given. [Data, Prop. 8 ] 
las t ly we may refer to Prop. 7 0 of the Data, the first part of which proves 

what corresponds exactly to vi. 2 3 , namely that, / / in two equiangular paral
lelograms the sides containing the equal angles have a given ratio to one another 
[i.e. one side in one to one side in the other], the parallelograms themselves will 
also have a given ratio to one another. [Here the ratios of BC to CG and of 
CD to CE are given.] 

The construction is the same as in the last case, and we have KD equal 
to CF, so that 

CD: CE=CG : CK. [vi. 1 4 ] 
But the ratio of CD to CE is given ; 

therefore the ratio of CG to CK is given. 
And, by hypothesis, the ratio of CG to CB is given. 
Therefore, by dividing the ratios [Data, Prop. 8 ] , we see that the ratio of 

CB to CK, and therefore [vi. 1 ] the ratio of AC to DK, or of AC to CF, 
is given. 

Euclid extends these propositions to the case of two parallelograms which 
have gtvm but not equal angles. 

Pappus (vn. p. 9 2 8 ) exhibits the result of VI. 2 3 in a different way, 
which throws new light on compounded ratios. He proves, namely, that a 
parallelogram is to an equiangular parallelogram as the rectangle contained by 
the adjacent sides of the first is to the rectangle contained by the adjacent sides 
of the second. 



Since each parallelogram in the figure of the proposition can be divided 
into pairs of equal triangles, and all the triangles which are the halves of either 
parallelogram have two sides respectively equal and the angles included by 
them equal or supplementary, it can be at once deduced from vi. 23 (or it 
can be independently proved by the same method) that triangles which have 
one angle of the one equal or supplementary-to one angle of the other are in the 
ratio compounded of the ratios of the sides about the equal or supplementary 
angles. Cf. Pappus vn. pp. 8 9 4 — 6 . 

vi. 23 also shows that rectangles, and therefore parallelograms or triangles, 
are to one another in the ratio compounded of the ratios of their bases and 
heights. 

The converse of VI. 23 is also true, as is easily proved by rcductio ad 
absurdum. More generally, if two parallelograms or triangles are in the ratio 
compounded of the ratios of two adjacent sides, the angles included by those sides 
are either equal or supplementary. 

PROPOSITION 24. 

In any parallelogram the parallelograms about the diameter 
are similar both to the whole and to one another. 

Let A BCD be a parallelogram, and AC its diameter, 
and let EG, HK be parallelograms 
about AC; A E B 
I say that each of the parallelograms 
EG, HK is similar both to the whole 
ABCD and to the other. 

For, since EF has been drawn 
parallel to BC, one of the sides of the 
triangle ABC, 

proportionally, as BE is to EA, so is CF to FA. [vi. 2] 
Again, since FG has been drawn parallel to CD, one of 

the sides of the triangle ACD, 
proportionally, as CF is to FA, so is DG to GA. [vi. 2 ] . 
But it was proved that, 

as CF is to FA, so also is BE to EA ; 
therefore also, as BE is to EA, so is DG to GA, 

and therefore, componendo, 
as BA is to AE, so is DA to AG, [v. 1 8 ] 

and, alternately, 
as BA is to AD, so is EA to AG. [v. 1 6 ] 

Therefore in the parallelograms ABCD, EG, the sides 
about the common angle BAD are proportional. 

And, since GE is parallel to DC, 



the angle AEG is equal to the angle DC A ; 
and the angle DAC is common to the two triangles ADC, 
AGF; 

therefore the triangle ADC is equiangular with the triangle 
AGF. 

For the same reason 
the triangle ACB is also equiangular with the triangle 

AFE, 
and the whole parallelogram ABCD is equiangular with the 
parallelogram EG. 

Therefore, proportionally, 
as AD is to DC, so\?> AG to GF, 
as DC is to CA, so is GF to FA, 
as AC is to CB, so is AF to EE, 

and further, as CB is to BA, so is EE to 
And, since it was proved that, 

as DC is to CA, so is GF to / v / , 
and, as is to CB, so is to EE, 
therefore, ex aequali, as DC is to CZ?, so is GF to i^Z*-. [v. 2 2 J 

Therefore in the parallelograms ABCD, EG the sides 
about the equal angles are proportional ; 
therefore the parallelogram ABCD is similar to the parallelo
gram EG. [vi. Def. 1] 

For the same reason 
the parallelogram ABCD is also similar to the parallelogram 
KH; 
therefore each of the parallelograms EG, HK is similar to 
ABCD. 

But figures similar to the same rectilineal figure are also 
similar to one another ; [vi. 2 1 ] 
therefore the parallelogram EG is also similar to the parallelo
gram HK. 

Therefore etc. 
Q. E. D. 

Simson was of opinion that this proof was made up by some unskilful 
editor out of two others, the first of which proved by parallels (vi. 2) that 
the sides about the common angle in the parallelograms are proportional, 
while the other used the similarity of triangles (vi. 4 ) . It is of course true 



Let there be applied to BC the parallelogram BE equal 
to the triangle ABC [1. 4 4 ] , and to CE the parallelogram CM 
equal to D in the angle FCE which is equal to the angle 
CBL. [ 1 . 4 5 ] 

that, when we have proved by VI. 2 the fact that the sides about the common 
angle are proportional, we can infer the proportionality of the other sides 
directly from 1. 3 4 combined with v. 7. But it does not seem to me unnatural 
that Euclid should ( 1 ) deliberately refrain from making any use of I. 3 4 and 
( 2 ) determine beforehand that he would prove the sides proportional in a 
definite order beginning with the sides EA, AG and BA, AD about the 
common angle and then taking the remaining sides in the order indicated 
by the order of the letters A, G, F, E. Given that Euclid started the proof 
with such a fixed intention in his mind, the course taken presents no difficulty, 
nor is the proof unsystematic or unduly drawn out. And its genuineness 
seems to me supported by the fact that the proof, when once the first two 
sides about the common angle have been disposed of, follows closely the 
order and method of VI. 18 . Moreover, it could readily be adapted to the 
more general case of two polygons having a common angle and the other 
corresponding sides respectively parallel. 

The parallelograms in the proposition are of course similarly situated as 
well as similar; and those "about the diameter" may be " a b o u t " the 
diameter produced as well as about the diameter itself. 

From the first part of the proof it follows that parallelograms which have 
one angle equal to one angle and the sides about those angles proportional 
are similar. 

Prop. 2 6 is the converse of Prop. 2 4 , and there seems to be no reason 
why they should be separated as they are in the text by the interposition of 
vi. 2 5 . Campanus has VI. 2 4 and 2 6 as vi. 22 and 2 3 respectively, vi. 2 3 as 
vi. 2 4 , and vi. 25 as we have it. 

PROPOSITION 2 5 . 

To construct one and the same figure similar to a given 
rectilineal figure and equal to another given rectilineal figure. 

Let ABC be the given rectilineal figure to which the 
figure to be constructed must be similar, and D that to which 
it must be equal; 
thus it is required to construct one and the same figure similar 
to ABC and equal to D. 



Therefore BC is in a straight line with CF, and LE with 
EM. 

Now let GH be taken a mean proportional to BC, CF 
[vi. 1 3 J , and on GHlet KGH be described similar and similarly-
situated to ABC. [vi. 1 8 ] 

Then, since, as BC is to GH, so is GH to CF, 
and, if three straight lines be proportional, as the first is to 
the third, so is the figure on the first to the similar and 
similarly situated figure described on the second, [vi. 19 , P o r ] 
therefore, as BC is to CF, so is the triangle ABC to the 
triangle KGH. 

But, as BC is to CF, so also is the parallelogram BE to 
the parallelogram EF. [vi. 1 ] 

Therefore also, as the triangle ABC is to the triangle 
KGH, so is the parallelogram BE to the parallelogram EF; 
therefore, alternately, as the triangle ABC is to the parallelo
gram BE, so is the triangle KGH to the parallelogram EF. 

[v. 1 6 ] 

But the triangle ABC is equal to the parallelogram BE; 
therefore the triangle KGH is also equal to the parallelogram 
EF. 

But the parallelogram EF is equal to D ; 
therefore KGH is also equal to D. 

And KGH is also similar to ABC. 
Therefore one and the same figure KGH has been con

structed similar to the given rectilineal figure ABC and equal 
to the other given figure D. 

Q. E. D . 

3. to w h i c h the figure to be cons t ruc ted mus t be s imilar , literally " t o which it 
is required to construct (one) similar," j let Snowy avoTfyairOai. 

This is the highly important problem which Pythagoras is credited with 
having solved. Compare the passage from Plutarch (Symp. vm. 2, 4 ) quoted 
in the note on 1. 4 4 above, Vol. 1. pp. 3 4 3 — 4 . 

We are bidden to construct a rectilineal figure which shall have the form of 
one and the size o f another rectilineal figure. T h e corresponding proposition 
of the Data, Prop. 5 5 , asserts that, " i f an area (x<«/HOV) be given in form 
( « 8 « i ) and in magnitude, its sides will also be given in magnitude." 

Simson sees signs of corruption in the text of this proposition also. In 
the first place, the proof speaks of the triangle ABC, though, according to the 
enunciation, the figure for which ABC is taken may be any rectilineal figure, 
tiOvypa/x/iov "rectilineal figure" would be more correct, or cloos, "figure"; the 
mistake, however, of using rpiymvov is not one of great importance, being no 



doubt due to the accident by which the figure was drawn as a triangle in the 
diagram. 

The other observation is more important. After Euclid has proved that 

(fig. ABC) : (fig. KGH) = (BE) : (EE), 

he might have inferred directly from v. 14 that, since ABC is equal to BE, 
KGH is equal to EF. For v. 1 4 includes the proof of the fact that, if A is 
to B as C is to D, and A is equal to C, then B is equal to D, or that of four 
proportional magnitudes, if the first is equal to the third, the second is equal 
to the fourth. Instead of proceeding in this way, Euclid first permutes the 
proportion by v. 1 6 into 

(fig. ABC) : (BE) = (fig. KGH) : (EF), 

and then infers, as if the inference were easier in this form, that, since the 
first is equal to the second, the third is equal to the fourth. Yet there is no 
proposition to this effect in Euclid. T h e same unnecessary step of permutation 
is also found in the Greek text of xi . 2 5 and xn . 2, 5 , 1 1 , 12 and 1 8 . In 
reproducing the proofs we may simply leave out the steps and refer to v. 1 4 . 

PROPOSITION 26. 

If from a parallelogram there be taken away a parallelo
gram similar and similarly situated to the whole and having 
a common angle with it, it is about the same diameter with the 
whole 

For from the parallelogram ABCD let there be taken 
away the parallelogram AF similar and 
similarly situated to ABCD, and having 
the angle DAB common with it j 
I say that ABCD is about the same 
diameter with AF. 

For suppose it is not, but, if possible, 
let AHC be the diameter < of ABCD > , 
let GF be produced and carried through 
to H, and let HK be drawn through H 
parallel to either of the straight lines AD, BC. [1. 3 1 ] 

Since, then, ABCD is about the same diameter with KG, 
therefore, as DA is to AB, so is GA to AK. [vi. 2 4 ] 

But also, because of the similarity of ABCD, EG, 
as DA is to AB, so is GA to AE; 

therefore also, as GA is to AK, so is GA to AE. [v. n ] 
Therefore GA has the same ratio to each of the straight 

lines AK, AE. 



Therefore AE is equal to AK [v. 9 ] , the less to the 
greater: which is impossible. 

Therefore ABCD cannot but be about the same diameter 
with AF; 
therefore the parallelogram ABCD is about the same diameter 
with the parallelogram AF. 

Therefore etc. 

" For suppose it is not, but, if possible, let AHC be the diameter." What 
is meant is " For, if AFC is not the diameter of the parallelogram AC, let 
AHC be its diameter." T h e Greek text has IO-TUI am&v Sia'/xtTpos ij A ® r ; 
but clearly airwv is wrong, as we cannot assume that one straight line is the 
diameter of both parallelograms, which is just what we have to prove. F and 
V omit the airtHv, and Heiberg prefers this correction to substituting airov 
after Peyrard. I have inserted " < of ABCD > " to make the meaning clear. 

I f the straight line AHC does not pass through F, it must meet either 
GF or GF produced in some point H. The reading in the text " and let 
GF be produced and carried through to H " ( r a i UfikriOtia-a. rj HZ &i-q\6a> fcri 
TO ©) corresponds to the supposition that H is on GF produced. T h e words 
were left out by Theon, evidently because in the figure of the MSS . the letters 
E, Z and K, © were interchanged. Heiberg therefore, following August, has 
preferred to retain the words and to correct the figure, as well as the passage in 
the text where AE, AJCwere interchanged to be in accord with the M S . figure. 

I t is of course possible to prove the proposition directly, as is done by 
Dr Lachlan. Let AF, AC be the diagonals, and let us make no assumption 
as to how they fall. 

Then, since EF is parallel to AG and therefore to BC, 

and therefore the angle FAE is equal to the angle CAB. 

Therefore AF falls on AC. 
T h e proposition is equally true if the parallelogram which is similar and 

similarly situated to the given parallelogram is not " taken 
away" from it, but is so placed that it is entirely outside the F E 

other, while two sides form an angle vertically opposite to f\~\ 
an angle of the other. In this case the diameters are not / \ i O 
" the same," in the words of the enunciation, but are in Q Af\ 7 
a straight line with one another. This extension of the / \ / 
proposition is, as will be seen, necessary for obtaining, / \ / 
according to the method adopted by Euclid in his solu- I jJ 
tion of the problem in vi. 2 8 , the second solution of that B c 

problem. 

Q . E . D . 

the angles AEF, ABC are equal. 

And, since the parallelograms are similar, 

AE : EF= AB : BC. 

Hence the triangles AEF, ABC are similar, 

[vi. Def. 1 ] 

[vi. 6 ] 



VI. 2 7 ] P R O P O S I T I O N S 2 6 , 27 

V VX F 'l \ H 

1 

PROPOSITION 2 7 . 

Of all the parallelograms applied to the same straight line 
and deficient by parallelogrammic figures similar and similarly 
situated to that described on the half of the straight line, that 
parallelogram is greatest which is applied to the half of the 
straight line and is similar to the defect. 

Let AB be a straight line and let it be bisected at C; 
let there be applied to the straight 
line AB the parallelogram AD o E 
deficient by the parallelogrammic 
figure DB described on the half of 
AB, that is, CB; 
I say that, of all the parallelograms 
applied to AB and deficient by 
parallelogrammic figures similar and 
similarly situated to DB, AD is greatest. 

For let there be applied to the straight line AB the 
parallelogram AF deficient by the parallelogrammic figure 
FB similar and similarly situated to DB; 
I say that AD is greater than AF. 

For, since the parallelogram DB is similar to the parallelo
gram FB, 

they are about the same diameter. [vi. 2 6 ] 
Let their diameter DB be drawn, and let the figure be 

described. 
Then, since CF is equal to FE, [1. 4 3 ] 

and FB is common, 
therefore the whole CH is equal to the whole KE. 

But CH is equal to CG, since AC is also equal to CB. 
[1. 3 6 ] 

Therefore GC is also equal to EK. 
Let CF be added to each ; 
therefore the whole AF'is equal to the gnomon LMN; 

so that the parallelogram DB, that is, AD, is greater than 
the parallelogram AF. 

Therefore etc. 



We have already (note on 1. 4 4 ) seen the significance, in Greek geometry, 
of the theory of " the application of areas, their exceeding and their falling-
short." In 1. 4 4 it was a question of "applying to a given straight line 
(exactly, without 'excess ' or 'defect') a parallelogram equal to a given 
rectilineal figure, in a given angle." Here, in vi. 2 7 — 2 9 , it is a question 
of parallelograms applied to a straight line but "deficient (or exceeding) by 
parallelograms similar and similarly 

AB to which the parallelogram has to I Z _ _ „ ^ / 
be applied, we describe on the base " N K \ 
CB, where C is on AB, or on BA 
produced beyond A, any parallelogram " similarly situated " and either equal 
or similar to the given parallelogram (Euclid takes the similar and similarly 
situated parallelogram on half ihe line), draw the diagonal BD, take on it 
(produced if necessary) any points as E, K, draw EF, or KL, parallel to CD 
to meet AB or AB produced and complete the parallelograms, as AH, ML. 

I f the point E is taken on BD or BD produced beyond D, it must be so 
taken that EF meets AB between A and B. Otherwise the parallelogram 
AE would not be applied to AB itself, as it is required to be. 

T h e parallelograms BD, BE, being about the same diameter, are similar 
[vi. 2 4 ] , and BE is the defect of the parallelogram AE relatively to AB. 
AE is then a parallelogram applied to AB but deficient by a parallelogram 
similar and similarly situated to BD. 

I f K is on DB produced, the parallelogram BK is similar to BD, but it 
is the excess of the parallelogram AK relatively to the base AB. AK is a 
parallelogram applied to AB but exceeding by a parallelogram similar and 
similarly situated to BD. 

Thus it is seen that BD produced both ways is the locus of points, such 
as E or K, which determine, with the direction of CD, the position of A, and 
the direction of AB, parallelograms applied to AB and deficient or exceeding 
by parallelograms similar and similarly situated to the given parallelogram. 

T h e importance of VI, 2 7 — 2 9 from a historical point of view cannot be 
overrated. They give the geometrical equivalent of the algebraical solution 
of the most general form of quadratic equation when that equation has a real 
and positive root. It will also enable us to find a real negative root of a 
quadratic equation ; for such an equation can, by altering the sign of x, be 
turned into another with a real positive root, when the geometrical method 
again becomes applicable. I t will also, as we shall see, enable us to represent 
both roots when both are real and positive, and therefore to represent both 
roots when both are real but either positive or negative. 

T h e method of these propositions was constantly used by the Greek 
geometers in the solution of problems, and they constitute the foundation of 
Book x . of the Elements and of Apollonius' treatment of the conic sections. 
Simson's observation on the subject is entirely justified. H e says namely on 
vi. 2 8 , 2 9 : " T h e s e two problems, to the first of which the 2 7 t h Prop, is 
necessary, are the most general and useful of all in the Elements, and are 
most frequently made use of by the ancient geometers in the solution of 
other problems; and therefore are very ignorantly left out by Tacquet and 

situated to a given parallelogram." 
Apart from size, it is easy to construct 
any number of parallelograms "de
ficient" or "exceeding" in the manner 
described. Given the straight line 



\ F 

A ( B 

Dechales in their editions of the Elements, who pretend that they are scarce 
of any use." 

It is strange that, with this observation before him, even Todhunter should 
have written as follows. " We have omitted in the sixth Book Propositions 
27, 2 8 , 2 9 and the first solution which Euclid gives o f Proposition 3 0 , as they 
appear now to be never required, and have been condemned as useless by 
various modern commentators; see Austin, Walker and Lardner." 

vi. 27 contains the 810010710s, the condition for a real solution, of the 
problem contained in the proposition following it. T h e maximum of all the 
parallelograms having the given property which can be applied to a given 
straight line is that which is described upon half the line (TO dirb r!js 17/ito-ct'af 
ayaypaipofifvoy). This corresponds to the condition that an equation of the 
form 

ux - px? = A 

may have a real root. T h e correctness of the result may be seen by taking 
the case in which the parallelograms are 
rectangles, which enables us to leave out D £ 
of account the sine of the angle of the 
parallelograms without any real loss of 
generality. Suppose the sides of the rect
angle to which the defect is to be similar 
to be as b to c, b corresponding to the 
side of the defect which lies along AB. 
Suppose that AKFG is any parallelogram 
applied to AB having the given property, that AB = a, and that FK=x. 
Then 

b b 
KB = -x, and therefore AK=a--x. 

c c 

Hence (a — - *\ x = S, where S is the area of the rectangle AKFG. 

Thus, given the equation 

ax - - x? = S, 
c 

where 5 is undetermined, VI. 27 tells us that, if x is to have a real value, 5 
cannot be greater than the rectangle CE. 

Now CB = - , and therefore CD = 7 . - : 
2 b 2' 

whence S ~. —, 
* 4 

which is just the same result as we obtain by the algebraical method. 
In the particular case where the defect of the parallelogram is to be * 

square, the condition becomes the statement of the fact that, if a straight line 
be divided into two parts, the rectangle contained by the parts cannot exceed the 
square on half the line. 

Now suppose that, instead of taking F on BD as in the figure of the 
proposition, we take F on BD produced beyond D but so that DF is less 
than BD. 

Complete the figure, as shown, after the manner of the construction in 
the proposition. 



Then the parallelogram FKBH is similar to the given parallelogram to 
which the defect is to be similar. Hence the parallelogram GAKF is also a 
parallelogram applied to AB and satisfying 
the given condition. pr- ^ 

We can now prove that GAKF is less \ \ 1 \ 
than CE or AD. \ ' \ .. \ \ 

Let ED produced meet A G in O. QV ^fe-1—\ \n 
Now, since BF is the diagonal of the QV \ 

parallelogram KH, the complements KD, \ ~ V P S W • \ 
Z>^T are equal. X \ \ V \ ' \ 

B u t \ \ \ \ W 
DH= DG, and DG is greater than OF. \ \ \ \ X \ 

Therefore KD> OF. A K C B 
Add CAT to each ; 

and AD, or C £ , > AF. 
This other ** case " of the proposition is found in all the MSS . , but Heiberg 

relegates it to the Appendix as being very obviously interpolated. The 
reasons for this course are that it is not in Euclid's manner to give a separate 
demonstration of such a " case " ; it is rather his habit to give one case only 
and to leave the student to satisfy himself about any others (cf. 1. 7 ) . Internal 
evidence is also against the genuineness of the separate proof. It is put after 
the conclusion of the proposition instead of before it, and, if Euclid had intended 
to discuss two cases, he would have distinguished them at the beginning of 
the proposition, as it was his invariable practice to do. Moreover the second 
" c a s e " is the less worth giving because it can be so easily reduced to the 
first. For suppose F' to be taken on BD so that FD = F D. Produce BF 
to meet AG produced in P. Complete the parallelogram BAPQ, and draw 
through F' straight lines parallel to and meeting its opposite sides. 

Then the complement F'Q is equal to the complement AF'. 
And it is at once seen that AF, F'Q are equal and similar. Hence the 

solution of the problem represented by AF or F'Q gives a parallelogram of 
the same size as AF' arrived at as in the first " case." 

I t is worth noting that the actual difference between the parallelogram 
AF and the maximum area AD that it can possibly have is represented in 
the figure. T h e difference is the small parallelogram DF. 

PROPOSITION 28. 

To a given straight line to apply a parallelogram equal to 
a given rectilineal figure and deficient by a parallelogrammic 
figure similar to a given one: thus the given rectilineal figure 
must not be greater than the parallelogram described on the 
half of the straight line and similar to the defect. 

Let AB be the given straight line, C the given rectilineal 
figure to which the figure to be applied to AB is required to 
be equal, not being greater than the parallelogram described 
on the half of AB and similar to the defect, and D the 
parallelogram to which the defect is required to be similar; 



VI. 2 8 ] P R O P O S I T I O N S 2 7 , 2 8 

thus it is required to apply to the given straight line AB a 
parallelogram equal to the given rectilineal figure C and 
deficient by a parallelogrammic figure which is similar to D. 

Let AB be bisected at the point E, and on EB let EBFG 
be described similar and similarly situated to D ; [vi. 1 8 ] 
let the parallelogram A G be completed. 

If then AG is equal to C, that which was enjoined will 
have been done; 

for there has been applied to the given straight line AB 
the parallelogram AG equal to the given rectilineal figure C 
and deficient by a parallelogrammic figure GB which is similar 
to D. 

But, if not, let HE be greater than C. 
Now HE is equal to GB; 

therefore GB is also greater than C. 
Let KLMN be constructed at once equal to the excess 

by which GB is greater than C and similar and similarly 
situated to D. [vi. 2 5 ] 

But D is similar to GB; 
therefore KM is also similar to GB. [vi. 2 1 ] 

Let, then, KL correspond to GE, and LM to GF. 
Now, since GB is equal to C, KM, 

therefore GB is greater than KM; 
therefore also GE is greater than KL, and GF than LM. 
Let GO be made equal to KL, and GP equal to LM; 

and let the parallelogram OGPQ be completed ; 
therefore it is equal and similar to KM. 

Therefore GQ is also similar to GB; [vi. 2 1 ] 
therefore GQ is about the same diameter with GB. [vi. 2 6 ] 



Let GQB be their diameter, and let the figure be described. 
Then, since BG is equal to C, KM, 

and in them GQ is equal to KM, 
therefore the remainder, the gnomon UWV, is equal to tht 
remainder C. 

And, since PR is equal to OS, 
let QB L e added to each ; 

therefore the whole PB is equal to the whole OB. 
But OB is equal to TE, since the side AE is also equal 

to the side EB; [i. 3 6 ] 
therefore TE is also equal to PB. 

Let OS be added to each ; 
therefore the whole TS is equal to the whole, the gnomon 

VWU. 
But the gnomon VWU was proved equal to C; 

therefore TS is also equal to C. 
Therefore to the given straight line AB there has been 

applied the parallelogram ST equal to the given rectilineal 
figure C and deficient by a parallelogrammic figure QB which 
is similar to D. 

Q. E. F. 

T h e second part of the enunciation of this proposition which states the 
Siopi<Tfi6<; appears to have been considerably amplified, but not improved in 
the process, by Theon. His version would read as follows. " But the given 
rectilineal figure, that namely to which the applied parallelogram must be 
equal (<S 8ei lo-ov vapapaXtiv), must not be greater than that applied to the half 
(iraoa/SaAAo/icYov instead of avaypatfropivov), the defects being similar, (namely) 
that (of the parallelogram applied) to the half and that (of the required 
parallelogram) which must have a similar defect" (6/ioiW o n w i w eAAei/i-
parwv rov rt dm TIJS ij/i«r«'as xal <S Sti SpMiov eWtlrrfiv). T h e first amplification 
" that to which the applied parallelogram must be equal" is quite unnecessary, 
since " the given rectilineal figure" could mean nothing else. The above 
attempt at a translation will show how difficult it is to make sense of the 
words at the end , they speak of two defects apparently and, while one may 
well be the "defect on the half," the other can hardly be tie given parallelogram 
" t o which the defect (of the required parallelogram) must be similar." Clearly 
the reading given above (from P) is by far the better. 

In this proposition and the next there occurs the tacit assumption (already 
alluded to in the note on vi. 2 2 ) that if, of two similar parallelograms, one is 
greater than the other, either side of the greater is greater than the corresponding 
side of the less. 



VI. 2 8 ] P R O P O S I T I O N 2 8 * * 3 

As already remarked, vi. 2 8 is the geometrical equivalent of the solution 
of the quadratic equation 

ax — - x* m S, 
c 

subject to the condition necessary to admit of a real solution, namely that 

•f. 4 
The corresponding proposition in the Data is (Prop. 5 8 ) , If a given (area) 

be applied (i.e. in the form of a parallelogram) to a given straight line and be 
deficient by a figure (i.e. a parallelogram) given in species, the breadths of the 
defect are given. 

T o exhibit the exact correspondence between Euclid's geometrical and 
the ordinary algebraical method of solving the equation we will, as before 
(in order to avoid bringing in a constant dependent on the sine of the angle 
of the parallelograms), suppose the parallelograms to be rectangles. T o solve 
the equation algebraically we change the signs and write it 

-x>-ax = -S. 

We may now complete the square by adding -y . — 

~, b . c a* c a1 

Thus - *" - a * + 7 . - = 7 . -
c b 4 b 4 

and, extracting the square root, we have 

•Jr"-s/'i,-,-tJ'rt

i-s-

Now let us observe Euclid's method. 

0 
a 
X 

\ I S B 
• 0 

He first describes GEBF on EB (half of AB) similar to the given 
parallelogram D. 

He then places in one angle FGE of GEBF a similar and similarly 
situated parallelogram GQ, equal to the difference between the parallelogram 
GB and the area C. 

With our notation, GO : OQ = c : b, 
b 

whence OQ=GO.-. 



Similarly - = EB = GE. -, 

so that GE = ;. - • 

b 2 

Therefore the parallelogram GQ - GO2. -, 

e o? 
and the parallelogram GB = ^ . —. 

Thus, in taking the parallelogram GQ equal to (GB - S), Euclid really 
finds GO from the equation 

c b 4 
T h e value which he finds is 

and he finds QS (or x) by subtracting GO from GE; whence 

b 2 W b\b 4 J 
I t will be observed that Euclid only gives one solution, that corresponding 

to the negative sign before the radical. But the reason must be the same as that 
for which he only gives one " c a s e " in vi. 27 . He cannot have failed to see how 
to add GO to GE would give another solution. As shown under the last 
proposition, the other solution can be arrived at 
( 1 ) by placing the parallelogram GOQP in A' 
the angle vertically opposite to FGE so that 
GQ lies along BG produced. The parallelo
gram A Q then gives the second solution. The 
side of this parallelogram lying along AB is 
equal to SB. T h e other side is what we have 
called x, and in this case 

x=EG+GO 

= b ' ~ 2 + \ / b(b-~4~~S)-
( 2 ) A parallelogram similar and equal to AQ' can also be obtained by 
producing BG till it meets A T produced and completing the parallelogram 
B'ABA', whence it is seen that the complement QA' is equal to the comple
ment AQ, besides being equal and similar and similarly situated to AQ'. 

A particular case of this proposition, indicated in Prop. 8 5 of the Data, is 
that in which the sides of the defect are equal, so that the defect is a rhombus 
with a given angle. Prop. 8 5 proves that, If two straight lines contain a 
given area in a given angle, and the sum 
of the straight lines be given, each of them E A 
will be given also. AB, BC being the / / 
given straight lines "containing a given / / 
area AC in a given angle ABC" one / / 
side CB is produced to I) so that BD £ £ 
is equal to AB, and the parallelograms are 
completed. Then, by hypothesis, CD is of given length, and A C is a parallelo-



gram applied to CD falling short by a rhombus (AD) with a given angle 
EDB. The case is thus a particular case of Prop. 5 8 of the Data quoted 
above (p. 2 6 3 ) as corresponding to VI. 2 8 . 

A particular case of the last, that namely in which the defect is a square, 
corresponding to the equation 

ax - x* = b2, 

is importai.t. This is the problem of applying to a given straight line a 
rectangle equal to a given area and falling short by a square; and it can be 
solved, without the aid of Book vi., as shown above under II, 5 (Vol. I. 
pp. 3 8 3 — 4 ) -

PROPOSITION 29. 

To a given straight line to apply a parallelogram equal to 
a given rectilineal figure and exceeding by a parallelogrammic 
figure similar to a given one. 

Let AB be the given straight line, C the given rectilineal 
figure to which the figure to be applied to AB is required to 
be equal, and D that to which the excess is required to be 
similar; 
thus it is required to apply to the straight line AB a parallelo
gram equal to the rectilineal figure C and exceeding by a 
parallelogrammic figure similar to D. 

Let AB be bisected at E ; 
let there be described on EB the parallelogram BF similar 
and similarly situated to D ; 
and let GH be constructed at once equal to the sum of BF, 
C and similar and similarly situated to D. [vi. 2 5 ] 

Let KH correspond to FL and KG to EE. 
Now, since GH is greater than FB, 

therefore KH is also greater than FL, and KG than EE. 



Let FL, FE be produced, 
let ELM be equal to KH, and FEN to KG, 
and let MN be completed ; 

therefore MN is both equal and similar to GH. 
But GH is similar to EL ; 

therefore MN is also similar to EL ; [vi. 2 1 ] 
therefore EL is about the same diameter with MN. [vi. 2 6 ] 

Let their diameter FO be drawn, and let the figure be 
described. 

Since GH is equal to EL, C, 
while GH is equal to MN, 
therefore MN is also equal to EL, C. 

Let EL be subtracted from each ; 
therefore the remainder, the gnomon XWV, is equal to C. 

Now, since AE is equal to EB, 
AN is also equal to NB [1. 3 6 ] , that is, to LP [1. 4 3 ] . 

Let EO be added to each ; 
therefore the whole AO is equal to the gnomon VWX. 

But the gnomon VWX is equal to C; 
therefore AO is also equal to C. 

Therefore to the given straight line AB there has been 
applied the parallelogram A 0 equal to the given rectilineal 
figure C and exceeding by a parallelogrammic figure QP 
which is similar to D, since PQ is also similar to EL [vi. 2 4 ] . 

Q . E . F . 

The corresponding proposition in the Data is (Prop. 5 9 ) , If a given (area) 
be applied (i.e. in the form of a parallelogram) to a given straight line exceeding 
by a figure given in species, the breadths of the excess are given. 

The problem of vi. 2 9 corresponds of course to the solution of the 
quadratic equation 

b , „ 
ax H— x — o . 

c 
The algebraical solution of this equation gives 

— j W i G - ? * * ) -
The exact correspondence of Euclid's method to the algebraical solution 

may be seen, as in the case of vi. 2 8 , by supposing the parallelograms to be 
rectangles. In this case Euclid's construction on EB of the parallelogram 
EL similar to D is equivalent to finding that 

c a „ T c a" 
FE = -.--, and EL = -,•-• 

b 2 b 4 



His determination of the similar parallelogram MN equal to the sum of EL 
and S corresponds to proving that 

FN* ."-='*-+ S, 
c b 4 

or 

whence x is found as 
c 
V 

Euclid takes, in this case, the solution corresponding to the positive sign 
before the radical because, from his point of view, that would be the only 
solution. 

No Siopia-fim is necessary because a real geometrical solution is always 
possible whatever be the size of S. 

Again the Data has a proposition indicating the particular case in which 
the excess is a rhombus with a given angle. Prop. 8 4 proves that, If two 
straight lines contain a given area in a given angle, and one of the straight lines 
is greater than the other by a given straight line, each of the two straight lines is 
given also. The proof reduces the proposition to a particular case of Data, 
Prop. 5 9 , quoted above as corresponding to vi. 2 9 . 

Again there is an important particular case which can be solved by means 
of Book 11, only, as shown under II. 6 above (Vol. 1. pp. 3 8 6 — 8 ) , the case namely 
in which the excess is a square, corresponding to the solution of the equation 

ax + x2 = 6*. 
This is the problem of applying to a given straight line a rectangle equal to a 
given area and exceeding by a square. 

PROPOSITION 30. 

To cut a given finite straight line in extreme and mean 
ratio. 

Let AB be the given finite straight line ; 
thus it is required to cut AB in extreme and mean ratio. 
On AB let the square BC be described ; 

and let there be applied to AC the parallelo
gram CD equal to BC and exceeding by 
the figure AD similar to BC. [vi. 2 9 ] 

Now BC is a square ; 
therefore AD is also a square. 

And, since BC is equal to CD, 
let CE be subtracted from each ; 

therefore the remainder BF is equal 
the remainder AD. 

to 

c • H 

e B 



But it is also equiangular with it; 
therefore in BF, AD the sides about the equal angles are 
reciprocally proportional; [vi. 1 4 ] 

therefore, as FE is to ED, so is AE to EB. 
But FE is equal to AB, and ED to AE. 
Therefore, as BA is to AE, so is AE to EB. 
And AB is greater than AE ; 

therefore AE is also greater than EB. 
Therefore the straight line AB has been cut in extreme 

and mean ratio at E, and the greater segment of it is AE. 
Q. E. F. . 

It will be observed that the construction in the text is a direct application 
of the preceding Prop. 2 9 in the particular case where the excess of the 
parallelogram which is applied is a square. This fact coupled with the 
position of VI. 3 0 is a sufficient indication that the construction is Euclid's. 

In one place Theon appears to have amplified the argument. The text 
above says " B u t FE is equal to AB" while the M S S . B , F , V and p have 
" But FE is equal to A C, that is, to AB." 

The MSS . give after oVe» eo« irotrja-ai an alternative construction which 
Heiberg relegates to the Appendix. T h e text-books give this construction 
alone and leave out the other. I t will be remembered that the alternative 
proof does no more than refer to the equivalent construction in 11. i t . 

" L e t AB be cut at C so that the rectangle AB, BC is equal to the 
square on CA. [11. 11J 

Since then the rectangle AB, BC is equal to the square on CA, 
therefore, as BA is to AC, so is AC to CB. [vi. 17 ] 

Therefore AB has been cut in extreme and mean ratio at C." 
I t is intrinsically improbable that this alternative construction was added 

to the other by Euclid himself. I t is however just the kind of interpolation 
that might be expected from an editor. I f Euclid had preferred the alternative 
construction, he would have been more likely to give it alone. 

PROPOSITION 3 1 . 

In right-angled triangles the figure on the side subtending 
the right angle is equal to the similar and similarly described 
figures on the sides containing the right angle. 

Let ABC be a right-angled triangle having the angle BAC 
right; 
I say that the figure on BC is equal to the similar and 
similarly described figures on BA, AC. 

Let AD be drawn perpendicular. 
Then since, in the right-angled triangle ABC, AD has 



been drawn from the right angle at A perpendicular to the 
base BC, 
the triangles ABD, ADC adjoin
ing the perpendicular are similar 
both to the whole ABC and to 
one another. [vi. 8 ] 

And, since ABC is similar to 
ABD, 
therefore, as CB is to BA, so is 
AB to BD. [vi. Def. 1] 

And, since three straight lines 
are proportional, 
as the first is to the third, so is the figure on the first to the 
similar and similarly described figure on the second, [vi. i 9 , P o r . ] 

Therefore, as CB is to BD, so is the figure on CB to the 
similar and similarly described figure on BA. 

For the same reason also, 
as BC is to CD, so is the figure on BC to that on CA ; 
so that, in addition, 
as BC is to BD, DC, so is the figure on BC to the similar 
and similarly described figures on BA, AC. 

But BC is equal to BD, DC; 
therefore the figure on BC is also equal to the similar and 
similarly described figures on BA, AC. 

Therefore etc. 
Q. E . D . 

As we have seen (note on 1. 4 7 ) , this extension of 1. 4 7 is credited by 
Proclus to Euclid personally. 

There is one inference in the proof which requires examination. Euclid 
proves that 

CB : BD = (figure on CB) : (figure on BA), 
and that BC : CD = (figure on BC) : (figure on CA), 
and then infers directly that 

BC : (BD + CD) = (fig. on BC) : (sum of figs, on BA and AC). 
Apparently v. 2 4 must be relied on as justifying this inference. But it is not 
directly applicable ; for what it proves is that, if 

a:b = c:d, 

and e :/>=/: d, 

then (a + e): b = (e + /): d. 
Thus we should invert the first two proportions given above (by Simson's 



Prop. B which, as we have seen, is a direct consequence of the definition of 
proportion), and thence infer by v. 2 4 that 

{BD + CD) : BC= (sum of figs, on BA, AC) : (fig. on BC). 
But BD + CD is equal to BC; 

therefore (by Simson's Prop. A, which again is an immediate consequence of 
the definition of proportion) the sum of the figures on BA, AC is equal to 
the figure on BC. 

T h e M S S . again give an alternative proof which Heiberg places in the 
Appendix. It first shows that the similar figures on the three sides have the 
same ratios to one another as the squares on the sides respectively. Whence, 
by using I . 4 7 and the same argument based on v. 2 4 as that explained above, 
the result is obtained. 

I f it is considered essential to have a proof which does not use Simson's 
Props. B and A or any proposition but those actually given by Euclid, no 
method occurs to me except the following. 

Eucl. v. 2 2 proves that, if a, b, c are three magnitudes, and d, e, f three 
others, such that 

a : b = d : e, 
b:e = e:f, 

then, ex aequali, a : c = d :/. 
I f now in addition a : b = b : c, 

so that, also, d : e = e :/, 
the ratio a 1 t is duplicate of the ratio a : b, and the ratio d : f duplicate of 
the ratio d : e, whence the ratios which are duplicate of equal ratios are equal. 

Now (fig. on AC) : (fig. on AB) = the ratio duplicate of AC : AB 
= the ratio duplicate of CD : DA 
= CD : BD. 

Hence (sum of figs, on AC, AB) : (fig. on AB) = BC : BD. [v. 1 8 ] 
But (fig. on BC) : (fig. on AB) = BC : BD 

(as in Euclid's proof). 
Therefore the sum of the figures on AC, AB has to the figure on AB the 
same ratio as the figure on BC has to the figure on AB, whence 

the figures on A C, AB are together equal to the figure on BC- [v. 9 ] 

PROPOSITION 32 . 

If two triangles having two sides proportional to two sides 
be placed together at one angle so that their corresponding sides 
are also parallel, the remaining sides of the triangles will be 
in a straight line. 

Let ABC, DCE be two triangles having the two sides 
BA, AC proportional to the two sides DC, DE, so that, as 
AB is to AC, so is DC to DE, and AB parallel to DC, and 
AC to DE;' 
I say that BC is in a straight line with CE. 



For, since AB is parallel to DC, 
and the straight line AC has fallen upon them, 
the alternate angles BA C, A CD 
are equal to one another. [1. 2 0 ] 

For the same reason 
the angle CDE is also 

equal to the angle A CD; 
so that the angle BAC is equal 
to the angle CDE. 

And, since ABC, DCE are 
two triangles having one angle, the angle at A, equal to one 
angle, the angle at D, 

and the sides about the equal angles proportional, 
so that, as BA is to A C, so is CD to DE, 

therefore the triangle ABC is equiangular with the 
triangle DCE ; [vi. 6 ] 

therefore the angle A BC is equal to the angle DCE. 
But the angle ACD was also proved equal to the angle 

BAC; 
therefore the whole angle A CE is equal to the two angles 

ABC, BAC. 
Let the angle A CB be added to each ; 

therefore the angles A CE, A CB are equal to the angles BAC, 
ACB, CBA. 

But the angles BAC, ABC, ACB are equal to two right 
angles; [1. 3 2 ] 

therefore the angles ACE, ACB are also equal to two 
right angles. 

Therefore with a straight line AC, and at the point C on 
it, the two straight lines BC, CE not lying on the same side 
make the adjacent angles ACE, ACB equal to two right 
angles; 

therefore BC is in a straight line with CE. [1. 1 4 ] 
Therefore etc. 

Q. E. D. 

I t has often been pointed out (e.g. by Clavius, Lardner and Todhunter) 
that the enunciation of this proposition is not precise enough. Suppose that 
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ABC is a triangle. From C draw CD parallel to BA and of any length. 
From D draw DE parallel to CA and of such length that 

CD : DE = BA : AC. 
Then the triangles ABC, ECD, which have the angular point C common 
literally satisfy Euclid's enunciation; but by no possi
bility can CE be in a straight line with CB if, as E 
in the case supposed, the angles included by the 
corresponding sides are supplementary (unless both are 

right angles). Hence the included angles must be / \ I )D 
equal, so that the triangles must be similar. That 
being so, if they are to have nothing more than one 
angular point common, and two pairs of corresponding 
sides are to be parallel as distinguished from one or both being in the same 
straight line, the triangles can only be placed so that the corresponding sides 
in both are on the same side of the third side of either, and the sides (other 
than the third sides) which meet at the common angular point are not corre
sponding sides. 

Todhunter remarks that the proposition seems of no use. Presumably he 
did not know that it is used by Euclid himself in x m . 17. This is so 
however, and therefore it was not necessary, as several writers have thought, to 
do away with the proposition and find a substitute which should be more useful. 

1. De Morgan proposes this theorem : " I f two similar triangles be placed 
with their bases parallel, and the equal angles at the bases towards the same 
parts, the other sides are parallel, each to each; or one pair of sides are in 
the same straight line and the other pair are parallel." 

2. Dr Lachlan substitutes the somewhat similar theorem, " I f two similar 
triangles be placed so that two sides of 
the one are parallel to the corresponding 
sides of the other, the third sides are 
parallel." 

But it is to be observed that these 
propositions can be proved without 
using Book VI. at a l l ; they can be 
proved from Book I., and the triangles 
may as well be called "equiangular" 
simply. I t is true that Book vi. is no more than formally necessary to 
Euclid's proposition. He merely uses vi. 6 because his enunciation does not 
say that the triangles are similar; and he only proves them to be similar in 
order to conclude that they are equiangular. From this point of view 
Mr Taylor's substitute seems the best, viz. 

3. " I f two triangles have sides parallel in pairs, the straight lines joining 
the corresponding vertices meet in a point, 
or are parallel." 

Simson has a theory (unnecessary in 
the circumstances) as to the possible 
object of vi. 32 as it stands. He points 
out that the enunciation of vi. 2 6 might 
be more general so as to cover the case 
of similar and similarly situated parallelo
grams with equal angles not coincident 
but vertically opposite. I t can then be proved that the diagonals drawn 



through the common angular point are in one straight line. I f ABCF, CDEG 
be similar and similarly situated parallelograms, 
so that BCG, DCF are straight lines, and if A c 
the diagonals AC, CE be drawn, the triangles 
ABC, CDE are similar and are placed exactly 
as described in vi. 3 2 , so that AC, CE are in a 
straight line. Hence Simson suggests that 
there may have been, in addition to the in
direct demonstration in vi. 2 6 , a direct proof 
covering the case just given which may have 
used the result of vi. 3 2 . I think however 
that the place given to the latter proposition in Book vi. is against this view. 

PROPOSITION 3 3 . 

In equal circles angles have the same ratio as the circum
ferences on which they stand, whether they stand at the centres 
or at the circumferences. 

Let ABC, DEF be equal circles, and let the angles BGC, 
EHF be angles at their centres G, H, and the angles BA C, 
EDF angles at the circumferences ; 
I say that, as the circumference BC is to the circumference 
EF, so is the angle BGC to the angle EHF, and the angle 
BAC to the angle EDF. 

For let any number of consecutive circumferences CK, 
KL be made equal to the circumference BC, 
and any number of consecutive circumferences EM, MN equal 
to the circumference EF; 
and let GK, GL, HM, HN be joined. 

Then, since the circumferences BC, CK, KL are equal 
to one another, 
the angles BGC, CGK, KGL are also equal to one another; 

[in. 2 7 ] 



therefore, whatever multiple the circumference BL is of BC, 
that multiple also is the angle BGL of the angle BGC. 

For the same reason also, 
whatever multiple the circumference NE is of EF, that 
multiple also is the angle NHE of the angle EHF. 

If then the circumference BL is equal to the circumference 
EN, the angle BGL is also equal to the angle EHN; [lit. 2 7 ] 
if the circumference BL is greater than the circumference 
EN, the angle BGL is also greater than the angle EHN; 
and, if less, less. 

There being then four magnitudes, two circumferences 
BC, EF, and two angles BGC, EHF, 
there have been taken, of the circumference BC and the angle 
BGC equimultiples, namely the circumference BL and the 
angle BGL, 
and of the circumference EF and the angle EHF equi
multiples, namely the circumference EN and the angle EHN. 

And it has been proved that, 
if the circumference BL is in excess of the circumference EN, 
the angle BGL is also in excess of the angle EHN; 
if equal, equal; 
and if less, less. 

Therefore, as the circumference BC is to EF, so is the 
angle BGC to the angle EHF. [v. Def. 5] 

But, as the angle BGC is to the angle EHF, so is the 
angle BAC to the angle EDF; for they are doubles respec
tively. 

Therefore also, as the circumference BC is to the circum
ference EF, so is the angle BGC to the angle EHF, and 
the angle BA C to the angle EDF. 

Therefore etc. 
Q. E. D . 

This proposition as generally given includes a second part relating to sectors 
of circles, corresponding to the following words added to the enunciation: 
" and further the sectors, as constructed at the centres" (Iri ot koX 01 -rowels a r t 
[or ofrf] Trpos TOIS K£vrpoi5 <Tw«rra/«i<ot). There is of course a corresponding 
addition to the "definition" or "particular statement," "and further the sector 
GBOC to the sector HEQF." These additions are clearly due to Theon, as 
may be gathered from his own statement in his commentary on the /iadrjiiarucy 
<rvvra$is of Ptolemy, " But that sectors in equal circles are to one another as 
the angles on which they stand, has been proved by me in my edition of the 
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Elements at the end of the sixth book." Campanus omits them, and P has them 
only in a later hand in the margin or between the lines. Theon's proof scarcely 
needs to be given here in full, as it can easily be supplied. From the equality 
of the arcs BC, CK he infers [in. 2 9 ] the equality of the chords BC, CK. 
Hence, the radii being equal, the triangles GBC, GCK are equal in all 
respects [1. 8 , 4 ] . Next, since the arcs BC, CK are equal, so are the arcs 
BAC, CAK. Therefore the angles at the circumference subtended by the 
latter, i.e. the angles in the segments BOC, CPK, are equal [in. 2 7 ] , and the 
segments are therefore similar [ill. Def.. 1 1 } and equal [in. 2 4 ] . 

Adding to the equal segments the equal triangles GBC, GCK respectively, 
we see that 

the sectors GBC, GCK axe. equal. 

Thus, in equal circles, sectors standing on equal arcs are equal; and the rest 
of the proof proceeds as in Euclid's proposition. 

As regards Euclid's proposition itself, it will be noted that ( 1 ) , besides 
quoting the theorem in in. 27 that in equal circles angles which stand on 
equal arcs are equal, the proof assumes that the angle standing on a greater 
arc is greater and that standing on a less arc is less. This is indeed a suffi
ciently obvious deduction from III. 2 7 . 

( 2 ) Any equimultiples whatever are taken of the angle BGC and the arc 
BC, and any equimultiples whatever of the angle EHF and the arc EF. 
(Accordingly the words "any equimultiples whatever" should have been used in 
the step immediately preceding the inference that the angles are proportional 
to the arcs, where the text merely states that there have been taken of the 
circumference BC and the angle BGC equimultiples BL and BGL.) But, if 
any multiple of an angle is regarded as being itself an angle, it follows that the 
restriction in 1. Deff. 8 , 10 , n , 12 of the term angle to an angle less than two 
right angles is implicitly given up; as De Morgan says, " the angle breaks 
prison." Mr Dodgson (Euclid and his Modern Rivals, p. 1 9 3 ) argues that 
Euclid conceived of the multiple of an angle as so many separate angles not 
added together into one, and that, when it is inferred that, where two such 
multiples of an angle are equal, the arcs subtended are also equal, the argu
ment is that the sum total of the first set of angles is equal to the sum total 
of the second set, and hence the second set can be broken up and put 
together again in such amounts as to make a set equal, each to each, to the 
first set, and then the sum total of the arcs will evidently be equal also. I f 
on the other hand the multiples of the angles are regarded as single angular 
magnitudes, the equality of the subtending arcs is not inferrible directly from 
Euclid, because his proof of III. 2 6 only applies to cases where the angle is 
less than the sum of two right angles. (As a matter of fact, it is a question of 
inferring equality of angles or multiples of angles from equality of arcs, and 
not the converse, so that the reference should have been to ill. 2 7 , but this 
does not affect the question at issue.) Of course it is against this view of 
Mr Dodgson that Euclid speaks throughout of " the angle B G L " and " the 
angle E H N " (17 VTO BHA ymvia, rj virb E@N yu>via). I think the probable 
explanation is that here, as in l i t 2 0 , 2 1 , 2 6 and 2 7 , Euclid deliberately took 
no cognisance of the case in which the multiples of the angles in question 
would be greater than two right angles. I f his attention had been called to 
the fact that III. 2 0 takes no account of the case where the segment is less 
than a semicircle, so that the angle in the segment is obtuse, and therefore the 
" angle at the centre " in that case (if the term were still applicable) would be 



greater than two right angles, Euclid would no doubt have refused to regard 
the latter as an angle, and would have represented it otherwise, e.g. as the 
sum of two angles or as what is left when an angle in the true sense is sub
tracted from four right angles. Here then, if Euclid had been asked what 
course he would take if the multiples of the angles in question should be 
greater than two right angles, he would probably have represented them, I 
think, as being equal to so many right angles plus an angle less than a right 
angle, or so many times two right angles plus an angle, acute or obtuse. Then 
the equality of the arcs would be the equality of the sums of so many circum
ferences, semi-circumferences or quadrants plus arcs less than a semicircle or 
a quadrant. Hence I agree with Mr Dodgson that VI. 33 affords no evidence 
of a recognition by Euclid of " angles " greater than two right angles 

Theon adds to his theorem about sectors the Porism that, As the sector is 
to the sector, so also is the angle to the angle. This corollary was used by 
Zenodorus in his tract irepi icrop.(Tpmv tr^-qixajuiv preserved by Theon in his 
commentary on Ptolemy's o-VIRA(;is, unless indeed Theon himself interpolated 
the words (<us 8' 6 TO»fiis jrpos tov Top.ia, 77 viro E©A ytavia irpbi rqv virb M®A). 



B O O K V I I . 

D E F I N I T I O N S . 

1. An UNIT is that by virtue of which each of the things 
that exist is called one. 

2 . A N U M B E R is a multitude composed of units. 

3. A number is A PART of a number, the less of the 
greater, when it measures the greater; 

4. but PARTS when it does not measure it. 

5. The greater number is a MULTIPLE of the less when 
it is measured by the less. 

6. An E V E N N U M B E R is that which is divisible into two 
equal parts. 

7. An ODD N U M B E R is that which is not divisible into 
two equal parts, or that which differs by an unit from an 
even number. 

8. An E V E N - T I M E S E V E N N U M B E R is that which is 
measured by an even number according to an even number. 

9. An E V E N - T I M E S O D D N U M B E R is that which is 
measured by an even number according to an odd number. 

10. An O D D - T I M E S ODD N U M B E R is that which is 
measured by an odd number according to an odd number. 



1 1 . A prime number is that which is measured by an 
unit alone. 

1 2 . Numbers prime to one another are those which 
are measured by an unit alone as a common measure. 

1 3 . A composite number is that which is measured 
by some number. 

1 4 . Numbers composite to one another are those 
which are measured by some number as a common measure. 

1 5 . A number is said to multiply a number when that 
which is multiplied is added to itself as many times as there 
are units in the other, and thus some number is produced. 

1 6 . And, when two numbers having multiplied one 
another make some number, the number so produced is 
called plane, and its sides are the numbers which have 
multiplied one another. 

1 7 . And, when three numbers having multiplied one 
another make some number, the number so produced is 
solid, and its sides are the numbers which have multiplied 
one another. 

18 . A square number is equal multiplied by equal, or 
a number which is contained by two equal numbers. 

1 9 . And a cube is equal multiplied by equal and again 
by equal, or a number which is contained by three equal 
numbers. 

20. Numbers are proportional when the first is the 
same multiple, or the same part, or the same parts, of the 
second that the third is of the fourth. 

2 1 . Similar plane and solid numbers are those which 
have their sides proportional. 

22. A perfect number is that which is equal to its own 
parts. 
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DEFINITION I. 

Moms ecru', Kaff rjv CKCUTTOV TWV ovtwv tv kiyerau 

Iamblichus (fl. circa 3 0 0 A.D.) tells us (Comm. on Nicomachus, ed. Pistelli, 
p. 1 1 , 5 ) that the Euclidean definition of an unit or a monad was the definition 
given by "more recent" writers (01 vewrcpoi), and that it lacked the words 
" even though it be collective " (k&v o w r n / j a T i x w j j ) . H e also gives (ibid. 
p. 1 1 ) a number of other definitions. ( 1 ) According to " some of the Pytha
goreans," " an unit is the boundary between number and parts " (fiovas icrrw 
ipifi/iov Kal ixopimv ptOoptov), " because from it, as from a seed and eternal 
root, ratios increase reciprocally on either side," i.e. on one side we have 
multiple ratios continually increasing and on the other (if the unit be sub
divided) submultiple ratios with denominators continually increasing. ( 2 ) A 
somewhat similar definition is that of Thymaridas, an ancient Pythagorean, 
who defined a monad as "limiting quantity" (iripaivowa iroo-oTjjs), the 
beginning and the end of a thing being equally an extremity (ircpas). Perhaps 
the words together with their explanation may best be expressed by " limit of 
fewness." Theon of Smyrna (p. 1 8 , 6, ed. Hiller) adds the explanation that 
the monad is "that which, when the multitude is diminished by way of 
continued subtraction, is deprived of all number and takes an abiding position 
(/xonjV) and rest." If, after arriving at an unit in this way, we proceed to divide 
the unit itself into parts, we straightway have multitude again. ( 3 ) Some, ac
cording to Iamblichus (p. 1 1 , 1 6 ) , defined it as the "form of forms" (ciooii' elSos) 
because it potentially comprehends all forms of number, e g . it is a polygonal 
number of any number of sides from three upwards, a solid number in all 
forms, and so on. (We are forcibly reminded of the latest theories of number 
as a "Gat tung" of " M e n g e n " or as a "class of classes.") ( 4 ) Again an 
unit, says Iamblichus, is the first, or smallest, in the category of how many 
(»roo-dV), the common part or beginning of how many. Aristotle defines it as 
" the indivisible in the (category of) quantity," t o kcitol t o voaov dSiaipcrov 
(Metaph. 1 0 8 9 b 3 5 ) , irocoV including in Aristotle continuous as well as 
discrete quantity; hence it is distinguished from a point by the fact that it 
has not position : " O f the indivisible in the category of, and qud, quantity, 
that which is every way (indivisible) and destitute of position is called an 
unit, and that which is every way indivisible and has position is a point" 
(Metaph. 1 0 1 6 b 2 5 ) . ( 5 ) In accordance with the last distinction, Aristotle 
calls the unit " a point without position," orty/xij adtrot (Metaph. 1 0 8 4 b 2 6 ) . 
( 6 ) Lastly, Iamblichus says that the school of Chrysippus defined it in a con
fused manner (avyKtxyp.ivui<i) as "multitude one (irKijOo? lv)," whereas it is 
alone contrasted with multitude. On a comparison of these definitions, it 
would seem that Euclid intended his to be a more popular one than those 
of his predecessors, 8tj/«ucV, as Nicomachus called Euclid's definition of an 
even number. 

The etymological signification of the word floras is supposed by Theon of 
Smyrna (p. 19 , 7 — 1 3 ) to be either ( 1 ) that it remains unaltered if it be 
multiplied by itself any number of times, or ( 2 ) that it is separated and isolated 
(ptp.ovd<r6ai) from the rest of the multitude of numbers. Nicomachus also 
observes (1. 8 , 2 ) that, while any number is half the sum ( 1 ) of the adjacent 
numbers on each side, ( 2 ) o f numbers equidistant on each side, the unit is 
most solitary (pxtmrarri) in that it has not a number on each side but only on 
one side, and it is half of the latter alone, i.e. of 2 . 



D e f i n i t i o n 2 . 

'Apl#p.OS Bi TO €K jU-OVCtOWV OVyKtiptVOV 7r\r}0oS. 

T h e definition of a number is again only one out ot many that are on 
record. Nicomachus (1. 7, 1) combines several into one, saying that it is 
" a defined multitude (wkijBm tapio-plvov), or a collection of units (pora'oW 
o-io-Tr)p.a), or a flow of quantity made up of units " ( t t o o - o t i / t o s \vpa c k povdoW 
o-vyKcip.€vov). Theon, in words almost identical with those attributed by 
Stobaeus (Eclogae, 1. 1, 8) to Moderatus, a Pythagorean, says (p. 18, 3—5): 
" A number is a collection of units, or a progression (7rpo7ro&o-p.o's) of mul
titude beginning from an unit and a retrogression (a.va-rob'urp.os) ceasing at an 
unit." According to Iamblichus (p. 10) the description "collection of units" 
(povd&uiv o-u'o-TT/yiia) was applied to the how many, i.e. to number, by Thales, 
following the Egyptian view (xara t o Alyvn-TiaKov dpeo-xoi'), while it was 
Eudoxus the Pythagorean who said that a number was " a defined multitude" 
(ir\rj8o% dpi.o-p.lvov). Aristotle has a number of definitions which come to the 
same thing: "limited multitude" (TrXrjBos to iren-epao-pivov, Metaph. 1020 a 
13), "multi tude" (or "combinat ion") " o f units" or "multitude of indivi
sibles " (ibid. 1053 a 30, 1039 a 12, 1085 b 22), "several ones" (iva TrAct'cu, 
Phys. 111. 7, 207 b 7), "multitude measurable by o n e " (Metaph. 1057 a 3) 
and " multitude measured and multitude of measures," the " measure " being 
unity, t o iv (ibid. 1088 a 5) . 

D e f i n i t i o n 3. 

Me'pos la-fiv dpifpos apSpov 6 l\dao-mv tov pt^oyos, orav Karaptrpy tov 
pul^ova. 

By a part Euclid means a submultiple, as he does in v. Def. 1, with which 
definition this one is identical except for the substitution of number (dpiOpds) 
for magnitude (pkyidoi); cf. note on v. Def. 1. Nicomachus uses the word 
"submultiple" (uVo7roAAaTrAdo-ios) also. He defines it in a way corresponding 
to his definition of multiple (see note on Def. 5 below) as follows (1. 18, 2 ) : 
" The submultiple, which is by nature first in the division of inequality 
(called) less, is the number which, when compared with a greater, can 
measure it more times than once so as to fill it exactly (irA^pownos)." Simi
larly sub-double (uVooiirAdo-ios) is found in Nicomachus meaning half, and 
so on. 

D e f i n i t i o n 4. 

Mepy] Sc, orav pr] KarapcTprj. 

By the expression parts (peprj, the plural of p.tpos) Euclid denotes what we 
should call a proper fraction. That is, a part being a submultiple, the rather 
inconvenient term parts means any number of such submultiples making up 
a fraction less than unity. I have not, found the word used in this special 
sense elsewhere, e.g. in Nicomachus, Theon of Smyrna or Iamblichus, except 
in one place of Theon (p. 79, 26) where it is used of a proper fraction, of 
which % is an illustration. 

http://dpi.o-p.lvov
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DEFINITION 5. 

IIoXXa7rXao"TOS 8c 6 pti^wv tov i\do~aovo<i, brav KaTapxTprJTat vvb tov £\do~o-ovos. 

The definition of a multiple is identical with that in v. Def. 2, except that 
the masculine of the adjectives is used agreeing with dpif)/xos understood 
instead of the neuter agreeing with pkySo% understood. Nicomachus (1. 18 , 
1) defines a multiple as being " a species of the greater which is naturally 
first in order and origin, being the number which, when considered in com
parison with another, contains it in itself completely more than once." 

DEFINITIONS 6, 7. 

6. Apnos dpttfpds CORTY 6 8i\a 8tatpovp(vo<,. 
7. N€PIO-O"OS 8e 6 pLTj Siatpovptvo1; ST̂ A fj [6] povdSt 8ta<pcpu)V apriov dpiOpov. 

Nicomachus (1. 7, 2 ) somewhat amplifies these definitions of even and odd 
numbers thus. " T h a t is even which is capable of being divided into two 
equal parts without an unit falling in the middle, and that is odd which cannot 
be divided into two equal parts because of the aforesaid intervention (p*O-i-
RCTAI') of the unit." He adds that this definition is derived "from the popular 
conception " ( « T^S 8»;p.(o8ovs u7ro\>;T//«<"S). In contrast to this, he gives ( I . 7, 3 ) 
the Pythagorean definition, which is, as usual, interesting. " An even number 
is that which admits of being divided, by one and the same operation, into the 
greatest and the least (parts), greatest in size (IR̂ AIKOVIRN) but least in quantity 
(iroo-dnrrt)...while an odd number is that which cannot be so treated, but is 
divided into two unequal parts." That is, as Iamblichus says (p. 12 , 2 — 9 ) , an 
even number is divided into parts which are the greatest possible "parts," namely 
halves, and into the fewest possible, namely two, two being the first " num
ber " or "collection of units." According to another ancient definition quoted 
by Nicomachus (1. 7, 4 ) , an even number is that which can be divided both 
into two equal parts and into two unequal parts (except the first one, the 
number 2, which is only susceptible of division into equals), but, however it 
is divided, must have its two parts of the same kind, i.e. both even or both 
odd; while an odd number is that which can only be divided into two 
unequal parts, and those parts always of different kinds, i.e. one odd and 
one even. Lastly, the definition of odd and even " b y means of each other" 
says that an odd number is that which differs by an unit from an even 
number on both sides of it, and an even number that which differs by an 
unit from an odd number on each side. This alternative definition of an 
odd number is the same thing as the second half of Euclid's definition, " the 
number which differs by an unit from an even number." This evidently 
pre-Euclidean definition is condemned by Aristotle as unscientific, because 
odd and even are coordinate, both being differentiae of number, so that one 
should not be defined by means of the other (Topics vi. 4 , 1 4 2 b 7 — 1 0 ) . 

DEFINITION 8. 

'Apndicis dprios dpiBpoi io-Tiv 6 vtto apriov dptOpov PCRPOWPCI'OS Kara apTiov 
dpi8pov. 

Euclid's definition of an even-times even number differs from that given by 
the later writers, Nicomachus, Theon of Smyrna and Iamblichus; and the 
inconvenience of it is shown when we come to ix. 3 4 , where it is proved 



that a certain sort of number is both "even-times even" and "even-timesodd." 
According to the more precise classification of the three other authorities, the 
" even-times even " and the " even-times odd " are mutually exclusive and are 
two of three subdivisions into which even numbers fall. Of these three sub
divisions the "even-times even " and the "even-times odd" form the extremes, 
and the " odd-times even " is as it were intermediate, showing the character 
of both extremes (cf. note on the following definition). The even-times even is 
then the number which has its halves even, the halves of the halves even, and 
so on, until unity is reached. In short the even-times even number is always 
of the form 2". Hence Iamblichus (pp. 2 0 , 21) says Euclid's definition of it 
as that which is measured by an even number an even number of times is 
erroneous. In support of this he quotes the number 2 4 which is four times 6 , 
or six times 4 , but yet is not " even-times even " according to Euclid himself 
(ot8i xar olvtov), by which he must apparently mean that 2 4 is also 8 times 3 , 
which does not satisfy Euclid's definition. There can however be no doubt that 
Euclid meant what he said in his definition as we have i t ; otherwise IX. 3 2 , 
which proves that a number of the form 2" is even-times even only, would be quite 
superfluous and a mere repetition of the definition, while, as already stated, 
IX. 3 4 clearly indicates Euclid's view that a number might at the same time 
be both even-times even and even-times odd. Hence the pdVus which some 
editor of the commentary of l'hiloponus on Nicomachus found in some 
copies, making the definition say that the even-times even number is only 
measured by even numbers an even number of times, is evidently an interpo
lation by some one who wished to reconcile Euclid's definition with the 
Pythagorean (cf. Heiberg, Euklid-studien, p. 2 0 0 ) . 

A consequential characteristic of the series of even-times even numbers 
noted by Nicomachus brings in a curious use of the word SvvapK (generally 
power in the sense of square, or square root). He says (1. 8 , 6—7) that any 
part, i.e. any submultiple, of an even-times even number is called by an even-
times even designation, while it also has an even-times even value (it is 
dpTmKK dpTioowa/xor) when expressed as so many actual units. That is, the 

—th part of 2" (where m is less than « ) is called after the even-times even 
2 
number 2"', while its actual value (ovVapis) in units is 2"""", which is also an 
even-times even number. Thus all the parts, or submultiples, of even-times 
even numbers, as well as the even-times even numbers themselves, are con
nected with one kind of number only, the even. 

DEFINITION 9. 

"ApTiaKis hi wtpio-<r6<i io-nv 6 virb apriov dpi6p.ov pcrpov/xcvos Kara, rrfpuro-bv 
dpiOpov. 

Euclid uses the term even-times odd (dprtdxis irtpio-o-ds), whereas Nicomachus 
and the others make it one word, even-odd (dprioiripirroi). According to the 
stricter definition given by the latter (1. 9, 1 ) , the even-odd number is related to 
the even-times even as the other extreme. I t is such a number as, when once 
halved, leaves as quotient an odd number; that is, it is of the form 2 ( 2 ^ * + 1 ) . 
Nicomachus sets the even-odd numbers out as follows, 

6, 1 0 , 1 4 , 18 , 2 2 , 2 6 , 3 0 , etc. 
In this case, as Nicomachus observes, any part, or submultiple, is called by a 
name not corresponding in kind to its actual value (Sv'fapw) in units. Thus, 
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in the case of 18 , the £ part is called after the even number 2, but its value is 
the odd number 9, and the J rd part is called after the odd number 3 , while its 
value is the even number 6 , and so on. 

The third class of even numbers according to the strict subdivision is the 
odd-even («pio-o-dpno?). Numbers are of this class when they can be halved 
twice or more times successively, but the quotient left when they can no 
longer be halved is an odd number and not unity. They are therefore of 
the form 2 " + I ( 2 » + i ) , where n, m are integers. They are, so to say, inter
mediate between, or a mixture of, the extreme classes even-times even and even-
odd, for the following reasons. ( 1 ) Their subdivision by 2 proceeds for some 
way like that of the even-times even, but ends in the way that the division of 
the even-odd by 2 ends. ( 2 ) T h e numbers after which submultiples are 
called and their value (owapts) in units may be both of one kind, i.e. both odd 
or both even (as in the case of the even-times even), or again may be one odd 
and one even as in the case of the even-odd. For example 2 4 is an odd-even 
number; the | t h , TVth, J t h or £ parts of it are even, but the J r d part of it, 
or 8 , is even, and the ^th part of it, or 3 , is odd. ( 3 ) Nicomachus shows 
(1. 10 , 6 — 9 ) how to form all the numbers of the odd-even class. Set out two 
lines (a) of odd numbers beginning with 3 , (b) of even-times even numbers 
beginning with 4 , thus : 

( a ) 3 . 5 . 7. 9 . " 1 ' 3 . J 5 e l c -

(b) 4 , 8 , 16 , 3 2 , 6 4 , 1 2 8 , 2 5 6 etc. 
Now multiply each of the first numbers into each 6 f the second row. Let 
the products of one of the first into all the second set make horizontal rows; 
we then get the rows 

12, 2 4 , 4 8 , 9 6 , 1 9 2 , 3 8 4 , 7 6 8 etc. 

2 0 , 4 0 , 8 0 , 1 6 0 , 3 2 0 , 6 4 0 , 1 2 8 0 etc. 

2 8 , 5 6 , i i 2 , 2 2 4 , 4 4 8 , 8 9 6 , 1 7 9 2 etc. 

3 6 , 7 2 , 1 4 4 , 2 8 8 , 5 7 6 , 1 1 5 2 , 2 3 0 4 etc. 
and so on. 

Now, says Nicomachus, you will be surprised to see (fpavijo-frai croi tfaupao--
TIOS) that (a) the vertical rows have the property of the even-odd series, 6 , 1 0 , 
14 , 18 , 22 etc., viz. that, if an odd number of successive numbers be taken, 
the middle number is half the sum of the extremes, and if an even number, 
the two middle numbers together are equal to the sum of the extremes, 
(b) the horizontal rows have the property of the even-times even series 4 , 8 , 16 
etc., viz. that the product of the extremes of any number of successive terms 
is equal, if their number be odd, to the square of the middle term, or, if their 
number be even, to the product of the two middle terms. 

Let us now return to Euclid. His 9 t h definition states that an even-times 
odd number is a number which, when divided by an even number, gives an 
odd number as quotient. Following this definition in our text comes a 1 0 t h 
definition which defines an odd-times even number; this is stated to be a 
number which, when divided by an odd number, gives an even number as 
quotient. According to these definitions any even-times odd number would 
also be odd-times even, and, from the fact that Iamblichus notes this, we may 
fairly conclude that he found Def. 1 0 as well as Def. 9 in the text of Euclid 
which he used. But, if both definitions are genuine, the enunciations of ix. 3 3 
and ix. 3 4 as we have them present difficulties, ix. 3 3 says that " I f a num
ber have its half odd, it is even-times odd only "; but, on the assumption that 
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both definitions are genuine, this would not be true, for the number would be 
odd-times even as well. ix. 3 4 says that " I f a number neither be one of those 
which are continually doubled from 2, nor have its half odd, it is both even-
times even and even-times odd." The term odd-times even (irtpuro-dKis apriov) 
not occurring in these propositions, nor anywhere else after the definition, that 
definition becomes superfluous. Iamblichus however (p. 2 4 , 7 — 1 4 ) quotes 
these enunciations differently. In the first he has instead of " even-times odd 
only " the words " both even-times odd and odd-times even "; and, in the second, 
for " both even-times even and even-times odd " he has " is both even-times 
even and at the same time even-times odd and odd-times even." In both 
cases therefore " odd-times even " is added to the enunciation as Iamblichus 
had i t ; the words ca'nnot have been added by Iamblichus himself because 
he himself does not use the term odd-times even, but the one word odd-even 
(irepio-trdpTioi). In order to get over the difficulties involved by Def. 10 and 
these differences of reading we have practically to choose between ( 1 ) accept
ing Iamblichus' reading in all three places and ( 2 ) adhering to the reading of 
our M S S . in ix. 3 3 , 3 4 and rejecting Def. 1 0 altogether as an interpolation. 
Now the readings of our text of ix. 3 3 , 3 4 are those of the Vatican MS. 
and the Theonine M S S . as well; hence they must go back to a time before 
Theon, and must therefore be almost as old as those of Iamblichus. 
Heiberg considers it improbable that Euclid would wish to maintain a point
less distinction between even-limes odd and odd-times even, and on the whole 
concludes that Def. 1 0 was first interpolated by some ignorant person who 
did not notice the difference between the Euclidean and Pythagorean classi
fication, but merely noticed the absence of a definition of odd-times even 
and fabricated one as a companion to the other. When this was done, it 
would be easy to see that the statement in ix. 3 3 that the number referred 
to is " even-times odd only " was not strictly true, and that the addition of 
the words "and odd-times even" was necessary in ix. 3 3 and ix. 3 4 as 
well. 

DEFINITION 1 0 . 

ncpwrtrdias oc Trepwrtros dptOpos iaTiv 6 vtto Trtpurvov aptOpoxi ptrpovpfvo1; 
Kara vipurabv dpidpdv. 

The odd-times odd number is not defined as such by Nicomachus and 
Iamblichus; for them these numbers would apparently belong to the com

posite subdivision of odd numbers. Theon of Smyrna on the other hand 
says (p. 2 3 , 2 1 ) that odd-times odd was one of the names applied to prime 
numbers (excluding 2 ) , for these have two odd factors, namely 1 and the 
number itself. This is certainly a curious use of the term. 

DEFINITION I I . 

IIpa>T05 api&pos iuTiv o povaoi povy pfTpovp.tvos. 
A prime number (wpuTos dp$px><:) is called by Nicomachus, Theon, and 

Iamblichus a "prime and incomposite (do-wpVros) number." Theon (p. 2 3 , 9 ) 
defines it practically as Euclid does, viz. as a number "measured by no number, 
but by an unit only." Aristotle too says that a prime number is not measured by 
any number (Anal. post. 11. 1 3 , 9 6 a 3 6 ) , an unit not being a number (Metaph. 
1 0 8 8 a 6 ) , but only the beginning of number (Theon of Smyrna says the same 
thing, p. 2 4 , 2 3 ) . According to Nicomachus (1. i t , 2) the prime number is a 



subdivision, not of numbers, but of odd numbers; it is "an odd number 
which admits of no other part except that which is called after its own name 
(TropwVv/xov «auT<3)." The prime numbers are 3 , 5 , 7 etc., and there is no 
submultiple of 3 except Jrd, no submultiple of 1 1 except yj th, and so on. In 
all these cases the only submultiple is an unit. According to Nicomachus 3 
is the first prime number, whereas Aristotle (Topics vm. 2, 157 a 3 9 ) regards 
2 as a prime number: "as the dyad is the only even number which is prime," 
showing that this divergence from the Pythagorean doctrine was earlier than 
Euclid. The number 2 also satisfies Euclid's definition of a prime number. 
Iamblichus (p. 3 0 , 27 sqq.) makes this the ground of another attack upon Euclid. 
His argument (the text of which, however, leaves much to be desired) appears 
to be that 2 is the only even number which has no other part except an 
unit, while the subdivisions of the even, as previously explained by him (the 
even-times even, the even-odd, and odd-even), all exclude primeness, and he has 
previously explained that 2 is potentially even-odd, being obtained by 
multiplying by 2 the potentially odd, i.e. the unit; hence 2 is regarded by him 
as bound up with the subdivisions of even, which exclude primeness. Theon 
seems to hold the same view as regards 2, but supports it by an apparent 
circle. A prime number, he says (p. 2 3 , 1 4 — 2 3 ) , is also called odd-times odd; 
therefore only odd numbers are prime and incomposite. Even numbers are 
not measured by the unit alone, except 2, which therefore (p. 2 4 , 7 ) is oAA-likr 
(trtpio-o-otihris) without being prime. 

A variety of other names were applied to prime numbers. We have 
already noted the curious designation of them as odd-times odd. According to 
Iamblichus (p. 2 7 , 3 — 5 ) some called them euthymetric (e£f?i>p«TpiKos), and 
Thymaridas rectilinear (dBvypappiKos), the ground being that they can only be 
set out in one dimension with no breadth (a7rAar^s y a p iv rrj cVSeo-ti «'<p' iv 
pdvov Suo-rdpevos). T h e same aspect of a prime number is also expressed by 
Aristotle, who (Metaph. 1 0 2 0 b 3 ) contrasts the composite number with that 
which is only in one dimension (povov i<j> iv tar). Theon of Smyrna (p. 2 3 , 1 2 ) 
gives ypappixds (linear) as the alternative name instead of itOvypappucos. In 
either case, to make the word a proper description of a prime number we have 
to understand the word only ; a prime number is that which is linear, or 
rectilinear, only. For Nicomachus, who uses the form linear, expressly says 
(11. 13 , 6) that all numbers are so, i.e. all can be represented as linear by dots 
to the required amount placed in a line. 

A prime number was called prime or first, according to Nicomachus 
(1. 1 1 , 3 ) , because it can only be arrived at by putting together a certain 
number of units, and the unit is the beginning of number (cf. Aristotle's 
second sense of 7rp<oTos "as not being composed of numbers" uis prj o-vyKtio-dai 
i( dpSpwv, Anal. Post. 11. 1 3 , 9 6 a 3 7 ) , and also, according to Iamblichus, 
because there is no number before it, being a collection of units (povdBmv 
o-vo-rripa), of which it is a multiple, and it appears first as a basis for other 
numbers to be multiples of. 

DEFINITION 12. 

l l p u J T o i irpos aAA.i/\ous dpi&poi turiv ol povdSi povy p«Tpoi f 01 koivw pirpw. 

By way of further emphasising the distinction between "p r ime" and 
"prime to one another," Theon of Smyrna (p. 2 3 , 6 — 8 ) calls the former 
"prime absolutely" (dirAus), and the latter "prime to one another and not 
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absolutely " or "not in themselves" (ov (cat? avrovt). The latter (p. 2 4 , 8 — 1 0 ) 
are " measured by the unit [sc. only] as common measure, even though, taken 
by themselves (<os irpos iavrovs), they be measured by some other numbers." 
From Theon's illustrations it is clear that with him as with Euclid 
a number prime to another may be even as well as odd. In Nicomachus 
(1. 1 1 , 1) and Iamblichus (p. 2 6 , 1 9 ) , on the other hand, the number which is 
" in itself secondary (oWtpos) and composite (o-wforo?), but in relation to 
another prime and incomposite," is a subdivision of odd- I shall call more 
particular attention to this difference of classification when we have reached 
the definitions of " composite " and " composite to one another"; for the 
present it is to be noted that Nicomachus (1. 1 3 , 1) defines a number prime to 
another after the same manner as the absolutely prime; it is a number which 
" is measured not only by the unit as the common measure but also by some 
other measure, and for this reason can also admit of a part or parts called by 
a different name besides that called by the same name (as itself), but, when 
examined in comparison with another number of similar character, is found 
not to be capable of being measured by a common measure in relation to the 
other, nor to have the same part, called by the same name as (any of) those 
simply (dirXus) contained in the o ther ; e.g. 9 in relation to 2 5 , for each of 
these is in itself secondary and composite, but, in comparison with one 
another, they have an unit alone as a common measure and no part is called 
by the same name in both, but the third in one is not in the other, nor is the 

fifth in the other found in the first." 

DEFINITION 1 3 . 

SvydcTos dpiOpoi ianv b dpi&pto twi /xerpovpevot. 
Euclid's definition of composite is again the same as Theon's definition 

of numbers "composite in relation to themselves," which (p. 2 4 , 1 6 ) are 
"numbers measured by any less number," the unit being, as usual, not 
regarded as a number. Theon proceeds to say that " of composite numbers 
they call those which are contained by two numbers plane, as being 
investigated in two dimensions and, as it were, contained by a length and a 
breadth, while (they call) those (which are contained) by three (numbers) 
solid, as having the third dimension added to them." T o a similar effect is 
the remark of Aristotle (Metaph. 1 0 2 0 b 3 ) that certain numbers are 
" composite and are not only in one dimension but such as the plane and the 
solid (figure) are representations of (piprjpa), these numbers being so many 
times so many (iroo-aKis voo-ot), or so many times so many times so many 
(iroo-dxn iroo-dicis iroo-01) respectively." These subdivisions of composite 
numbers are, of course, the subject of Euclid's definitions 17 , 1 8 respectively. 
Euclid's composite numbers may be either even or odd, like those of Theon, 
who gives 6 as an instance, 6 being measured by both 2 and 3 . 

DEFINITION 1 4 . 

2 w # € t o i 8c irpos aA.A17A.ous dpidpoC tUrw ol dpidpip T i n ptrpovpcvoi koivu 
pfVpU). 

Theon (p. 2 4 , 1 8 ) , like Euclid, defines numbers composite to one another as 
" those which are measured by any common measure whatever" (excluding 
unity, as usual). Theon instances 8 and 6 , with 2 as common measure, and 
6 and 9 , with 3 as common measure. 

http://aA.A17A.ous


As hinted above, there is a great difference between Euclid's classification 
of prime and composite numbers, and of numbers prime and composite 
to one another, and the classification found in Nicomachus (1. 1 1 — 1 3 ) and 
Iamblichus. According to the latter, all these kinds of numbers are sub
divisions of the class of odd numbers only. As the class of even numbers is 
divided into three kinds, ( 1 ) the even-times even, ( 2 ) the even-odd, which 
form the extremes, and ( 3 ) the odd-even, which is, as it were, intermediate to 
the other two, so the class of odd numbers is divided into three, of which the 
third is again a mean between two extremes. The three a re : 

( 1 ) the prime and incomposite, which is like Euclid's prime number except 
that it excludes 2 ; 

( 2 ) the secondary arid composite, which is "odd because it is a distinct 
part of one and the same genus (Sid TO i£ ivbs koX tov airov yeVous Sra/sotpio-tfiu) 
but has in it nothing of the nature of a first principle (dpxoa&U); for it arises 
from adding some other number (to itself), so that, besides having a part 
called by the same name as itself, it possesses a part or parts called by another 
name." Nicomachus cites 9 , 15 , 2 1 , 2 5 , 2 7 , 3 3 , 3 5 , 3 9 . It is made clear that 
not only must the factors be both odd, but they must all be prime numbers. 
This is obviously a very inconvenient restriction of the use of the word 
composite, a word of general signification. 

( 3 ) is that which is "secondary and composite in itself but prime and 
incomposite to another." The actual words in which this is defined have been 
given above in the note on Def. 1 2 . Here again all the factors must be odd 
and prime. 

Besides the inconvenience of restricting the term composite to odd numbers 
which are composite, there is in this classification the further serious defect, 
pointed out by Nesselmann (Die Algebra der Griechen, 1 8 4 2 , p. 1 9 4 ) , that 
subdivisions ( 2 ) and ( 3 ) overlap, subdivision ( 2 ) including the whole of 
subdivision ( 3 ) . The origin of this confusion is no doubt to be found in 
Nicomachus' perverse anxiety to be symmetrical; by hook or by crook he 
must divide odd numbers into three kinds as he had divided the even. 
Iamblichus (p. 2 8 , 1 3 ) carries his desire to be logical so far as to point out 
why there cannot be a fourth kind of number contrary in character to ( 3 ) , 
namely a number which should be " prime and incomposite in itself, but 
secondary and composite to another " ! 

DEFINITION 15. 

*Apir?/xds dptdpbv Tro\\aTrXao-id£civ KiytTai, brav, doai tlcriv iv avTa) povdSts, 
TOffavraKis o-vvrtOy b 7roAAa7rAa0"ia£d/iei'Os, Kai ycvrrrai t i s . 

This is the well known primary definition of multiplication as an 
abbreviation of addition. 

DEFINITION 16. 

' O t o v Sc &vo dpiBpol 7roAAairAao-ido-aiTC9 dWijkovt i ro iuc i nva, 6 ycv6p,€VOi 
cTTiVeoos KaActrai, TrAeupai oe avrou 01 7roAAcnrAao-idowrcs dWyXovs dpiOpoi. 

The words plane and solid applied to numbers are of course adapted from 
their use with reference to geometrical figures. A number is therefore called 
linear (ypappiKot) when it is regarded as in one dimension, as being a length 



(/h^kos). When it takes another dimension in addition, namely breadth 
(a-AdVo?), it is in two dimensions and becomes plane (eViVtSos). The 
distinction between a plane and a plane number is marked by the use of the 
neuter in the former case, and the masculine, agreeing with dp&pos, in the 
latter case. So with a square and a square number, and so on. The most 
obvious form of a plane number is clearly that corresponding to a rectangle in 
geometry; the number is the product of two linear numbers regarded as sides 
(irXtvpai) forming the length and breadth respectively. Such a number is, as 
Aristotle says, " s o many times so many," and a plane is its counterpart 
(ptpr/pa). So Plato, in the Tfieaetetus ( 1 4 7 E — 1 4 8 B ) , says : " W e divided all 
numbers into two kinds, ( j ) that which can be expressed as equal multiplied 
by equal (rbv Swdptvov Xo-ov 10-dias yLyvto-Oat), and which, likening its form to 
the square, we called square and equilateral; ( 2 ) that which is intermediate, 
and includes 3 and 5 and every number which cannot be expressed as equal 
multiplied by equal, but is either less times more or more times less, being 
always contained by a greater and a less side, which number we likened to 
the oblong figure (irpopriKd o-xqpaTi) and callea an oblong number.... Such 
lines therefore as square the equilateral and plane number [i.e. which can 
form a plane number with equal sides, or a squarej we defined as length 
(prJKO'i); but such as square the oblong (here (Tfpopi)Ki)';) [i.e. the square of 
which is equal to the oblong] we called roots (Swdptis) as not being com
mensurable with the others in length, but only in the plane areas (E7RI7RC8OIS), 
to which the squares on them are equal (d Siivamu)." This passage seems 
to make it clear that Plato would have represented numbers as Euclid does, 
by straight lines proportional in length to the numbers they represent (so far 
as practicable); for, since 3 and 5 are with Plato oblong numbers, and lines 
with him represent the sides of oblong numbers (since a line represents the 
" root," the square on which is equal to the oblong), it follows that the unit 
representing the smaller side must have been represented as a line, and 3 , the 
larger side, as a line of three times the length. But there is another possible way 
of representing numbers, not by lines of a certain length, but by points disposed 
in various ways, in straight lines or otherwise. Iamblichus tells us (p. 5 6 , 2 7 ) 
that " in old days they represented the quantuplicities of number in a more 
natural way (<pvo-iKu>Tepov) by splitting them up into units, and not, as in our 
day, by symbols" (o-up/3OAI<tais). Aristotle too (Metaph. 1 0 9 2 b 1 0 ) mentions 
one Eurytus as having settled what number belonged to what, such a number 
to a man, such a number to a horse, and so on, "copying their shapes" 
(reading t o u t w , with Zeller) " with pebbles (Tats iprj<t>0K), just as those do who 
arrange numbers in the forms of triangles or squares." We accordingly find 
numbers represented in Nicomachus and Theon of Smyrna by a number of 
a 's ranged like points according to geometrical figures. According to this 
system, any number could be represented by points in a straight line, in which 
case, says Iamblichus (p. 5 6 , 2 6 ) , we shall call it rectilinear because it is 
without breadth and only advances in length (dVAaTws « r i pdvov t o /x^xos 
wpoturw). T h e prime number was called by Thymaridas rectilinear j>ar 
excellence, because it was without breadth and in one dimension only (i<f> tv 
pjdvov oWrdpci'os). By this must h i meant the impossibility of representing, 
say, 3 as a plane number, in Plato's sense, i.e. as a product of two numbers 
corresponding to a rectangle in geometry; and this view would appear to rest 
simply upon the representation of a number by points, as distinct from lines. 
Three dots in a straight line would have no breadth ; and if breadth were 
introduced in the sense of producing a rectangle, i.e. by placing the same 
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number of dots in a second line below the first line, the first plane number 
would be 4 , and 3 would not be a plane number at all, as Plato says it is. I t 
seems therefore to have been the alternative representation of a number by 
points, and not lines, which gave rise to the different view of a plane number 
which we find in Nicomachus and the rest. By means of separate points we 
can represent numbers in geometrical forms other than rectangles and squares. 
One dot with two others symmetrically arranged below it shows a triangle, 
which is a figure in two dimensions as much as a rectangle or parallelogram is. 
Similarly we can arrange certain numbers in the form of regular pentagons or 
other polygons. According therefore to this mode of representation, 3 is the 
first plane number, being a triangular number. T h e method of formation of 
triangular, square, pentagonal and other polygonal numbers is minutely 
described in Nicomachus (11. 8 — 1 1 ) , who distinguishes the separate series of 
gnomons belonging to each, i.e. gives the law determining the number which 
has to be added to a polygonal number with n in a side, in order to make it 
into a number of the same form but with n + 1 in a side (the addend being of 
course the gnomon). Thus the gnomonic series for triangular numbers is 

l> 2> 3> 4) 5 ' " J that for squares 1, 3, 5 , 7 . . . ; that for pentagonal numbers 
1, 4 , 7, 1 0 . . . , and so on. T h e subject need not detain us longer here, as we 
are at present only concerned with the different views of what constitutes a 
plane number. 

Of plane numbers in the Platonic and Euclidean sense we have seen that 
Plato recognises two kinds, the square and the oblong (rrpo/iijKijit or €T€pop.ijieijt). 
Here again Euclid's successors, at all events, subdivided the class more 
elaborately. Nicomachus, Theon of Smyrna, and Iamblichus divide plane 
numbers with unequal sides into ( 1 ) o-tpo/u/Ktw, the nearest thing to squares, 
viz. numbers in which the greater side exceeds the less side by 1 only, or 
numbers of the form n (n + 1) , e.g. 1 . 2, 2. 3 , 3 . 4 , etc. (according to Nico
machus), and ( 2 ) irpopjptew, or those whose sides differ by 2 or more, i.e. are of 
the form n (« + m), where m is not less than 2 (Nicomachus illustrates by 2 . 4 , 
3 . 6 , etc.). Theon of Smyrna (p. 3 0 , 8 — 1 4 ) makes wpo/ajxtn include irtpopAjKus, 
saying that their sides may differ by 1 or more; he also speaks of parallelogram-
numbers as those which have one side different from the other by 2 or more ; 
I do not find this latter term in Nicomachus or Iamblichus, and indeed it 
seems superfluous, as parallelogram is here only another name for oblong. 
Iamblichus (p. 7 4 , 2 3 sqq.), always critical of Euclid, attacks him again here 
for confusing the subject by supposing that the frtpopJKrp number is the pro
duct of any two different numbers multiplied together, and by not distinguishing 
the oblong (irpopj/iojt) from i t : " for his definition declares the same number 
to be square and also irtpopyKrp, as for example 3 6 , 16 and many others: 
which would be equivalent to the odd number being the same thing as the 
even." No importance need be attached to this exaggerated statement; it is 
in any case merely a matter of words, and it is curious that Euclid does not in 
fact use the word eYcpopijmjs of numbers at all, but only of geometrical oblong 
figures as opposed to squares, so that Iamblichus can apparently only have 
inferred that he used it in an unorthodox manner from the geometrical use of 
the term in the definitions of Book I. and from the fact that he does not give 
the two subdivisions of plane numbers which are not square, but seems only 
to divide plane numbers into square and not-square. T h e argument that 
irtpopiJKtK numbers are a natural, and therefore essential, subdivision 
Iamblichus appears to found on the method of successive addition by which 
they can be evolved; as square numbers are obtained by successively adding 
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odd numbers as gnomons, so ETCPOPI/ITCIS are obtained by adding even numbers 
as gnomons. Thus 1 . 2 = 2, 2 . 3 = 2 + 4 , 3 . 4 = 2 + 4 + 6, and so on. 

DEFINITION 17. 

*OTAI> Sc Tpeis dptOpol 7roXXa7rXao-ido*AVTCS dXXiyXovs 7roidkri Tiva, 6 ytvofitvos 
CRREPEDS «mv, 7rXcupai 8c avrov 01 7roXXa7rXao-td<rajTcs dXX̂ XOUS dptOpoi. 

What has been said of the two apparently different ways of regarding a 
plane number seems to apply equally, mutatis mutandis, to the definitions of a 
solid number. Aristotle regards it as a number which is so many times so 
many times so many (iroo-dxis iroo-dxis iroaov). Plato finishes the passage about 
lines which represent the sides of square numbers and lines which are roots 
(8wdpe«), i.e. the squares on which are equal to the rectangle representing a 
number which is oblong and not square, by adding the words, " And another 
similar property belongs to solids " (koX irepi TO. orcpcd dXXo TOIOOTOV). That is, 
apparently, there would be a corresponding term to root (Sdrapis)—practically 
representing a surd—to denote the side of a cube equal to a parallelepiped 
representing a solid number which is the product of three factors but 
not a cube. Such is a solid number when numbers are represented by 
straight lines: it corresponds in general to a parallelepiped and, when all 
the factors are equal, to a cube. 

But again, if numbers be represented by points, we may have solid numbers 
(i.e. numbers in three dimensions) in the form of pyramids as well. The first 
number of this kind is 4 , since we may have three points forming an 
equilateral triangle in one plane and a fourth point placed in another plane. 
T h e length of the sides can be increased by 1 successively; and we can have 
a series of pyramidal numbers, with triangles, squares or polygons as bases, 
made up of layers of triangles, squares or similar polygons respectively, each 
of which layers has one less in the side than the layer below it, until the top 
of the pyramid is reached, which of course, is one point representing unity. 
Nicomachus (11. 1 3 — 1 6 ) , Theon of Smyrna (p. 4 1 — 2 ) , and Iamblichus 
(P- 95> J S S (M.)> a u g i y e t h e different kinds of pyramidal solid numbers in 
addition to the other kinds. 

These three writers make the following further distinctions between solid 
numbers which are the product of three factors. 

1. First there is the equal by equal by equal (10-dias to-dias IO-OS), which is, 
of course, the cube. 

2. The other extreme is the unequal by unequal by unequal (dno-aKi? 
dvurd.Ki's aVio-09), or that in which all the dimensions are different, e.g. the 
product of 2 , 3 , 4 or 2, 4 , 8 or 3 , 5, 12 . These were, according to Nicomachus 
(11. 1 6 ) , called scalene, while some called them O-^H'O-KOI (wedge-shaped), others 
o-^ijKicr/tot (from o-<t>rj(, a wasp), and others /Suptcr/coi (altar-shaped). Theon 
appears to use the last term only, while Iamblichus of course gives all three 
names. 

3 . Intermediate to these, as it were, come the numbers "whose planes 
form CR«popi;Kci9 numbers" (i.e. numbers of the formv*(«+ 1 ) ) . These, says 
Nicomachus, are called parallelepipedal. 

Lastly come two classes of such numbers each of which has two equal 
dimensions but not more. 



4. I f the third dimension is less than the others, the number is equal by 
equal by less (JO-OKH ib-os c'Aarroi'dias) and is called a plinth (ttXivOk), e.g. 
8 . 8 . 3 . 

5. I f the third dimension is greater than the others, the number is equal 
by equal by greater (io-diat «ros ptifrWias) and is called a beam (oWs), e.g. 
3 . 3 . 7 . Another name for this latter kind of number (according to 
Iamblichus) was trtojKk (diminutive of cmfAij). 

Lastly, in connexion with pyramidal numbers, Nibomachus (11. 1 4 , 5 ) dis
tinguishes numbers corresponding to frusta of pyramids. These are truncated 
(KO'AOVOOI), twice-truncated (oWAovpoi), thrice-truncated (rpucokovpoi) pyramids, 
and so on, the term being used mostly in theoretic treatises (iv a-vyypdppao-i 
poA.t<rra TOIS OtuipripMTiKoU). The truncated pyramid was formed by cutting 
off the point forming the vertex. The twice-truncated was that which lacked 
the vertex and the next plane, and so on. Theon of Smyrna (p. 4 2 , 4 ) only 
mentions the truncated pyramid as "that with its vertex cut off" (r) rr)v 
Kopvtpriv aTroTiTpripivri), saying that some also called it a trapezium, after the 
similitude of a plane trapezium formed by cutting the top off a triangle 
by a straight line parallel to the base. 

DEFINITION 18. 

TcTpdyioi'os dpiBpoi iariv 6 10*0x19 io"os yj [6] vtto hvo uruiv dpiOpwv wtpt-
f)(op(vcn. 

A particular kind of square distinguished by Nicomachus and the rest was 
the square number which ended (in the decimal notation) with the same 
number as its side, e.g. 1, 2 5 , 3 6 , which are the squares of 1, 5 and 6 . These 
square numbers were called cyclic (kvkKikoi) on the analogy of circles in 
geometry which return again to the point from which they started. 

DEFINITION 19. 

Kvj3oS 0€ 6 uraxis UTOS ( W k K TJ [6] VTtO TptMV IfTtHV ApiOpun' TV(plC^opei'O?. 

Similarly cube numbers which ended with the same number as their sides, 
and the squares of those sides also, were called spherical (o-tftcupiKot) or recurrent 
(oVoKaTaoraTiKoi). One might have expected that the term spherical would be 
applicable also to the cubes of numbers which ended with the same digit as the 
side but not necessarily with the same digit as the square of the side also. 
E.g. the cube of 4 , i.e. 6 4 , ends with the same digit as 4 , but not with the 
same digit as 16 . But apparently 6 4 was not called a spherical number, the 
only instances given by Nicomachus and the rest being those cubed from 
numbers ending with 5 or 6 , which end with the same digit if squared. A 
spherical number is in fact derived from a circular number only, and that by 
adding another equal dimension. Obviously, as Nesselmann says, the names 
cyclic and spherical applied to numbers appeal to an entirely different principle 
from that on which the figured numbers so far dealt with were formed. 
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DEFINITION 20. 

'ApiBuol dvaXoyov turiv, orav o irp<uros tov Scvrcpov koI 6 TpiTos toC TtrapTov 
io-d/as g 7roXXa7rXdcrios i) t o avrd pt'pos ^ rd avrd pe'pij axrti'. 

Euclid does not give in this Book any definition of ratio, doubtless because 
it could only be the same as that given at the beginning of Book v., with 
numbers substituted for "homogeneous magnitudes" and " in respect of size" 
(mjXtKoVip-o) omitted or altered. We do not find that Nicomachus and the 
rest give any substantially different definition of a ratio between numbers. 
Theon of Smyrna says, in fact (p. 73, 1 6 ) , that " ratio in the sense of 
proportion (Xdyos 6 icar dvdXoyov) is a sort of relation of two homogeneous 
terms to one another, as for example, double, triple." Similarly Nicomachus 
says (n. 2 1 , 3 ) that " a ratio is a relation of two terms to one another," the word 
for " relation " being in both cases the same as Euclid's (cr^co-u). Theon of 
Smyrna goes on to classify ratios as greater, less, or equal, i.e. as ratios of greater 
inequality, less inequality, or equality, and then to specify certain arithmetical 
ratios which had special names, for which he quotes the authority of Adrastus. 
T h e names were TroXXajrXdo-ios, cVipdpios, tVtpepijs, iroXXairXao-uirifidpiOT, 
7roXXa7rXao-i€iripep7ys (the first of which is, of course, a multiple, while the rest 
are the equivalent of certain types of improper fractions as we should call 
them), and the reciprocals of each of these described by prefixing wro or sub. 
After describing these particular classes of arithmetical ratios, Theon goes on 
to say that numbers still have ratios to one another even if they are different 
from all those previously described. We need not therefore concern ourselves 
with the various types; it is sufficient to observe that any ratio between 
numbers can be expressed in the manner indicated in Euclid's definition of 
arithmetical proportion, for the greater is, in relation to the less, either one or 
a combination of more than one of the three things, ( 1 ) a multiple, ( 2 ) a 
submultiple, (3) a proper fraction. 

I t is when we come to the definition of proportion that we begin to find 
differences between Euclid, Nicomachus, Theon and Iamblichus. "Proportion," 
says Theon (p. 8 2 , 6 ) , " i s similarity or sameness of more ratios than one," 
which is of course unobjectionable if it is previously understood what a ratio 
i s ; but confusion was brought in by those (like Thrasyllus) who said that 
there were three proportions (dWXoyiat), the arithmetic, geometric, and 
harmonic, where of course the reference is to arithmetic, geometric and 
harmonic means (jumoTipK). Hence it was necessary to explain, as Adrastus 
did (Theon, p. 1 0 6 , 1 5 ) , that of the several means " the geometric was called 
both proportion par excellence and primary...though the other means were 
also commonly called proportions by some writers." Accordingly we have 
Nicomachus trying to extend the term "proportion" to cover the various 
means as well as a proportion in three or four terms in the ordinary sense. He 
says (11. 2 1 , 2 ) : " Proportion,/<zr excellence (icvpiW), is the bringing together 
(cniXX^if) to the same (point) of two or more ratios; or, more generally, (the 
bringing together) o f two or more relations (<r\itrtw), even though they be 
subjected not to the same ratio but to a difference or some other (law)." 
Iamblichus keeps the senses of the word more distinct. He says, like Theon, 
that "proportion is similarity or sameness of several ratios" (p. 9 8 , 1 4 ) , and 
that " i t is to be premised that it was the geometrical (proportion) which the 
ancients called proportion par excellence, though it is now common to apply 
the name generally to all the remaining means as well " (p. 1 0 0 , 1 5 ) . Pappus 



remarks (ill. p. 7 0 , 1 7 ) , "A mean differs from a proportion in this respect that, if 
anything is a proportion, it is also a mean, but not conversely. For there are 
three means, of which one is arithmetic, one geometric and one harmonic." 
The last remark implies plainly enough that there is only one proportion 
(dWAoyta) in the proper sense. So, too, says Iamblichus in another place 
(p. 1 0 4 , 1 9 ) : " the second, the geometric, mean has been called proportion 
par excellence because the terms contain the same ratio, being separated 
according to the same proportion (dVd rbv airbv \6yov Sieo-iwts)." T h e 
natural conclusion is that of Nesselmann, that originally the geometric 
proportion was called aWXoyta, the others, the arithmetic, the harmonic, etc., 
means ; but later usage had obliterated the distinction. 

Of proportions in the ancient and Euclidean sense Theon (p. 8 2 , 1 0 ) 
distinguished the continuous (o-vvc\Vs) and the separated (h'lrjprip.ivrj), using the 
same terms as Aristotle (Eth. Nic. 1 1 3 1 a 3 2 ) . The meaning is of course 
clear: in the continuous proportion the consequent of one ratio is the ante
cedent of the next ; in the separated proportion this is not so. Nicomachus 
(11. 2 i , 5 — 6 ) uses the words connected (o-vvnv.fn.ivri) and disjoined (oitt.cvyii.ivrj) 
respectively. Euclid regularly speaks of numbers in continuous proportion as 
" proportional in order, or successively " (iirj% dvdXoyov). 

DEFINITION 21. 

'Opoioi CTTTVESOT K<u orepeoi dpiOpoi eunv ol dvdXoyov e^ovres r d s TrAcupds. 

Theon of Smyrna remarks (p. 3 6 , 1 2 ) that, among plane numbers, all 
squares are similar, while of irepopr/Kus those are similar "whose sides, that 
is, the numbers containing them, are proportional." Here irtpop-nK-ni must 
evidently be used, not in the sense of a number of the form n (n + 1) , but as 
synonymous with irpopijicrfs, any oblong number ; so that on this occasion 
Theon follows the terminology of Plato and (according to Iamblichus) of 
Euclid. Obviously, if the strict sense of irtpoprJKrp; is adhered to, no two 
numbers of that form can be similar unless they are also equal. We may 
compare Iamblichus' elaborate contrast of the square and the irtpop-nKrp. 
Since the two sides of the square are equal, a square number might, as he 
says (p. 8 2 , 9 ) , be fitly called iSiopr/KJJS (Nicomachus uses TavropdxTjs) in 
contrast to irtpop.r]K-q%; and the ancients, according to him, called square 
numbers " the same " and " similar" (ra&rovs T« «ai dpotous), but inpop-qKti.% 
numbers " dissimilar and other " (dVopoidus K<U Barlpovs). 

With regard to solid numbers, Theon remarks in like manner (p. 3 7 , 2 ) 
that all cube numbers are similar, while of the others those are similar whose 
sides are proportional,- i.e. in which, as length is to length, so is breadth to 
breadth and height to height. 

DEFINITION 22. 

TcAcios dpidpds CCTIV 6 TOIS iavrov plpto-iv "<ros <ui'. 

Theon of Smyrna (p. 4 5 , 9 sqq.) and Nicomachus (1. 1 6 ) both give 
the same definition of a perfect number, as well as the law of formation of 
such numbers which Euclid proves in the later proposition, ix . 3 6 . They 
add however definitions of two other kinds of numbers in contrast with it, 
( 1 ) the over-perfect (uVcprtAijs in Nicomachus, iniprikiim in Theon), the 
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sum of whose parts, i.e. submultiples, is greater than the number itself, e.g. 1 2 , 
24 etc., the sum of the parts of 12 being 6 + 4 + 3 + 2 + 1 = 1 6 , and the 
sum of the parts of 2 4 being 12 + 8 + 6 + 4 + 3 + 2 + 1 = 3 6 , ( 2 ) the defective 
(CXXIJITJS) , the sum of whose parts is less than the whole, e.g. 8 or 14 , the 
parts in the first case adding up to 4 + 2 + 1, or 7 , and in the second case to 
7 + 2 + 1, or 10 . All three classes are however made by Theon subdivisions 
of numbers in general, but by Nicomachus subdivisions of even numbers. 

T h e term perfect was used by the Pythagoreans, but in another sense, of 
1 0 ; while Theon tells us (p. 4 6 , 1 4 ) that 3 was also called perfect "because 
it is the first number that has beginning, middle and extremity; it is also both 
a line and a plane (for it is an equilateral triangle having each side made up 
of two units), and it is the first link and potentiality of the solid (for a solid 
must be conceived of in three dimensions)." 

There are certain unexpressed axioms used in Book vn. as there are in 
earlier Books. 

T h e following may be noted. 

1. I f A measures B, and B measures C, A will measure C. 

2. I f A measures B, and also measures C, A will measure the difference 
between B and C when they are unequal. 

3 . I f A measures B, and also measures C, A will measure the sum of B 
and C. 

I t is clear, from what we know of the Pythagorean theory of numbers, of 
musical intervals expressed by numbers, of different kinds of means etc., that 
the substance of Euclid Books vn.—ix. was no new thing but goes back, at 
least, to the Pythagoreans. I t is well known that the mathematics of Plato's 
Timaeus is essentially Pythagorean. I t is therefore a priori probable (if not 
perhaps quite certain) that Plato irvflayopifei even in the passage ( 3 2 A, B ) where 
he speaks of numbers " whether solid or square " in continued proportion, 
and proceeds to say that between planes one mean suffices, but to connect 
two solids two means are necessary. This passage has been much discussed, 
but I think that by " planes " and " solids " Plato certainly meant square and 
solid numbers respectively, so that the allusion must be to the theorems 
established in Eucl. vm. n , 12 , that between two square numbers there is 
one mean proportional number, and between two cube numbers there are 
two mean proportional numbers 1. 

1 It is true that similar plane and solid numbers have the same property (Eucl. v m . 18, 
19) ; but, if Plato had meant similar plane and solid numbers generally, I think it would 
have been necessary to specify that they were " similar," whereas, seeing that the Timaeus is 
as a whole concerned with regular figures, there is nothing unnatural in allowing tegular or 
equilateral to be understood. Further Plato speaks first of Jwd^EIS and fry/COI and then of 
"p lanes" (MTcda) and " s o l i d s " {oTepid) in such a way as to suggest that ovv&ntu cor
respond to iTrLirtSa and Hyicoi to arepcd. Now the regular meaning of Svvafiis is square (or 
sometimes square root), and I think it is here used in the sense of square, notwithstanding 
that Plato seems to speak of three squares in continued proportion, whereas, in general, the 
mean between two squares as extremes would not be square but oblong. And, if Swd/ieit are 
squares, it is reasonable to suppose that the tynoi are also equilateral, i.e. the "so l ids" are 
cubes. I am aware that Th . Habler (Bibliotheca 'Mathematica, v m 3 , 1908, pp. 173—4) 
thinks that the passage is to be explained by reference to the problem of the duplication of 
the cube, and does not refer to numbers at all. Against this we have to put the evidence of 
Nicomachus (it. 24, 6) who, in speaking of " a certain Platonic theorem," quotes the very 
same results of Eucl. v m . 11 , 12. Secondly, it is worth noting that Habler's explanation is 
distinctly ruled out by Democritus the Platonist (3rd cent. A.D.) who, according to Proclus 
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It is no less clear that, in his method and line of argument, Euclid was 
following earlier models, though no doubt making improvements in the ex
position. The tract on the Sectio Canonis, KaraTopr) Karorot (as to the genuine
ness of which see above, Vol. 1., p. 1 7 ) is in style and in the form of the 
propositions generally akin to the Elements. In one proposition ( 2 ) the author 
says "we learned (ipdOopw) that, if as many numbers as we please be in (con
tinued) proportion, and the first measures the last, the first will also measure 
the intermediate numbers " ; here he practically quotes Elem. vm. 7. In the 
3rd proposition he proves that no number can be a mean between two 
numbers in the ratio known as hnpopim, the ratio, that is, of n + 1 to n, where 
n is any integer greater than unity. Now, fortunately, Boethius, De institutione 
musica, in. n (pp. 2 8 5 — 6 , ed. Friedlein), has preserved a proof by Archytas 
of this same proposition; and the proof is substantially identical with that 
of Euclid. The two proofs are placed side by side in an article by Tannery 
(Bibliotheca Mathematica, vi ?, 1 9 0 5 / 6 , p. 2 2 7 ) . Archytas writes the smaller 
term of the proportion first (instead of the greater, as Euclid does). Let, he 
says, A, B be the " superparticularis proportio " (ivipopiov Sido-njua in Euclid). 
Take C, DE the smallest numbers which are in the ratio of A to B. [Here 
DE means D + E: and in this respect the notation is different from that o f 
Euclid who, as usual, takes a line DF divided into two parts at G, GF 
corresponding to E, and DG to D, in Archytas' notation. The step of taking 
C, DE, the smallest numbers in the ratio of A to B, presupposes Eucl. vn. 
3 3 . ] Then DE exceeds C by an aliquot part of itself and of C [cf. the 
definition of impopuK dpiOpos in Nicomachus, 1. 1 9 , 1 ] . Let D be the excess 
[i.e. E is supposed equal to C\ " I say that D is not a number but an unit." 

For, if D is a number and a part of DE, it measures DE; hence it 
measures E, that is, C. Thus D measures both C and DE, which is 
impossible ; for the smallest numbers which are in the same ratio as any 
numbers are prime to one another. [This presupposes Eucl. vn. 2 2 . ] There
fore D is an unit; that is, DE exceeds C by an unit. Hence no number can 
be found which is a mean between two numbers C, DE. Therefore neither 
can any number be a mean between the original numbers A, B which are in 
the same ratio [this implies Eucl. vn. 2 0 ] . 

We have then here a clear indication of the existence at least as early as 
the date of Archytas (about 4 3 0 — 3 6 5 B . C . ) of an Elements of Arithmetic in 
the form which we call Euclidean; and no doubt text-books of the sort 
existed even before Archytas, which probably Archytas himself and Eudoxus 
improved and developed in their turn. 

{In Platonis Timaeum commentaria, 149 c), said that the difficulties of the passage of the 
Timaeus had misted some people into connecting it with the duplication of the cube, 
whereas it really referred to similar planes and solids with sides in rational numbers. 
Thirdly, I do not think that, under the supposition that the Delian problem is referred to, 
we get the required sense. The problem in that case is not that of finding two mean 
proportionals between two cubes but that of finding a second cube the content of which 
shall be equal to twice, or k times (where k is any number not a complete cube), the content 
of a given cube (a3). Two mean proportionals are found, not between cubes, but between 
two straight lines in the ratio of 1 to k, or between a and ka. Unless k is a cube, there 
would be no point in saying that two means are necessary to connect 1 and k, and not one 
mean; for i]k is no more natural than ^jk, and would be less natural in the case where k 
happened to be square. On the other hand, if k is a cube, so that it is a question of finding 
means between cube numbers, the dictum of Plato is perfectly intelligible ; nor is any real 
difficulty caused by the generality of the statement that two means are always necessary to 
connect them, because any property enunciated generally of two cube numbers should 
obviously be true of cubes as such, that is, it must hold in the extreme case of two cubes 
which are prime to one another. 
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PROPOSITION I . 

Two unequal numbers being set out, and the less being 
continually subtracted in turn from the greater, if the number 
which is left never measures the one before it until an unit is 
left, the original numbers will be prime to one another. 

For, the less of two unequal numbers AB, CD being 
continually subtracted from the greater, let the 
number which is left never measure the one 
before it until an unit is left; 
I say that AB, CD are prime to one another, 
that is, that an unit alone measures AB, CD. 

For, if AB, CD are not prime to one another, 
some number will measure them. 

Let a number measure them, and let it be 
E; let CD, measuring BF, leave FA less than 
itself, 
let AF, measuring DG, leave GC less than itself, 
and let GC, measuring FH, leave an unit HA. 

Since, then, E measures CD, and CD measures BF, 
therefore E also measures BF. 

But it also measures the whole BA ; 
therefore it will also measure the remainder-/?/7'. 

But AF measures DG ; 
therefore E also measures DG. 
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But it also measures the whole DC • 
therefore it will also measure the remainder CG. 

But CG measures FH; 
therefore E also measures FH. 

But it also measures the whole FA ; 
therefore it will also measure the remainder, the unit AH, 
though it is a number: which is impossible. 

Therefore no number will measure the numbers AB, CD; 
therefore AB, CD are prime to one another. [vn. Def. 1 2 ] 

Q . E . D . 

It is proper to remark here that the representation in Books vn. to ix . o f 
numbers by straight lines is adopted by Heiberg from the MSS . The method 
of those editors who substitute points for lines is open to objection because it 
practically necessitates, in many cases, the use of specific numbers, which is 
contrary to Euclid's manner. 

" L e t CD, measuring BF, leave FA less than itself." This is a neat 
abbreviation for saying, measure along BA successive lengths equal to CD 
until a point F is reached such that the length FA remaining is less than 
CD; in other words, let BF be the largest exact multiple of CD contained 
in BA. 

Euclid's method in this proposition is an application to the particular 
case of prime numbers of the method of finding the greatest common measure 
of two numbers not prime to one another, which we shall find in the next 
proposition. With our notation, the method may be shown thus. Supposing 
the two numbers to be a, b, we have, say, 

b)a(p 

it 
C)b(q 

?L 
d)c(r 

rd 

I f now a, b are not prime to one another, they must have a common 
measure e, where e is some integer, not unity. 

And since e measures a, b, it measures a -pb, i.e. e. 

Again, since e measures b, c, it measures b - qc, i.e. d, 

and lastly, since e measures c, d, it measures c-rd, i.e. 1: 

which is impossible. 

Therefore there is no integer, except unity, that measures a, b, which are 
accordingly prime to one another. 

Observe that Euclid assumes as an axiom that, if a, b are both divisible by 
c, so is a - pb. In the next proposition he assumes as an axiom that c will in 
the case supposed divide a + pb. 
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PROPOSITION 2 . 

Given two numbers not prime to one another, to find their 
greatest common measure. 

Let AB, CD be the two given numbers not prime to one 
another. 

Thus it is required to find the greatest A 

common measure of AB, CD. c 

If now CD measures AB—and it also E L 
measures itself—CD is a common measure of 1 
CD, AB. 1 

And it is manifest that it is also the greatest; 
for no greater number than CD will measure B D 

CD. 
But, if CD does not measure AB, then, the less of the 

numbers AB, CD being continually subtracted from the 
greater, some number will be left which will measure the one 
before it. 

For an unit will not be left; otherwise AB, CD will be 
prime to one another [vn. 1], which is contrary to the 
hypothesis. 

Therefore some number will be left which will measure 
the one before it. 

Now let CD, measuring BE, leave EA less than itself, 
let EA, measuring DF, leave EC less than itself, 
and let CF measure AE. 

Since then, CF measures AE, and AE measures DF, 
therefore CF will also measure DF. 

But it also measures itself; 
therefore it will also measure the whole CD. 

But CD measures BE ; 
therefore CF also measures BE. 

But it also measures EA ; 
therefore it will also measure the whole BA. 

But it also measures CD ; 
therefore CF measures AB, CD. 

Therefore CF is a common measure of AB, CD. 
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I say next that it is also the greatest. 
For, if CF is not the greatest common measure of AB, 

CD, some number which is greater than CF will measure the 
numbers AB, CD. 

Let such a number measure them, and let it be G. 
Now, since G measures CD, while CD measures BE, 

G also measures BE. 
But it also measures the whole BA ; 

therefore it will also measure the remainder AE. 
But AE measures DF; 

therefore G will also measure DF. 
But it also measures the whole DC; 

therefore it will also measure the remainder CF, that is, the 
greater will measure the less: which is impossible. 

Therefore no number which is greater than CFv/iW measure 
the numbers AB, CD ; 

therefore CF is the greatest common measure of AB, CD. 

PORISM. From this it is manifest that, if a number 
measure two numbers, it will also measure their greatest 
common measure. Q. E. D.. 

Here we have the exact method of finding the greatest common measure 
given in the text-books of algebra, including the reductio ad absurdum proof 
that the number arrived at is not only a common measure but the greatest 
common measure. The process of finding the greatest common measure 
is simply shown thus : 

We shall arrive, says Euclid, at some number, say d, which measures the one 
before it, i.e. such that c = rd. Otherwise the process would go on until we 
arrived at unity. This is impossible because in that case a, b would be prime 
to one another, which is contrary to the hypothesis. 

Next, like the text-books of algebra, he goes on to show that d will be some 
common measure of a, b. For d measures c; 
therefore it measures qc + d, that is, b, 
and hence it measures pb + c, that is, a. 

Lastly, he proves that d is the greatest common measure of a, b as follows. 
Suppose that e is a common measure greater than d. 
Then e, measuring a, b, must measure a-pb, or c. 

b)a(p 
pb 

C)b(q 
qc 
d)c(r 

rd 
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Similarly e must measure b - qc, that is, d: which is impossible, since e is 
by hypothesis greater than d. 

Therefore etc. 
Euclid's proposition is thus identical with the algebraical proposition as 

generally given, e.g. in Todhunter's algebra, except that of course Euclid's 
numbers are integers. 

Nicomachus gives the same rule (though without proving it) when he 
shows how to determine whether two given odd numbers are prime or not 
prime to one another, and, if they are not prime to one anothei, what is their 
common measure. We are, he says, to compare the numbers in turn by 
continually taking the less from the greater as many times as possible, 
then taking the remainder as many times as possible from the less of the 
original numbers, and so on ; this process " will finish either at an unit or at 
some one and the same number," by which it is implied that the division of a 
greater number by a less is done by separate subtractions of the less. Thus, 
with regard to 21 and 4 9 , Nicomachus says, " I subtract the less from the 
greater; 2 8 is left; then again I subtract from this the same 21 (for this is 
possible); 7 is left; I subtract this from 2 1 , 1 4 is left; from which I again 
subtract 7 (for this is possible); 7 will be left, but 7 cannot be subtracted from 
7." The last phrase is curious, but the meaning of it is obvious enough, as 
also the meaning of the phrase about ending " at one and the same number." 

T h e proof of the Porism is of course contained in that part of the propo
sition which proves that G, a common measure different from CF, must 
measure CF. T h e supposition, thereby proved to be false, that G is greater 
than CVdoes not affect the validity o f the proof that G measures CF in any 
case. 

PROPOSITION 3. 

Given three numbers not prime to one another, to find their 
greatest common measure. 

Let A, B, C be the three given numbers not prime to 
one another; 
thus it is required to find the greatest 
common measure of A, B, C. 

For let the greatest common measure, 
D, of the two numbers A, B be taken ; 

[vn. 2 ] 

then D either measures, or does not 
measure, C. 

First, let it measure it. 
But it measures A, B also; 

therefore D measures A, B, C; 
therefore D is a common measure of A, B, C. 

I say that it is also the greatest. 

O El F 



For, if D is not the greatest common measure of A, B, C, 
some number which is greater than D will measure the numbers 
A, B, C. 

Let such a number measure them, and let it be E. 
Since then E measures A, B, C, 

it will also measure A, B; 
therefore it will also measure the greatest common measure 
of A, B. [vn. 2, Por.] 

But the greatest common measure of A, B is D; 
therefore E measures D, the greater the less: which is 
impossible. 

Therefore no number which is greater than Z?will measure 
the numbers A, B, C; 

therefore D is the greatest common measure of A, B, C. 

Next, let D not measure C; 
I say first that C, D are not prime to one another. 

For, since A, B, C are not prime to one another, some 
number will measure them. 

Now that which measures A, B, C will also measure A, 
B, and will measure D, the greatest common measure of A, B. 

[vn. 2, Por.] 
But it measures C also ; 

therefore some number will measure the numbers D, C; 
therefore D, C are not prime to one another. 

Let then their greatest common measure E be taken. 
[vn. 2] 

Then, since E measures D, 
and D measures A, B, 
therefore E also measures A, B. 

But it measures C also ; 
therefore E measures A, B, C; 
therefore E is a common measure of A, B, C. 

I say next that it is also the greatest. 

For, if E is not the greatest common measure of A, B, C, 
some number which is greater than E will measure the 
numbers A, B, C. 

Let such a number measure them, and let it be F. 



Now, since ^measures A, B, C, 
it also measures A, B ; 
therefore it will also measure the greatest common measure 
of A, B. [vn. 2, Por.] 

But the greatest common measure of A, B is D ; 
therefore F measures D. 

And it measures C also ; 
therefore F measures D, C; 
therefore it will also measure the greatest common measure 
of D, C. [vn. 2, Por.] 

But the greatest common measure of D, C is E ; 
therefore F measures E, the greater the less: which is 
impossible. 

Therefore no number which is greater than E will measure 
the numbers A, B, C; 
therefore E is the greatest common measure of A, B, C. 

Euclid's proof is here longer than we should make it because he 
distinguishes two cases, the simpler of which is really included in the other. 

Having taken the greatest common measure, say d, of a, b, two of the 
three given numbers a, b, c, he distinguishes the cases 

(1) in which d measures c, 
(2) in which d does not measure c. 
In the first case the greatest common measure of d, c is d itself; in the 

second case it has to be found by a repetition of the process of vn. 2. In 
either case the greatest common measure of a, b, c is the greatest common 
measure of d, c. 

But, after disposing of the simpler case, Euclid thinks it necessary to 
prove that, if d does not measure c, d and c must necessarily have a greatest 
common measure. This he does by means of the original hypothesis that 
a, b, c are not prime to one another. Since they are not prime to one another, 
they must have a common measure; any common measure of a, bis a measure 
of d, and therefore any common measure of a, b, c is a common measure of 
d, c; hence d, c must have a common measure, and are therefore not prime to 
one another. 

T h e proofs of cases (1) and (2) repeat exactly the same argument as we 
saw in VII. 2, and it is proved separately for d in case (1) and e in case (2), 
where e is the greatest common measure of d, c, 

(a) that it is a common measure of a, b, c, 
(/8) that it is the greatest common measure. 

Heron remarks (an-Nairizi, ed. Curtze, p. 191) that the method does 
not only enable us to find the greatest common measure of three numbers; 
it can be used to find the greatest common measure of as many numbers 

Q. E. D. 



as we please. This is because any number measuring two numbers also 
measures their greatest common measure; and hence we can find the G.C.M. 
of pairs, then the G.C.M. of pairs of these, and so on, until only two numbers 
are left and we find the G.C.M. of these. Euclid tacitly assumes this extension 
in vn . 33, where he takes the greatest common measure of as many numbers 
as we please. 

PROPOSITION 4. 

Any number is either a part or parts of any number, the 
less of the greater. 

Let A, BC be two numbers, and let BC be. the less ; 
I say that BC is either a part, or parts, of A. 

For A, BC are either prime to one another 
or not. 

First, let A, BC be prime to one another. 
Then, if BC be divided into the units in it, 

each unit of those in BC will be some part of A ; 
so that BC is parts of A. 

Next let A, BC not be prime to one another; 
then BC either measures, or does not measure, A. 

If now BC measures A, BC is a part of A. 
But, if not, let the greatest common measure D of A, BC 

be taken ; [vn. 2] 
and let BC be divided into the numbers equal to D, namely 
BE, EE, EC. 

Now, since D measures A, D is a part of A. 
But D is equal to each of the numbers BE, EE, EC; 

therefore each of the numbers BE, EE, EC is also a part of A; 
so that BC is parts of A. 

Therefore etc. 
Q. E. D. 

The meaning of the enunciation is of course that, if a, b be two numbers 
of which b is the less, then b is either a submultiple or some proper fraction of a. 

(1) If a, b are prime to one another, divide each into its units; then b 
contains b of the same parts of which a contains a. Therefore b is " parts " or 
a proper fraction of a. 

(2) If a, b be not prime to one another, either b measures a, in which 
case b is a submultiple or " part" of a, or, if g be the greatest common 
measure of a, b, we may put a = mg and b = ng, and b will contain n of the 
same parts (g) of which a contains m, so that b is again "parts," or a proper 

fraction, of a. 



PROPOSITION 5. 

If a number be a part of a number, and another be the 
same part of another, the sum will also be the same part of the 
sum that the one is of the one. 

For let the number A be a. part of BC, 
and another, D, the same part of another EF that A is of BC; 
I say that the sum of A, D is also the same 
part of the sum of BC, EF that A is of BC. 

For since, whatever part A is of BC, D 
is also the same part of EF, 
therefore, as many numbers as there are in 
BC equal to A, so many numbers are there 
also in EF equal to D. 

Let BC be divided into the numbers equal to A, namely 
BG, GC, 
and EF into the numbers equal to D, namely EH, HF; 
then the multitude of BG, GC will be equal to the multitude 
of EH, HF. 

And, since BG is equal to A, and EH to D, 
therefore BG, EH are also equal to A, D. 

For the same reason 
GC, HF are also equal to A, D. 

Therefore, as many numbers as there are in BC equal to 
A, so many are there also in BC, EF equal to A, D. 

Therefore, whatever multiple BC is of A, the same multiple 
also is the sum of BC, EF of the sum of A, D. 

Therefore, whatever part A is of BC, the same part also 
is the sum of A, D of the sum of BC, EF. 

Q. E. D. 

I f a=-b, and c = -d, then 
n n 

a + c=l(6 + d). 

The proposition is of course true for any quantity of pairs of numbers 
similarly related, as is the next proposition also; and both propositions are 
used in the extended form in vn. 9, 10. 



A 
C D 

G H H 
B E 

PROPOSITION 6. 

If a number be parts of a number, and another be the same 
parts of another, the sum will also be the same parts of the sum 
that the one is of the one. 

For let the number AB be parts of the number C, 
and another, DE, the same parts of another, 
F, that AB is of C; 
I say that the sum of AB, DE is also the 
same parts of the sum of C, F that AB is 
of C. 

For since, whatever parts AB is of C, 
DE is also the same parts of F, 
therefore, as many parts of C as there are 
in AB, so many parts of F are there also in DE. 

Let AB be divided into the parts of C, namely AG, GB, 
and DE into the parts of F, namely DH, HE; 
thus the multitude of AG, GB will be equal to the multitude 
oiDH, HE. 

And since, whatever part AG is of C, the same part is 
DH of F also, 
therefore, whatever part AG is of C, the same part also is the 
sum of AG, DH of the sum of C, F. [vn. 5] 

For the same reason, 
whatever part GB is of C, the same part also is the sum of 
GB, HE of the sum of C, F. 

Therefore, whatever parts AB is of C, the same parts also 
is the sum of AB, DE of the sum of C, F. 

Q. E. D. 

If a = — 0, ana c= — a, 
n n 

then a + c = — (b + d). 

More generally, if 
n 

!•— b, c^-d, « = - f, 
n n n 

then (a + c+ e + g + . ,.) = -(b + d+/+ A + ...). 



In Euclid's proposition m<n, but the generality of the result is of course 
not affected. This proposition and the last are complementary to v. i, which 
proves the corresponding result with multiple substituted for "pari" or 
"parts." 

PROPOSITION 7. 

If a number be that part of a number, which a number 
subtracted is of a number subtracted, the remainder will also 
be the same part of the remainder that the whole is of the 
whole. 

For let the number AB be that part of the number CD 
which AE subtracted is of CF subtracted ; 
I say that the remainder EB is also the same part of the 
remainder FD that the whole AB is of the whole CD. 

A E B 

G C F D 

For, whatever part AE is of CF, the same part also let 
EB be of CG. 

Now since, whatever part AE is of CF, the same part 
also is EB of CG, 
therefore, whatever part AE is of CF, the same part also is 
ABoiGF. [vn. 5] 

But, whatever part AE is of CF, the same part also, by 
hypothesis, is AB of CD ; 
therefore, whatever part AB is of GF, the same part is it of 
CD also ; 
therefore GF is equal to CD. 

Let CF be subtracted from each ; 
therefore the remainder GC is equal to the remainder FD. 

Now since, whatever part AE is of CF, the same part 
also is EB of GC, 
while GC is equal to FD, 
therefore, whatever part AE is of CF, the same part also is 
EBoiFD. 

But, whatever part AE is of CF, the same part also is AB 
of CD; 



therefore also the remainder EB is the same part of the 
remainder FD that the whole AB is of the whole CD. 

Q. E. D. 

If a = -b and c = -d, we are to prove that 

a result differing from that of VII. 5 in that minus is substituted for plus. 
Euclid's method is as follows. 

Suppose that e is taken such that 

a-c = -e. (1) 
n v ' 

Now c = -d. 
n 

Therefore a = i (d + e), [vn. 5] 

whence, from the hypothesis, d+e = b, 
so that e = b-d, 
and, substituting this value of e in (1), we have 

a-c = -(b-d). 

PROPOSITION 8. 

If a number be the same parts of a number that a number 
subtracted is of a number subtracted, the remainder will also 
be the same parts of the remainder that the whole is of the 
whole. 

For let the number AB be the same parts of the number 
CD that AE subtracted is of CF 
subtracted ; c if p 
I say that the remainder EB is G M K N H 

also the same parts of the re- ' 1 1 

mainder FD that the whole AB ^ £ g § 
is of the whole CD. 

For let GH be made equal to AB. 
Therefore, whatever parts GH is of CD, the same parts 

also is AE of CF. 
Let GH be divided into the parts of CD, namely GK, KH, 

and AE into the parts of CF, namely AL, LE; 
thus the multitude of GK, KH will be equal to the multitude 
of AL, LE. 



Now since, whatever part GK is of CD, the same part 
also is AL of CF, 
while. CD is greater than CF, 
therefore GK is also greater than AL. 

Let GM be made equal to AL. 
Therefore, whatever part GK is of CD, the same part also 

is GM of CF; 
therefore also the remainder MK is the ;ame part of the 
remainder FD that the whole GK is of the whole CD. [vn. 7] 

Again, since, whatever part KH is of CD, the same part 
also is EL of CF, 
while CD is greater than CF, 
therefore HK is also greater than EL. 

Let KN be made equal to EL. 
Therefore, whatever part KH is of CD, the same part 

also is KN of CF; 
therefore also the remainder NH is the same part of the 
remainder FD that the whole KH is of the whole CD. 

[vn. 7] 
But the remainder MK was also proved to be the same 

part of the remainder FD that the whole GK is of the whole 
CD; 
therefore also the sum of MK, NH is the same parts of DF 
that the whole HG is of the whole CD. 

But the sum of MK, NH is equal to EB, 
and HG is equal to BA ; 
therefore the remainder EB is the same parts of the remainder 
FD that the whole AB is of the whole CD. 

Q. E. D. 

If a = — b and c=—d, (m<n) 

then a — c = — (b - d). 

Euclid's proof amounts to the following. 

Take e equal to - b, and / e q u a l to - d. 
ft n 

Then since, by hypothesis, b > d, 
*>/, 

and, by VII. 7, e-f=~(b-d). 



Repeat this for all the parts equal to e a n d / that there are in a, b respec
tively, and we have, by addition (a, b containing m of such parts respectively), 

m(e-f) = "~(b-d). n 
But m{e—f)-a-c. 

Therefore a — c=m-(b-d\. 
n v 

The propositions vn . 7, 8 are complementary to v. 5 which gives the 
corresponding result with multiple in the place of " part" or " parts." 

PROPOSITION 9. 

If a number be a part of a number, and another be the 
same part of another, alternately also, whatever part or parts 
the first is of the third, the same part, or the same parts, will 
the second also be of the fourth, 

For let the number A be a part of the number BC, 
and another, D, the same part of another, EF, 
that A is of BC; 
I say that, alternately also, whatever part or B 

parts A is of D, the same part or parts is BC 1 G 
of EF also. AL 

For since, whatever part A is of BC, the 
same part also is D of EF, 
therefore, as many numbers as there are in BC equal to A, 
so many also are there in EF equal to D. 

Let BC be divided into the numbers equal to A, namely 
BG, GC, 
and EF into those equal to D, namely EH, HF; 
thus the multitude of BG, GC will be equal to the multitude 
oiEH.HF. 

Now, since the numbers BG, GC are equal to one another, 
and the numbers EH, HF are also equal to one another, 
while the multitude of BG, GC is equal to the multitude of 
EH, HF, 
therefore, whatever part or parts BG is of EH, the same 
part or the same parts is GC of HF also ; 
so that, in addition, whatever part or parts BG is of EH, 
the same part also, or the same parts, is the sum BC of the 
sum EF. [vn. 5, 6] 



PROPOSITION 10. 

If a number be parts of a number, and another be the 
same parts of another, alternately also, whatever parts or part 
the first is of the third, the same parts or the same part will 
the second also be of the fourth. 

For let the number AB be parts of the number C, 
and another, DE, the same parts of another, 
F; 
I say that, alternately also, whatever parts or 
part AB is of DE, the same parts or the 
same part is C of F also. 

For since, whatever parts AB is of C, 
the same parts also is DE of F, 
therefore, as many parts of C as there are 
in AB, so many parts also of F are there in DE. 

Let AB be divided into the parts of C, namely AG, GB, 
and DE into the parts of F, namely DH, HE; 
thus the multitude of AG, GB will be equal to the multitude 
oiDH, HE. 

Now since, whatever part AG is of C, the same part also 
is DH oiF, 
alternately also, whatever part or parts A G is of DH, 
the same part or the same parts is C of F also. [vn. 9] 

For the same reason also, 
whatever part or parts GB is of HE, the same part or the 
same parts is C of F also ; 

But BG is equal to A, and EH to D; 
therefore, whatever part or parts A is of D, the same part or 
the same parts is BC of EE also. 

Q. E. D. 

If a = - b and c = — d, then, whatever fraction (" part" or " parts") a is of 
n n 

c, the same fraction will b be of d. 
Dividing b into each of its parts equal to a, and d into each of its parts 

equal to c, it is clear that, whatever fraction one of the parts a is of one of the 
parts c, the same fraction is any other of the parts a of any other of the parts c. 

And the number of the parts a is equal to the number of the parts c, viz. «. 
Therefore, by vn . 5, 6, na is the same fraction of nc that a is of c, i.e. b is 

the same fraction of d that a is of c. 



so that, in addition, whatever parts or part AB is of DE, 
the same parts also, or the same part, is C of F. [vn. 5, 6} 

Q. E. D. 

If a = — b and c = —d, then, whatever fraction a is of c, the same fraction 
n n 

is b of d. 
T o prove this, a is divided into its m parts equal to b\n, and c into its 

m parts equal to djn. 
Then, by vn. 9, whatever fraction one of the m parts of a is of one of the 

m parts of c, the same fraction is n of d. 
And, by vn. 5, 6, whatever fraction one of the m parts of a is of one of 

the m parts of c, the same fraction is the sum of the parts of a (that is, a) of 
the sum of the parts ot c (that is, c). 

Whence the result follows. 
In the Greek text, after the words " so that, in addition " in the last line 

but one, is an additional explanation making the reference to vn . 5, 6 clearer, 
as follows: " whatever part or parts A G is of DH, the same part or the 
same parts is GB of HE a l so ; 
therefore also, whatever part or parts A G is of DH, the same part or the same 
parts is AB of DE also. [vn. 5, 6] 

But it was proved that, whatever part or parts AG is of DH, the same 
part or the same parts is C of F z\%a ; 
therefore also " etc. as in the last two lines of the text. 

Heiberg concludes, on the authority of P, which only has the words in 
the margin in a later hand, that they may be attributed to Theon. 

PROPOSITION I I . 

If, as whole is to whole, so is a number subtracted to a 
number subtracted, the remainder will also be to the remainder 
as whole to whole. 

As the whole AB is to the whole CD, so let AE subtracted 
be to CF subtracted; 
I say that the remainder EB is also to the remainder 
FD as the whole AB to the whole CD. 

Since, as AB is to CD, so is AE to CF, 
whatever part or parts AB is of CD, the same part 
or the same parts is AE of CF also ; [vn. Def. 20] 

Therefore also the remainder EB is the same 
part or parts of FD that AB is of CD. [vn. 7, 8] 

Therefore, as EB is to FD, so is AB to CD. [vn. Def. 20] 
Q. E. D. 

It will be observed that, in dealing with the proportions in Props. 1 1 — 1 3 , 
Euclid only contemplates the case where the first number is " a part" or 
"par ts" of the second, while in Prop. 13 he assumes the first to be " a part" 
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or "parts" of the third also; that is, the first number is in all three propositions 
assumed to be less than the second, and in Prop. 13 less than the third also. 
Y e t the figures in Props. 11 and 13 are inconsistent with these assumptions. 
If the facts are taken to correspond to the figures in these propositions, it is 
necessary to take account of the other possibilities involved in the definition 
of proportion (vn. Def. 20), that the first number may also be a multiple, or 
a multiple plus " a part" or " parts " (including once as a multiple in this case), 
of each number with which it is compared. Thus a number of different cases 
would have to be considered. The remedy is to make the ratio which is in 
the lower terms the first ratio, and to invert the ratios, if necessary, in order 
to make " a part" or " parts " literally apply. 

If a : b = c : d, (a > c, b > d) 
then (a-c) :(b-d) = a :b. 

This proposition for numbers corresponds to v. 19 for magnitudes. The 
enunciation is the same except that the masculine (agreeing with apifyio's) 
takes the place of the neuter (agreeing with /xcy«0os). 

The proof is no more than a combination of the arithmetical definition of 
proportion (vn. Def. 20) with the results of vn. 7, 8. The language of propor
tions is turned into the language of fractions by Def. 20 ; the results of vn. 7, 8 
are then used and the language retransformed by Def. 20 into the language of 
proportions. 

PROPOSITION 12 . 

If there be as many numbers as we please in proportion, 
then, as one of the antecedents is to one of the consequents, so 
are all the antecedents to all the consequents. 

Let A, B, C, D be as many numbers as we please in 
proportion, so that, 

as A is to B, so is C to D; 
I say that, as A is to B, so are A, C to B, D. 

For since, as A is to B, so is C to D, A| B| C 
whatever part or parts A is of B, the same part 
or parts is C of D also. [vn. Def. 20] 

Therefore also the sum of A, C is the same 
part or the same parts of the sum of B, D that A is of B. 

[vn. s, 6] 

Therefore, as A is to B, so are A, C to B, D. [vn. Def. 20] 
If a : a' = b : b' = c : d m 

then each ratio is equal to (a + b + c+ . . .) : (a' +b'-tV+ . . . ) . 
The proposition corresponds to v. 12, and the enunciation is word for word 

the same with that of v. 12 except that apifytds takes the place of fUydos. 
Again the proof merely connects the arithmetical definition of proportion 

(vn. Def. 20) with the results of vu . 5, 6, which are quoted as true for any 
number of numbers, and not merely for two numbers as in the enunciations of 
vn. 5. 6-



A 

— ~ e — F 

For, since, as A is to B, so is D to E, 
therefore, alternately, 

as A is to D, so is B to E. [vn. 13] 

PROPOSITION 13. 

If four numbers be proportional, they zuill also be propor
tional alternately. 

Let the four numbers A, B, C, D be proportional, so that, 
as A is to B, so is C to D ; 

I say that they will also be proportional alternately, so that, 
as A is to C, so will B be to D. 

For since, as A is to B, so is C to D, 
therefore, whatever part or parts A is of B, 
the same part or the same parts is C of D also. 

[vn. Def. 20] 
Therefore, alternately, whatever part or 

parts A is of C, the same part or the same 
parts is B of D also. [vn. 10] 

Therefore, as A is to C, so is B to D. [vli. Def. 20] 
Q. E. D. 

If a : b = c : d, 
then, alternately, a : c = b : d. 

The proposition corresponds to v. 16 for magnitudes, and the proof 
consists in connecting VII, Def. 20 with the result of vn. 10. 

PROPOSITION 14. 

If there be as many numbers as we please, and others equal 
to them in multitude, which taken two and two are in the same 
ratio, they will also be in the same ratio ex aequali. 

Let there be as many numbers as we please A, B, C, 
and others equal to them in multitude D, E, F, which taken 
two and two are in the same ratio, so that, 

as A is to B, so is D to E, 
and, as B is to C, so is E to F; 
I say that, ex aequali, 

as A is to C, so also is D to F. 



Again, since, as B is to C, so is E to F, 
therefore, alternately, 

as B is to E, so is C to F. [vn. 13] 

But, as B is to E, so is A to Z?; 
therefore also, as A is to Z?, so is C to 

Therefore, alternately, 
as A is to C, so is Z? to F. [id.] 

If a : b = d : e, 
and b : c = e :f, 

then, aequali, a : c = d :f; 
and the same is true however many successive numbers are so related. 

The proof is simplicity itself. 
By vn. 13, alternately, a : d = b : e, 

and b : e = c : f. 
Therefore a : d = c :f 

and, again alternately, a : c = d :/. 
Observe that this simple method cannot be used to prove the corresponding 

proposition for magnitudes, v. 22, although v. 22 has been preceded by the 
two propositions in that Book corresponding to the propositions used here, 
viz. v. 16 and v. 11 . The reason of this is that this method would only prove 
v. 22 for six magnitudes all of the same kind, whereas the magnitudes in v. 22 
are not subject to this limitation. 

Heiberg remarks in a note on vn. 19 that, while Euclid has proved 
several propositions of Book v. over again, by a separate proof, for numbers, 
he has neglected to do so in certain cases; e.g., he often uses v. 11 in these pro
positions of Book vn., v. 9 in vn. 19, v. 7 in the same proposition, and so on. 
Thus Heiberg would apparently suppose Euclid f o use v. 11 in the last step 
of the present proof (Ratios which are the same with the same ratio are also the 
same with one another). I think it preferable to suppose that Euclid regarded 
the last step as axiomatic; since, by the definition of proportion, the first 
number is the same multiple or the same part or the same parts of the second 
that the third is of the fourth: the assumption is no more than an assumption 
that the numbers or proper fractions which are respectively equal to the same 
number or proper fraction are equal to one another. 

Though the proposition is only proved of six numbers, the extension to as 
many as we please (as expressed in the enunciation) is obvious. 

PROPOSITION I 5. 

If an unit measure any number, and another number measure 
any other number the same number of times, alternately also, 
the unit ivill measure the third number the same number of 
times that the second measures the fourth. 



For let the unit A measure any number BC, 
and let another number D 
measure any other number EF —— - + +—? 
the same number of times ; 0 

I say that, alternately also, the \ K L F 
unit A measures the number 
D the same number of times that BC measures EF. 

For, since the unit A measures the number BC the same 
number of times that D measures EF, 
therefore, as many units as there are in BC, so many numbers 
equal to D are there in EF also. 

Let BC be divided into the units in it, BG, GH, HC, 
and EF'\x\to the numbers EK, KL, LF equal to D. 

Thus the multitude of BG, GH, HC will be equal to the 
multitude of EK, KL, LF. 

And, since the units BG, GH, HC are. equal to one another, 
and the numbers EK, KL, LF are also equal to one another, 
while the multitude of the units BG, GH, HC is equal to the 
multitude of the numbers EK, KL, LF, 
therefore, as the unit BG is to the number EK, so will the 
unit GH be to the number KL, and the unit HC to the 
number LF. 

Therefore also, as one of the antecedents is to one of 
the consequents, so will all the antecedents be to all the 
consequents; [vn. 12] 
therefore, as the unit BG is to the number EK, so is BC to 
EF. 

But the unit BG is equal to the unit A, 
and the number EK to the number D. 

Therefore, as the unit A is to the number D, so is BC to 
EF. 

Therefore the unit A measures the number D the same 
number of times that BC measures EF. Q. E. D. 

If there be four numbers 1, m, a, ma (such that 1 measures m the same 
number of times that a measures ma), 1 measures a the same number of 
times that m measures ma. 

Except that the first number is unity and the numbers are said to measure 
instead of being a part of others, this proposition and its proof do not differ 
from vn. 9 j in fact this proposition is a particular case of the other. 



• 

PROPOSITION 16. 

If two numbers by mtdtiplying one another make certain 
numbers, the numbers so produced will be equal to one another. 

Let A, B be two numbers, and let A by multiplying B 
make C, and B by multiplying 
A make D ; A 

I say that C is equal to D. B 
For, since A by multiply- c — — — 

ing B has made C, o 
therefore B measures C ac- — E 
cording to the units in A. 

But the unit E also measures the number A according to 
the units in it; 

therefore the unit E measures A the same number of times 
that B measures C. 

Therefore, alternately, the unit E measures the number B 
the same number of times that A measures C. [vn. 15] 

Again, since B by multiplying A has made D, 
therefore A measures D according to the units in B. 

But the unit E also measures B according to the units 
in it; 

therefore the unit E measures the number B the same 
number of times that A measures D. 

But the unit E measured the number B the same number 
of times that A measures C; 

therefore A measures each of the numbers C, D the same 
number of times. 

Therefore C is equal to D. q. E. U. 
•». The numbers so produced. The Greek has oi ycvb/utot ii avTuni, " the (numbers) 

produced from them." B y "from them" Euclid means "from the original numbers," though 
this is not very clear even in the Greek. I think ambiguity is best avoided by leaving out 
the words. 

This proposition proves that, if any numbers be multiplied together, the order 
of multiplication is indifferent, or ab = ba. 

It is important to get a clear understanding of what Euclid means when 
he speaks of one number multiplying another, vu . Def. 15 states that the 
effect of "a multiplying b" is taking a times b. We shall always represent 
"a times b" by ab and "b times a" by ba. This being premised, the proof 
that ab = ba may be represented as follows in the language of proportions. 



By vn. Def. 20, 1 : a = b : ab. 
Therefore, alternately, 1 : b = a : ab. [VII. 13] 
Again, by vn . Def. 20, 1 : b = a : ba. 

Therefore a : ab = a : ba, 
or ab = ba. 

Euclid does not use the language of proportions but that of fractions or 
their equivalent measures, quoting vn. 15, a particular case of vn. 13 
differently expressed, instead of vn. 13 itself. 

PROPOSITION 17. 

If a number by multiplying two numbers make certain 
numbers, the numbers so produced will have the same ratio 
as the numbers multiplied. 

For let the number A by multiplying the two numbers B, 
C make D, E; 
I say that, as B is to C, so is D to E. 

For, since A by multiplying B has made D, 
therefore B measures D according to the units in A. 

— F 

But the unit F also measures the number A according to 
the units in it; 
therefore the unit F measures the number A the same number 
of times that B measures D. 

Therefore, as the unit F is to the number A, so is B to D. 
[vn. Def. 20] 

For the same reason, 
as the unit F is to the number A, so also is C to E; 
therefore also, as B is to D, so is C to E. 

Therefore, alternately, as B is to C, so is D to E. [vn. 13] 
Q. E. D. 

b : c=ab : ac. 
In this case Euclid translates the language of measures into that of 

proportions, and the proof is exactly like that set out in the last note. 
By vn. Def. 20, 1 : a = b : ab, 

and 1 : a = c : ac. 
Therefore b : ab = c : ac, 

and, alternately, b: c = ab : ac. [vn. 13] 
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PROPOSITION 18. 

If two numbers by multiplying any number make certain 
numbers, the numbers so produced will have the same ratio as 
the multipliers. 

For let two numbers A, B by multiplying any number C 
make D, £; 
I say that, as A is to B, so is D 3 * 
to 2?. D 

For, since .<4 by multiplying 
C has made D, 
therefore also C by multiplying A has made /? . [vn. 16] 
For the same reason also 
C by multiplying B has made E. 

Therefore the number C by muk.plying the two numbers 
A, B has made D, E. 

Therefore, as A is to B, sa is D to E. [vn. 17] 

It is here proved that a :b = ac :bc. 
The argument is as follows. 

ac = ca. [vn. 16] 
Similarly be = cb. 

And a : b = ca : cb; [vn. 17] 
therefore a : b -- ac : be. 

• 

PROPOSITION 19. 

If four numbers be proportional, the number produced from 
the first and fourth will be equal to the number produced from 
the second and third; and, if the number produced from the 
first and fourth be equal to that produced from the second and 
third, the four numbers will be proportional. 

Let A, B, C, D be four numbers in proportion, so that, 
as A is to B, so is C to D; 

and let A by multiplying D make E, and let B by multiply
ing C make F; 
I say that E is equal to F. 

For let A by multiplying C make G. 



Since, then, A by multiplying C has made G, and by 
multiplying D has made E, 
the number A by multiplying the two 
numbers C, D has made G, E. 

Therefore, as C is to D, so is G to E. 
[vn. 17] 

But, as C is to D, so is A to B; 
therefore also, as ^4 is to B, so is 6" 
to E. 

Again, since A by multiplying C 
has made G, 
but, further, 2? has also by multiplying 
C made E, 
the two numbers ^4, B by multiplying a certain number C 
have made C7, F. 

Therefore, as A is to B, so is £ to E. [vn. 18] 
But further, as A is to B, so is C to E also; 

therefore also, as G is to Zf, so is G to 
Therefore G has to each of the numbers E, F the same 

ratio; 
therefore E is equal to F. [cf. v. 9] 

Again, let E be equal to F; 
I say that, as A is to B, so is C to Z>. 

For, with the same construction, 
since E is equal to F, 
therefore, as G is to E, so is G to F. 

But, as £ is to E, so is C to Z>, 
and, as (7 is to F, so is A to Z?. 
Therefore also, as A is to i?, so is C to Z>. 

[cf. v. 7] 

[vn. 17] 

[vn. 18] 

If 

Q. E. D. 

a : b = c : d, 
then ad= be; and conversely. 

The proof is equivalent to the following. 
(1) ac:ad=c:d [vn. 17] 

= a : b. 
But a:b = ac:bc. [vn. 18] 
Therefore ac : ad=ac : be, 

or ad = be. 



(2) Since ad=bc, 
ac : ad = ac : be. 

But ac : ad=c : d, [vn. 17] 
and ac : bc = a : b. [vu. i&] 

Therefore a : b = c : d. 
As indicated in the note on vn. 14 above, Heiberg regards Euclid as 

basing the inferences contained in the last step of part (1) of this proof and 
in the first step of part (2) on the propositions v. 9 and v. 7 respectively, 
since he has not proved those propositions separately for numbers in this 
Book. I prefer to suppose that he regarded the inferences as obvious and 
not needing proof, in view of the definition of numbers which are in pro
portion. E.g., if ac is the same fraction ("par t" or "parts") of ad that ac is 
of be, it is obvious that ad must be equal to be. 

Heiberg omits from his text here, and relegates to an Appendix, a 
proposition appearing in the manuscripts V, p, <p to the effect that, if three 
numbers be proportional, the product of the extremes is equal to the square 
of the mean, and conversely. It does not appear in P in the first hand, B has 
it in the margin only, and Campanus omits it, remarking that Euclid does 
not give the proposition about three proportionals as he does in vi . 17, since 
it is easily proved by the proposition just given. Moreover an-Nairizi quotes 
the proposition about three proportionals as an observation on vn . 19 probably 
due to Heron (who is mentioned by name in the preceding paragraph). 

PROPOSITION 20. 

The least numbers of those which have the same ratio with 
them measure those which Itave the same ratio the same number 
of times, the greater the greater and the less the less. 

For let CD, EF be the least numbers of those which have 
the same ratio with A, B; 
I say that CD measures A the same number 
of times that EF measures B. 

Now CD is not parts of A. 
For, if possible, let it be so; 

therefore EF is also the same parts of B 
that CD is of A. [vn. 13 and Def. 20] 

Therefore, as many parts of A as there 
are in CD, so many parts of B are there also 
in EF. 

Let CD be divided into the parts of A, namely CG, GD, 
and EF'vcAo the parts of B, namely EH, HF; 
thus the multitude of CG, GD will be equal to the multitude 
of EH, HF. 



Now, since the numbers CG, GD are equal to one another, 
and the numbers EH, HF are also equal to one another, 
while the multitude of CG, GD is equal to the multitude of 
EH, HF, 
therefore, as CG is to EH, so is GD to HF. 

Therefore also, as one of the antecedents is to one of 
the consequents, so will all the antecedents be to all the 
consequents. [vn. 12] 

Therefore, as CG is to EH, so is CD to EF. 
Therefore CG, EH are in the same ratio with CD, EF, 

being less than they : 
which is impossible, for by hypothesis CD, EF are the least 
numbers of those which have the same ratio with them. 

Therefore CD is not parts of A ; 
therefore it is a part of it. [vn. 4] 

And EF is the same part of B that CD is of A ; 
[vn. 13 and Def. 20] 

therefore CD measures A the same number of times that EF 
measures B. 

Q. E. D. 

If a, b are the least numbers among those which have the same ratio 
(i.e. if a/b is a fraction in its lowest terms), and c, d are any others in the same 
ratio,.i.e. if 

a : b = c : d, 

then a = - c and b = - d, where « is some integer. 
n n 

The proof is by reductio ad absurdum, thus. 
[Since a <c, a is some proper fraction ("par t" or "parts") of c, by vn . 4.] 

Now a cannot be equal to — c, where m is an integer less than n but 
n 

greater than 1. 

For, if a = -c, b=-dalso. [vn, 13 and Def. 20I 
n n J 

Take each of the m parts of a with each of the m parts of b, two and two ; 

the ratio of the members of all pairs is the same ratio — a : — b. 
r m m 

Therefore 
- a : - b = a : b. [vn. 12] 
m m L J 

But — a and ^ b are respectively less than a, b and they are in the same 

ratio: which contradicts the hypothesis. 



Hence a can only be " a part" of c, or 

a is of the form - c, 
n 

and therefore b is of the form - d. 
n 

Here also Heiberg omits a proposition which was no doubt interpolated 
by Theon (B, V, p, <f> have it as vn . 22, but P only has it in the margin 
and in a later hand; Campanus also omits it) proving for numbers the ex 
aequali proposition when " the proportion is perturbed," i.e. (cf. enunciation 
of v. 22) if 

a:b = e:f, (1) 
and b : c = d : e, (2) 
then a : c = d :/. 

T h e proof (see Heiberg's Appendix) depends on VII. 19. 
From (1) we have a / = be, 

and from (2) be = cd. [vn. 19] 
Therefore o / = cd, 

and accordingly a : c-d :f. [vn. 19] 

PROPOSITION 21 . 

Numbers prime to one another are the least of those which 
have the same ratio with them. 

Let A, B be numbers prime to one another; 
I say that A, B are the least of 
those which have the same ratio 1 | E 

with them. _ c l D 

A B 
For, if not, there will be some > 

numbers less than A, B which are 
in the same ratio with A, B. 

Let them be C, D. 
Since, then, the least numbers of those which have the 

same ratio measure those which have the same ratio the 
same number of times, the greater the greater and the less 
the less, that is, the antecedent the antecedent and the 
consequent the consequent, [vn. 20] 
therefore C measures A the same number of times that D 
measures B. 

Now, as many times as C measures A, so many units let 
there be in E. 

Therefore D also measures B according to the units in E. 



And, since C measures A according to the units in E, 
therefore E also measures A according to the units in C. 

[vn. 16] 
For the same reason 

E also measures B according to the units in D. [vn. 16] 
Therefore E measures A, B which are prime to one 

another : which is impossible. [vn. Def. 12] 
Therefore there will be no numbers less than A, B which 

are in the same ratio with A, B. 
Therefore A, B are the least of those which have the same 

ratio with them. 
Q. E. D. 

In other words, if a, b are prime to one another, the ratio a : b is " in its 
lowest terms." 

The proof is equivalent to the following. 
If not, suppose that c, d are the least numbers for which 

a : b = c : d. 
[Euclid only supposes some numbers c, d in the ratio of a to b such that 
c <a, and (consequently) d < b. It j s however necessary to suppose that 
c, d are the least numbers in that ratio in order to enable vn . 20 to be 
used in the proof.] 

Then [vn. 20] a = me, and b = md, where m is some integer. 
Therefore a = em, b = dm, [vu. 16] 

and m is a common measure of a, b, though these are prime to one another 
which is impossible. [vn. Def. 12 

Thus the least numbers in the ratio of a to b cannot be less than a, 
thetnselves. 

Where I have quoted vn. 16 Heiberg regards the reference as being to 
vn . s 5. I think the phraseology of the text combined with that of Def. 15 
suggests the former rather than the latter. 

PROPOSITION 22. 

The least numbers of those which have the same ratio with 
them are prime to one another. 

Let A, B be the least numbers of those which have the 
same ratio with them; 
I say that A, B are prime to one B 

another. 
Q 

For, if they are not prime to one D 

another, some number will measure E 

them. 
Let some number measure them, and let it be C. 



And, as many times as C measures A, so many units 
let there be in D, 
and, as many times as C measures B, so many units let there 
be in E 

Since C measures A according to the units in D, 
therefore C by multiplying D has made A. [vn. Def. 15] 

For the same reason also 
C by multiplying E has made B. 

Thus the number C by multiplying the two numbers D, 
E has made A, B ; 
therefore, as D is to E, so is A to B; [vn. 17] 
therefore D, E are in the same ratio with A, B, being less 
than they : which is impossible. 

Therefore no number will measure the numbers A, B. 
Therefore A, B are prime to one another. 

Q. E. O. 

I f a j 44* " I n its lowest terms," a, b are prime to one another. 
Again the proof is indirect. 
If a, b are not prime to one another, they have some common measure c, 

and 
a = mc, b = nc. 

Therefore m : n = a : b. [vn. 17 or 18] 
But m, n are less than a, b respectively, so that a : b is not in its lowest 

terms: which is contrary to the hypothesis. 
Therefore etc. 

PROPOSITION 23. 

If two numbers be prime to one another, the number which 
measures the one of them will be prime to the remaining 
number. 

Let A, B be two numbers prime to one another, and let 
any number C measure A ; 
I say that C, B are also prime to one another. 

For, if C, B are not prime to one another, 
some number will measure C, B. 

Let a number measure them, and let it be D. 
Since D measures C, and C measures .4, 

therefore D also measures A. A B c D 

But it also measures B; 



therefore D measures A, B which are prime to one another: 
which is impossible. [vn. Def. 12] 

Therefore no number will measure the numbers C, B. 
Therefore C, B are prime to one another. 

Q. E. D. 

If a, mb are prime to one another, b is prime to a. For, if not, some 
number d will measure both a and b, and therefore both a and mb: which is 
contrary to the hypothesis. 

Therefore etc. 

PROPOSITION 24. 

If two numbers be prime to any number, their product also 
will be prime to the same. 

For let the two numbers A, B be prime to any number C, 
and let A by multiplying B make D ; 
I say that C, D are prime to one another. 

For, if C, D are not prime to one another, 
some number will measure C, D. 

Let a number measure them, and let it 
be E. 

Now, since C, A are prime to one 
another, 
and a certain number E measures C, 
therefore A, E are prime to one another. [vn. 23] 

As many times, then, as E measures D, so many units let 
there be in F; 
therefore F also measures D according to the units in E. 

[vn. 16] 
Therefore E by multiplying F has made D. [vn. Def. 15] 
But, further, A by multiplying B has also made D ; 

therefore the product of E, F is equal to the product of A, B. 
But, if the product of the extremes be equal to that of the 

means, the four numbers are proportional; [vn. 19] 
therefore, as E is to A, so is B to F, 

But A, E are prime to one another, 
numbers which are prime to one another are also the least of 
those which have the same ratio, [vn. 21] 
and the least numbers of those which have the same ratio 
with them measure those which have the same ratio the same 



number of times, the greater the greater and the less the less, 
that is, the antecedent the antecedent and the consequent the 
consequent; [vn. 20] 
therefore E measures B. 

But it also measures C; 
therefore E measures B, C which are prime to one another: 
which is impossible. [vn. Def. 12] 

Therefore no number will measure the numbers C, D. 
Therefore C, D are prime to one another. 

Q. E, D. 

1. their product. 6 $ airQy yct>6nevot, literally " the (number) produced from them," 
will henceforth be translated as " their product." 

If a, b are both prime to c, then ab, c are prime to one another. 
The proof is again by reductio ad absurdum. 
If ab, c are not prime to one another, let them be measured by a and be 

equal to md, nd, say, respectively. 
Now, since a, c are prime to one another and d measures c, 

a, d are prime to one another. [vn. 23] 
But, since ab = md, 

d : a = b : m. [vn. 19] 
Therefore [vn. 20] d measures b, 

or b = pd, say. 
But c = nd. 

Therefore d measures both b and c, which are therefore not prime to one 
another: which is impossible. 

Therefore etc. 

PROPOSITION 25. 

If two numbers be prime to one another, the product of one 
of them into itself will be prime to the remaining one. 

Let A, B be two numbers prime to one another, 
and let A by multiplying itself make C: 
I say that B, C are prime to one another. 

For let D be made equal to A. 
Since A, B are prime to one another, 

and A is equal to D, 
therefore D, B are also prime to one another. 

Therefore each of the two numbers D, A is 
prime to B; 
therefore the product of D, A will also be prime to B. [vn. 24] 



But the number which is the product of D, A is C. 
Therefore C, B are prime to one another. Q. E. D. 

I . t h e p r o d u c t of one of t h e m in to itself. T h e Greek, 6 4K TOV cvbt abruv yctipuvos, 
literally "the number produced from the one of them," leaves "multiplied into itself" to be 
understood. 

i f a, b are prime to one another, 
a1 is prime to b. 

Euclid takes d equal to a, so that d, a are both prime to b. 
Hence, by vn . 24, da, i.e. a a, is prime to b. 
The proposition is a particular case of the preceding proposition; and the 

method of proof is by substitution of different numbers in the result of that 
proposition. 

PROPOSITION 26. 

If two numbers be prime to two numbers, both to each, their 
products also will be prime to one another. 

For let the two numbers A, B be prime to the two 
numbers C, D; both to each, 
and let A by multiplying B A c 

make E, and let C by multi- B D 

plying D make F; E 

I say that E, F are prime to F 

one another. 
For, since each of the numbers A, B is prime to C, 

therefore the product of A, B will also be prime to C. [vn. 24] 
But the product of A, B is E ; 

therefore E, C are prime to one another. 
For the same reason 

E, D are also prime to one another. 
Therefore each of the numbers C, D is prime to E. 
Therefore the product of C, D will also be prime to E. 

[vn. 24] 
But the product of C, D is F. 
Therefore E, F are prime to one another. Q. E. D. 

If both a and b are prime to each of two numhers c, d, then ab, cd will be 
prime to one another. 

Since a, b are both prime to c, 
ab, c are prime to one another. [vn. 24] 

Similarly ab, d are prime to one another. 
Therefore c. d are both prime to ab, 
and so therefore is cd. [vn. 24] 



PROPOSITION 27. 

If two numbers be prime to one another, and each by 
multiplying itself make a certain number, the products will be 
prime to one another; and, if the original numbers by multi
plying the products make certain numbers, the latter will also 
be prime to one another [and this is always the case with the 
extremes]. 

Let A, B be. two numbers prime to one another, 
let A by multiplying itself make C, and by 
multiplying C make D, 
and let B by multiplying itself make E, and 
by multiplying E make F; 
I say that both C, E and D, F are prime 
to one another. 

For, since A, B are prime to one another, 
and A by multiplying itself has made C, 
therefore C, B are prime to one another. [vn. 25] 

Since then C, B are prime to one another, 
and B by multiplying itself has made E, 
therefore C, E are prime to one another. [id.] 

Again, since A, B are prime to one another, 
and B by multiplying itself has made E, 
therefore A, E are prime to one another. [id.] 

Since then the two numbers A, C are prime to the two 
numbers B, E, both to each, 
therefore also the product of A, C is prime to the product of 
B, E. [vn. 26] 

And the product of A, C is D, and the product of B, E 
isF. 

Therefore D, F are prime to one another. 
Q. E. D. 

If a, b are prime to one another, so are a\ b3 and so are d*, b3; and, 
generally, a", bn are prime to one another. 

The words in the enunciation which assert the truth of the proposition for 
any powers are suspected and bracketed by Heiberg because (i) in wipi T O W 
aKpovs the use of axpoi is peculiar, for it can only mean " the last products," 
and (2) the words have nothing corresponding to them in the proof, much 
less is the generalisation proved. Campanus omits the words in the enuncia-



tion, though he adds to the proof a remark that the proposition is true of any, 
the same or different, powers of a, b. Heiberg concludes that the words are 
an interpolation of date earlier than Theon. 

Euclid's proof amounts to this. 
Since a, b are prime to one another, so are a1, b [vn. 25I, and therefore 

also a", b>. [vn. 25] 
Similarly [vn. 25] a, b* are prime to one another. 
Therefore a, a' and b, V satisfy the description in the enunciation of 

vn. 26. 
Hence a3, b3 are prime to one another. 

PROPOSITION 28. 

If two numbers be prime to one another, the sum will also 
be prime to each of them ; and, if the sum of two numbers be 
prime to any one of them, the original numbers will also be 
prime to one another. 

For let two numbers AB, BC prime to one another be 
added; 
I say that the sum AC is also prime A B O 
to each of the numbers AB, BC. 

0 
For, if CA, AB are not prime to 

one another, 
some number will measure CA, AB. 

Let a number measure them, and let it be D. 
Since then D measures CA, AB, 

therefore it will also measure the remainder BC. 
But it also measures BA ; 

therefore D measures AB, BC which are prime to one another: 
which is impossible. [vn. Def. 12] 

Therefore no number will measure the numbers CA, AB; 
therefore CA, AB are prime to one another. 

For the same reason 
AC, CB are also prime to one another. 

Therefore CA is prime to each of the numbers AB, BC. 
Again, let CA, AB be prime to one another; 

I say that AB, BC are also prime to one another. 
For, if AB, BC are not prime to one another, 

some number will measure AB, BC. 



Let a number measure them, and let it be D. 
Now, since D measures each of the numbers AB, BC, it 

will also measure the whole CA. 
But it also measures AB ; 

therefore D measures CA, AB which are prime to one another: 
which is impossible. [vu. Def. 12] 

Therefore no number will measure the numbers AB, BC. 
Therefore AB, BC are prime to one another. 

Q. E. D. 

If a, b are prime to one another, a + b will be prime to both a and b; and 
conversely. 

For suppose (a + b), a are not prime to one another. They must then 
have some common measure d. 

Therefore d also divides the difference (a + b) - a, or b, as well as a; and 
therefore a, b are not prime to one another: which is contrary to the 
hypothesis. 

Therefore a + b is prime to a. 
Similarly a + b is prime to b. 
The converse is proved in the same way. 
Heiberg remarks on Euclid's assumption that, if c measures both a and b, 

it also measures a ± b. But it has already (vn. I, 2) been assumed, more 
generally, as an axiom that, in the case supposed, c measures a ±pb. 

not measure. 
Let A be a prime number, and let it not measure B; 

I say that B, A are prime to one another. 

Let C measure them. 
Since C measures B, 

and A does not measure B, 
therefore C is not the same with A. 

Now, since C measures B, A, 
therefore it also measures A which is prime, though it is not 
the same with i t : 
which is impossible. 

For, if B, A are not prime to one 
another, 
some number will measure them. c 

A 
B 



Therefore no number will measure B, A. 
Therefore A, B are prime to one another. 

Q. E. D. 

If a is prime and does not measure b, then a, b are prime to one another. 
The proof is self-evident. 

PROPOSITION 30. 

If tivo numbers by multiplying one another make some 
number, and any prime number measure the product, tt ivill 
also measure one of the original numbers. 

For let the two numbers A, B by multiplying one another 
make C, and let any prime number 
D measure C ; A 

I say that D measures one of the B 

numbers A, B. c 
For let it not measure A. 0 

Now D is prime ; E 
therefore A, D are prime to one 
another. [vn. 29] 

And, as many times as D measures C, so many units let 
there be in E. 

Since then D measures C according to the units in E, 
therefore D by multiplying E has made C. [vn. Def. 15] 

Further, A by multiplying B has also made C; 
therefore the product of D, E is equal to the product of 
A, B. 

Therefore, as D is to A, so is B to E. [VM. 19] 
But D, A are prime to one another, 

primes are also least, [vn. 21] 
and the least measure the numbers which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and 
the consequent the consequent; [vn. 20] 
therefore D measures B. 

Similarly we can also show that, if D do not measure B, 
it will measure A. 

Therefore D measures one of the numbers A, B. 
Q. E. D. 



If c, a prime number, measure ab, c will measure either a or b. 
Suppose c does not measure a. 
Therefore c, a are prime to one another. [vn. 29] 
Suppose ab = me. 

Therefore c : a = b : m. [vn. 19] 
Hence [vn. 20, 21] e measures b. 
Similarly, if c does not measure it measures a. 
Therefore it measures one or other of the two numbers a, b. 

PROPOSITION 31 . 

Any composite number is measured by some prime number. 

Let A he a. composite number ; 
I say that A is measured by some prime number. 

For, since A is composite, 
s some number will measure it. A 

Let a number measure it, and let it B 
be B. c 

Now, if B is prime, what was en
joined will have been done. 

10 But if it is composite, some number will measure it. 
Let a number measure it, and let it be C. 
Then, since C measures B, 

and B measures A, 
therefore C also measures A. 

15 And, if C is prime, what was enjoined will have been 
done. 

But if it is composite, some number will measure it. 
Thus, if the investigation be continued in this way, some 

prime number will be found which will measure the number 
20 before it, which will also measure A. 

For, if it is not found, an infinite series of numbers will 
measure the number A, each of which is less than the other: 
which is impossible in numbers. 

Therefore some prime number will be found which will 
25 measure the one before it, which will also measure A. 

Therefore any composite number is measured by some 
prime number. 



PROPOSITION 32. 

Any number either is prime or is measured by some prime 
number. 

Let A be & number; 
I say that A either is prime or is measured by some prime 
number. 

If now A is prime, that which was A 
enjoined will have been done. 

But if it is composite, some prime number will measure it. 
[vn- 31] 

Therefore any number either is prime or is measured by 
some prime number. 

Q. E. D. 

PROPOSITION 33. 

Given as many numbers as we please, to find the least of 
those which have the same ratio with them. 

Let A, B, C be the given numbers, as many as we please; 
thus it is required to find the least of 

5 those which have the same ratio with 
A, B, C. 

A, B, C are either prime to one 
another or not. 

Now, if A, B, C are prime to one I 
10 another, they are the least of those H . 

which have the same ratio with them. K L M 
[vn. 21] 

But, if not, let D the greatest common measure of A, B, C 
be taken, [vu. 3] 

8. if B is prime, what was enjoined will have been done, i.e. the implied 
problem of finding a prime number which measures A. 

18. some prime number will be found which will measure. In the Greek the 
sentence stops here, but it is necessary to add the words " the number before it, which will 
also measure A" which are found a few lines further down. It is possible that the words 
may have fallen out of P here by a simple mistake due to SfjLoioriXevrov (Heiberg). 

Heiberg relegates to the Appendix an alternative proof of this proposition, 
to the following effect. Since A is composite, some number will measure it. 
Let B be the least such number. I say that B is prime. For, if not, B is 
composite, and some number will measure it, say C; so that C is less than B. 
But, since C measures B, and B measures A, C must measure A. And C is 
less than B: which is contrary to the hypothesis. 



and, as many times as D measures the numbers A, B, C 
is respectively, so many units let there be in the numbers 

E, F, G respectively. 
Therefore the numbers E, E, G measure the numbers A, 

B, C respectively according to the units in D. [vn. 16] 
Therefore E, E, G measure A, B, C the same number of 

20 times; 
therefore E, E, G are in the same ratio with A, B, C. 

[vn. Def. 20] 
I say next that they are the least that are in that ratio. 
For, if E, F, G are not the least of those which have the 

same ratio with A, B, C, 
25 there will be numbers less than E, F, G which are in the 

same ratio with A, B, C. 
Let them be H, K, L ; 

therefore H measures A the same number of times that the 
numbers K, L measure the numbers B, C respectively. 

3° Now, as many times as H measures A, so many units let 
there be in M; 
therefore the numbers K, L also measure the numbers B, C 
respectively according to the units in M. 

And, since H measures A according to the units in M, 
35 therefore M also measures A according to the units in H. 

[vn. 16] 
For the same reason 

M also measures the numbers B, C according to the units in 
the numbers K, L respectively ; 

Therefore M measures A, B, C. 
40 Now, since H measures A according to the units in M, 

therefore H by multiplying M has made A. [vn. Def. 15] 
For the same reason also 

E by multiplying D has made A. 
Therefore the product of E, D is equal to the product of 

45 H, M. 
Therefore, as E is to H, so is M to D. [vn. 19] 
But E is greater than H; 

therefore M is also greater than D. 
And it measures A, B, C: 



Given any numbers a, b, c, to find the least numbers that are in the 
same ratio. 

Euclid's method is the obvious one, and the result is verified by reductio 
ad absurdum. 

We will, like Euclid, take three numbers only, a, b, c. 
Let g, their greatest common measure, be found [vn. 3], and suppose that 

a = mg, i.e. gm, [vu. 16] 
b = ng, i.e. gn, 

It follows, by vn. Def. 20, that 
m : n \ p = a : b : c. 

m, ft, p shall be the numbers required. 
For, if not, let x, y, z be the least numbers in the same ratio as a, b, c, 

being less than m, tt, p. 
Therefore a = kx (or xk, VII. 16), 

b = ky (or yk), 
c = kz (or zk), 

where k is some integer. [vn. 20] 
Thus mg = a = xk. 
Therefore m:x = k:g. [vn. 19] 
And m > x; therefore k > g. 
Since then k measures a, b, e, it follows that g is not the greatest common 

measure: which contradicts the hypothesis. 
Therefore etc. 
It is to be observed that Euclid merely supposes that x, y, z are smaller 

numbers than m, n, p in the ratio of a, b, c; but, in order to justify the next 
inference, which apparently can only depend on vn . 20, x, y, z must also be 
assumed to be the least numbers in the ratio of a, b, c. 

The inference from the last proportion that, since m > x, k>gis supposed 
by Heiberg to depend upon vn . 13 and v. 14 together. I prefer to regard 
Euclid as making the inference quite independently of Book v. E.g., the 
proportion could just as well be written 

x : m=g : k, 
when the definition of proportion in Book VII. (Def. 20) gives all that we want, 
since, whatever proper fraction x is of m, the same proper fraction is g of k. 

5° which is impossible, for by hypothesis D is the greatest 
common measure of A, B, C. 

Therefore there cannot be any numbers less than E, E, G 
which are in the same ratio with A, B, C. 

Therefore E, F, G are the least of those which have the 
55 same ratio with A, B, C. 

Q . E . D . 

17. the n u m b e r s E , F , G m e a s u r e the n u m b e r s A , B , C r e s p e c t i v e l y , 
literally (as usual) "each of the numbers E, F, G measures each of the numbers A, 
B, C" 



PROPOSITION 34. 

Given two numbers, to find the least number which they 
measure. 

Let A, B be the two given numbers ; 
thus it is required to find the least number which they 
measure. 

Now A, B are either prime to one A B 

another or not. c 

First, let A, B be prime to one 0 

another, and let A by multiplying B 
make C; E F 

therefore also B by multiplying A has 
made C. ^ [vn. 16] 

Therefore A, B measure C 
I say next that it is also the least number they measure. 
For, if not, A, B will measure some number which is less 

than C. 
Let them measure D. 
Then, as many times as si measures D, so many units let 

there be in E, 
and, as many times as B measures D, so many units let there 
be in F\ 
therefore A by multiplying E has made D, 
and B by multiplying F has made D ; [vn. Def. 15] 
therefore the product of A, E is equal to the product of B, F. 

Therefore, as A is to B, so is F x.o E. [vu. 19] 
But A, B are prime, 

primes are also least, [vn. 21] 
and the least measure the numbers which have the same ratio 
the same number of times, the greater the greater and the less 
the less ; [vn. 20] 
therefore B measures E, as consequent consequent. 

And, since A by multiplying B, E has made C, D, 
therefore, as B is to E, so is C to D. [vu. 17] 

But B measures E; 
therefore C also measures D, the greater the less : 
which is impossible. 



Therefore A, B do not measure any number less than C; 
therefore C is the least that is measured by A, B. 

Next, let A, B no* be prime to one another, 
and let F, E, the least numbers of those which have the same 
ratio with A, B, be taken ; [vu. 33] 
therefore the product of A, E is equal to the product of B, F. 

[vu. 19] 
And let A by multiplying E 

make C; A § 
therefore also B by multiplying F F g 
has made C, , 
therefore A, B measure C. o 

I say next that it is also the least Q H 
number that they measure. 

For, if not, A, B will measure some number which is less 
than C. 

Let them measure D. 
And, as many times as A measures D, so many units let 

there be in G, 
and, as many times as B measures D, so many units let there 
be in H. 

Therefore A by multiplying G has made D, 
and B by multiplying H has made D. 

Therefore the product of A, G is equal to the product of 
B,H\ 
therefore, as A is to B, so is H to G. [vn. 19] 

But, as A is to B, so is F to E. 
Therefore also, as F is to E, so is H to G. 
But F, E are least, 

and the least measure the numbers which have the same ratio 
the same number of times, the greater the greater and the 
less the less ; [vn. 20] 
therefore E measures G. 

And, since A by multiplying E, G has made C, D, 
therefore, as E is to G, so is C to D. [vn. 17] 

But E measures G ; 
therefore C also measures D, the greater the less : 
which is impossible. 



B y v u . 33, m = -

b 
n = -

g-
Hence the L.C.M. is —. 

g 

, where g is the G.C.M. of a, b. 

Therefore A, B will not measure any number which is less 
than C. 

Therefore C is the least that is measured by A, B. 
Q . E . D . 

This is the problem of finding the least common multiple of two numbers, 
as a, b. 

I. If a, b be prime to one another, the L . C . M . is ab. 

For, if not, let it be d, some number less than ab. 

Then d=ma = nb, where m, n are integers. 

Therefore a : b = n : m, [vu. 19] 

and hence, a, b being prime to one another, 

b measures m. [vn. 20, 21] 

But b : m = ab : am [vn. 17] 
= ab:d. 

Therefore ab measures d: which is impossible. 

I I . If a, b be not prime to one another, find the numbers which are the 
least of those having the ratio of a to b, say m, n; [vn. 33] 

then a : b = m : n, 

and an = bm (=<r,say); [vn. 19] 

c is then the L .CM. 

For, if not, let it be d c), so that 

ap = bq = d, where / , q are integers. 

Then a : b = q : p, [vn. 19] 

whence m : n = q : p, 

so that n measures / . [vu. 20, 21] 

And n : p = an : ap = c : d, 

so that c measures d: 

which is impossible. 

Therefore etc. 
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PROPOSITION 35. 

If two numbers measure any number, the least number 
measured by them will also measure the same. 

For let the two numbers A, B measure any number CD, 
and let E be the least that they 
measure; A

 F 

I say that E also measures CD. 
For, if E does not measure E 

CD, let E, measuring DE, leave CF less than itself. 
Now, since A, B measure E, 

and E measures DF, 
therefore A, B will also measure DF. 

But they also measure the whole CD ; 
therefore they will also measure the remainder CF which is 
less than E: 
which is impossible. 

Therefore E cannot fail to measure CD ; 
therefore it measures it. 

Q. E. D. 

The least common multiple of any two numbers must measure any other 
common multiple. 

The proof is obvious, depending on the fact that, if any number divides a 
and b, it also divides a -pb. 

PROPOSITION 36. 

Given three numbers, to find the least number which they 
measure. 

Let A, B, C be the three given numbers ; 
thus it is required to find the least 
number which they measure. A • 

Let D, the least number mea- B 
sured by the two numbers A, B, c 
be taken. [vn. 34] o 

Then C either measures, or E 
does not measure, D. 

First, let it measure i t 



But A, B also measure D ; 
therefore A, B, C measure D. 

I say next that it is also the least that they measure. 
For, if not, A, B, C will measure some number which is 

less than D. 
Let them measure E. 
Since A, B, C measure E, 

therefore also A, B measure E. 
Therefore the least number measured by A, B will also 

measure E. [vn. 35] 
But D is the least number measured by A, B; 

therefore D will measure E, the greater the less : 
which is impossible. 

Therefore A, B, C will not measure any number which is 
less than D; 

therefore D is the least that A, B, C measure. 
Again, let C not measure D, 

and let E, the least number measured by . 
C, D, be taken. [vn. 34] 

Since A, B measure D, c 

and D measures E, 0 
therefore also A, B measure E. E 

But C also measures E; F 

therefore also A, B, C measure E. 
I say next that it is also the least that they measure. 
For, if not, A, B, C will measure some number which 

is less than E. 
Let them measure F. 
Since A, B, C measure F, 

therefore also A, B measure F; 
therefore the least number measured by A, B will also 
measure F. [vn. 35] 

But D is the least number measured by A*B; 
therefore D measures F. 

But C also measures F; 
therefore D, C measure F, 
so that the least number measured by D, C will also measure F. 



But E is the least number measured by C, D; 
therefore E measures F, the greater the less : 
which is impossible. 

Therefore A, B, C will not measure any number which is 
less than E. 

Therefore E is the least that is measured by A, B, C. 
Q . E . D . 

Euclid's rule for finding the L .CM . of three numbers a, b, c is the rule with 
which we are familiar. The U C H . of a, b is first found, say d, and then the 
L.C.M. of d and c is found. 

Euclid distinguishes the cases (1) in which c measures d, (2) in which c 
does not measure d. We need only reproduce the proof of the general case 
(2). The method is that of reductio ad absurdum. 

Let e be the L.C.M. of d, e. 
Since a, b both measure d, and d measures e, 

a, b both measure e. 
So does c. 
Therefore e is some common multiple of a, b, c. 
If it is not the least, let / b e the L .CM. 
Now a, b both measure / ; 

therefore d, their L.C.M., also measures f. [vu. 35] 
Thus d, c both measure / ; 

therefore e, their L .CM . , measures / : [vu. 35] 
which is impossible, since / < e. 

Therefore etc. 
The process can be continued ad libitum, so that we can find the L.C.M., 

not only of three, but of as many numbers as we please. 

PROPOSITION 37. 

If a number be measured by any number, the number which 
is measured will have a part called by the same name as the 
measuring number. 

For let the number A be measured by any number B; 
I say that A has a part called by the same 
name as B. A 

For, as many times as B measures A, B 

so many units let there be in C. c 

Since B measures A according to the D 

units in C, 
and the unit D also measures the number C according to the 
units in it, 



therefore the unit D measures the number C the same number 
of times as B measures A. 

Therefore, alternately, the unit D measures the number B 
the same number of times as C measures A ; [vn. 15] 
therefore, whatever part the unit D is of the number B, the 
same part is C of A also. 

But the unit D is a part of the number B called by the 
same name as it; 
therefore C is also a part of A called by the same name as B, 
so that A has a part C which is called by the same name as B. 

Q . E . D . 

measures a, then j th of a is a whole number. 

Let a = m. b. 
Now m = m . 1. 
Thus i , m, b, a satisfy the enunciation of v u . 15 ; 

therefore m measures a the same number of times that 1 measures b. 

But 1 is \ th part of b; 

therefore m is T th part of a. 

PROPOSITION 38. 

If a number have any part whatever, it will be measured 
by a number called by the same name as the part. 

For let the number A have any part whatever, B, 
and let C be a number called by the same 
name as the part B ; 
I say that C measures A. A~ 

For, since B is a part of A called by 8 

the same name as C, 0 

and the unit D is also a part of C called 
by the same name as it, 
therefore, whatever part the unit D is of the number C, 
the same part is B of A also ; 
therefore the unit D measures the number C the same number 
of times that B measures A. 



Let D, E, F be numbers called by the same name as the 
parts A, B, C, 
and let G, the least number measured by D, E, F, be taken. 

[vn. 36] 
Therefore G has parts called by the same name as D, E, F. 

[vn. 37] 
But A, B, C are parts called by the same name as D, E, F; 

therefore G has the parts A, B, C. 
I say next that it is also the least number that has. 

Therefore, alternately, the unit D measures the number B 
the same number of times that C measures A. [vn. 15] 

Therefore C measures A. 
Q. E. D. 

This proposition is practically a restatement of the preceding proposition-
It asserts that, if b is — th part of a, 

m 

i.e.,if b=-a, 
m 

then m measures a. 

We have b = -a, 

and 1 = — m. 
m 

Therefore 1, m, b, a, satisfy the enunciation of vu. 15, and therefore m 
measures a the same number of times as 1 measures b, or 

1 
m = -ba. 

PROPOSITION 39. 

To find the number which is the least that will have given 
parts. 

Let A, B, C be the given parts ; 
thus it is required to find the number which is the least thai 
will have the parts A, B, C. 

A 1 c 
o 



For, if not, there will be some number less than G which 
will have the parts A, B, C. 

Let it be H. 
Since H has the parts A, B, C, 

therefore H will be measured by numbers called by the same 
name as the parts A, B, C. Tvn. 38] 

But D, E, F are numbers called by the same name as the 
parts A, B, C; 
therefore H is measured by D, E, F. 

And it is less than G: which is impossible. 
Therefore there will be no number less than G that will 

have the parts A, B, C. 
Q . E . D . 

This again is practically a restatement in another form of the problem of 
finding the L . C M . 

T o find a number which has - th, T th and - th parts. 

Let d be the L .CM . of a, b, c. 
Thus d has ^ th , | t h and ^ th parts. [vn. 37] 

If it is not the least number which has, let the least such number be e. 
Then, since e has those parts, 

e is measured by a, b, c; and e < d: 
which is impossible. 



B O O K V I I I . 

PROPOSITION I. 

If there be as many numbers as we please in continued 
proportion, and the extremes of them be prime to one another, 
the numbers are the least of those which have the same ratio 
with them. 

Let there be as many numbers as we please, A, B, C, D, 
in continued proportion, 
and let the extremes of them A E — 
A, D be prime to one another; B F 

I say that A, B, C, D are the 0 G 

least of those which have the D H 

same ratio with them. 
For, if not, let E, F, G, H be less than A, B, C, D, and 

in the same ratio with them. 
Now, since A, B, C, D are in the same ratio with E, F, 

and the multitude of the numbers A, B, C, D is equal to the 
multitude of the numbers E, F, G, H, 
therefore, ex aequali, 

and the least numbers measure those which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and 

G, H, 

as A is to D, so is E to H. [vn. 14] 

But A, D are prime, 
primes are also least, [vu. 21] 

the consequent the consequent. [vu. 20] 



Therefore A measures E, the greater the less : 
which is impossible. 

Therefore E, F, G, H which are less than A, B, C, D 
are not in the same ratio with them. 

Therefore A, B, C, D are the least of those which have 
the same ratio with them. 

Q. E. D. 

What we call a geometrical progression is with Euclid a series of terms "in 
continued proportion" («£js dvaKoyov). 

This proposition proves that, if a, b, c, ... k are a series of numbers in 
geometrical progression, and if a, k are prime to one another, the series is in 
the lowest terms possible with the same common ratio. 

The proof is in form by reductio ad absurdum. We should no doubt 
desert this form while retaining the substance. If a', b', c1, ... k' be any other 
series of numbers in G.P. with the same common ratio as before, we have, 
ex aequali, 

a : k = a' : k', [vn. 14] 
whence, since a, k are prime to one another, a, k measure a', k respectively, so 
that a, k are greater than a, k respectively. 

PROPOSITION 2. 

To find numbers in continued proportion, as many as may 
be prescribed, and the least that are in a given ratio. 

Let the ratio of A to B be the given ratio in least 
numbers; 
thus it is required to find numbers in continued proportion, 
as many as may be prescribed, and the least that are in the 
ratio of A to B. 

A c 
B D 

E 

F G 

H 

K 

Let four be prescribed ; 
let A by multiplying itself make C, and by multiplying B let 
it make D; 
let B by multiplying itself make E; 
further, let A by multiplying C, D, E make F, G, H, 
and let B by multiplying E make K. 



Now, since A by multiplying itself has made C, 
and by multiplying B has made D, 
therefore, as A is to B, so is C to D. [vn. 17] 

Again, since A by multiplying B has made D, 
and B by multiplying itself has made E, 
therefore the numbers A, B by multiplying B have made the 
numbers D, E respectively. 

Therefore, as A is to B, so is D to E. [vn. 18] 
But, as A is to B, so is C to D ; 

therefore also, as C is to Z>, so is D to Zf. 
And, since A by multiplying C, D has made Z", (7, 

therefore, as C is to D, so is Z"to £. [vu. 17] 
But, as C is to D, so was A to Z? ; 

therefore also, as y4 is to B, so is Z" to G. 
Again, since A by multiplying D, E has made G, H, 

therefore, as D is to E, so is G to ZZ. [vu. 17] 
But, as D is to E, so is ^4 to B. 
Therefore also, as A is to B, so is G to ZZ. 
And, since A, B by multiplying Zf have made ZZ, K, 

therefore, as A is to B, so is ZZ to A". [vu. 18] 
But, as ^ is to B, so is F to 6", and £ to ZZ. 
Therefore also, as F is to G, so is G to ZZ, and H Ko K; 

therefore C, D, E, and F, G, ZZ, A ' are proportional in the 
ratio of A to B. 

I say next that they are the least numbers that are so. 
For, since A, B are the least of those which have the 

same ratio with them, 
and the least of those which have the same ratio are prime 
to one another, [vn. 22] 
therefore A, B are prime to one another. 

And the numbers A, B by multiplying themselves re
spectively have made the numbers C, E, and by multiplying 
the numbers C, E respectively have made the numbers F, K; 
therefore C, E and F, K are. prime to one another respectively. 

[vn. 27] 

But, if there be as many numbers as we please in continued 
proportion, and the extremes of them be prime to one another, 



they are the least of those which have the same ratio with 
them. [vm. 1] 

Therefore C, D, E and F, G, H, K are the least of those 
which have the same ratio with A, B. Q. E. D. 

POKISM. From this it is manifest that, if three numbers 
in continued proportion be the least of those which have the 
same ratio with them, the extremes of them are squares, and, 
if four numbers, cubes. 

T o find a series of numbers in geometrical progression and in the least 
terms which have a given common ratio (understanding by that term the ratio 
of one term to the next). 

Reduce the given ratio to its lowest terms, say, a : b. (This can be done 
by vn . 33.) 

Then a", a""1*, a""2*2, . . . alb'-i, ab*-\ b" 
is the required series of numbers if (« + 1) terms are required. 

That this is a series of terms with the given common ratio is clear from 
vn. 17, 18. 

That the G.P. is in the smallest terms possible is proved thus. 
a, b are prime to one another, since the ratio a : b is in its lowest terms. 

[vn. 22] 
Therefore a2, b3 are prime to one another; so are a3, 6* and, generally, 

a", b*. [vn. 27] 
Whence the G.P. is in the smallest possible terms, by vni . 1. 
The Porism observes that, if there are n terms in the series, the 

extremes are (n - i)th powers. 

PROPOSITION 3. 

If as many numbers as we please in continued proportion 
be the least of those which have the same ratio with them, the 
extremes of them are prime to one another. 

Let as many numbers as we please, A, B, C, D, in con
tinued proportion be the least of those which have the same 
ratio with them; 



I say that the extremes of them A, D are prime to one 
another. 

For let two numbers E, F, the least that are in the ratio 
of A, B, C, D, be taken, [vu. 33] 
then three others G, H, K with the same property ; 
and others, more by one continually, [ vm. 2] 
until the multitude taken becomes equal to the multitude of 
the numbers A, B, C, D. 

Let them be taken, and let them be L, M, N, O. 
Now, since E, F are the least of those which have the 

same ratio with them, they are prime to one another, [vu. 22] 
And, since the numbers E, F by multiplying themselves 

respectively have made the numbers G, K, and by multiplying 
the numbers G, K respectively have made the numbers L, O, 

[vm. 2, Por.] 

therefore both G, A'and L, O are prime to one another, [vu. 27] 
And, since A, B, C, D are the least of those which have 

the same ratio with them, 
while L, M, JV, 0 are the least that are in the same ratio with 
A, B, C, D, 
and the multitude of the numbers A, B, C, D is equal to the 
multitude of the numbers L, M, N, O, 
therefore the numbers A, B, C, D are equal to the numbers 
L, M, JV, O respectively ; 
therefore A is equal to L, and D to O. 

And L, 0 are prime to one another. 
Therefore A, D are also prime to one another. 

Q . E . D . 

The proof consists in merely equating the given numbers to the terms of 
a series found in the manner of v m . 2. 

If a, b, c, ... k (n terms) be a geometrical progression in the lowest terms 
having a given common ratio, the terms must respectively be of be form 

a " - \ a»-% ... a?P»->, a / 3 " - J , / j - 1 

found by v m . 2, where a : /3 is the ratio a : b expressed in its lowest terms, so 
that o, jl are prime to one another [vn. 22], and hence a"" 1, / J " " 1 are prime 
to one another [vu. 27]. 

But the two series must be the same, so that 
a = a"-' , b = jS"- 1 
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PROPOSITION 4. 

Given as many ratios as we please in least numbers, to find 
numbers in continued proportion which are the least in the 
given ratios. 

Let the given ratios in least numbers be that of A to B, 
s that of C to D, and that of E to F; 

thus it is required to find numbers in continued proportion 
which are the least that are in the ratio of A to B, in the 
ratio of C to D, and in the ratio of E to F. 

A— B 
0 — D 

£ F 

H 
0 H 

M-
P-

K 

Let G, the least number measured by B, C, be taken. 
. t V I L 34] 

10 And, as many times as B measures G, so many times also 
let A measure H, 
and, as many times as C measures G, so many times also let 
D measure K. 

Now E either measures or does not measure K. 
is First, let it measure it. 

And, as many times as E measures K, so many times let 
F measure L also. 

Now, since A measures H the same number of times that 
B measures G, 

20 therefore, as A is to B, so is H to G. [TO. Def. 20, vn. 13] 
For the same reason also, 

as C is to D, so is G to K, 
and further, as E is to F, so is K to L ; 
therefore H, G, K, L are continuously proportional in the 

«S ratio of A to B, in the ratio of C to D, and in the ratio of £ 
toF. 

I say next that they are also the least that have this 
property. 



A c - E — 
B O F 

G H 
K Q 

M R 
O S 

N T 
p 

Let M, the least number measured by E, K, be taken. 
And, as many times as K measures M, so many times let 

H, G measure N, 0 respectively, 
and, as many times as E measures M, so many times let F 

55 measure P also. 
Since H measures N the same number of times that G 

measures O, 
therefore, as H is to G, so is N to O. [vn. 13 and Def. 20] 

For, if H, G, K, L are not the least numbers continuously 
30 proportional in the ratios of A to B, of C to D, and of E 

to F, let them be N, O, M, P. 
Then since, as A is to B, so is N to O, 

while A, B are least, 
and the least numbers measure those which have the same 

35 ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent ; 
therefore B measures 0. [vu. 20] 

For the same reason 
4° C also measures O ; 

therefore B, C measure O; 
therefore the least number measured by B, C will also 
measure 0. [vn. 35] 

But G is the least number measured by B, C; 
45 therefore G measures 0, the greater the less : 

which is impossible. 
Therefore there will be no numbers less than 77, G, K, L 

which are continuously in the ratio of A to B, of C to D, and 
of E to F. 

5° Next, let E not measure K. 



But, as H is to G, so is A to B; 
60 therefore also, as A is to B, so is N to (9. 

For the same reason also, 
as C is to D, so is 0 to 

Again, since E measures M the same number of times that 
F measures P, 

65 therefore, as E is to F, so is M to P; [vn. 13 and Def. 20] 
therefore A 7 C9, M, P are continuously proportional in the 
ratios of A to B, of C to D, and of Z? to F. 

I say next that they are also the least that are in the ratios 
A :B, C:D, E:F. 

70 For, if not, there will be some numbers less than A 7 , O, 
M, P continuously proportional in the ratios A :B, C:D, 
E:F. 

Let them be Q, R, S, T. 
Now since, as Q is to R, so is A to B. 

JS while A, B arc least, 
and the least numbers measure those which have the same 
ratio with them the same number of times, the antecedent the 
antecedent and the consequent the consequent, [vn. 20] 
therefore B measures R. 

80 For the same reason C also measures R ; 
therefore B, C measure R. 

Therefore the least number measured by B, C will also 
measure R. [vn. 35] 

But G is the least number measured by B, C; 
85 therefore G measures R. 

And, as G is to R, so is K to S: [vn. 13] 
therefore K also measures S. 

But E also measures 5 ; 
therefore E, K measure S. 

90 Therefore the least number measured by E, K will also 
measure 5. [vu. 35] 

But M is the least number measured by E, K; 
therefore M measures S, the greater the less : 
which is impossible. 

95 Therefore there will not be any numbers less than A 7 , 0, 
M, P continuously proportional in the ratios of A to B, of 
C to D, and of E to F; 



and these are the four numbers required. 
If they are not the least in the given ratios, let 

1 
f ' y ' z ' " 

be less numbers in the given ratios. 
Since a : b is in its lowest terms, and 

a : b = x : y, 
b measures y. 

Similarly, since c : d=y : z, 
c measures^. 

Therefore the L .CM . of b, e, measuresy. 
But / , : nd\=c : d]-y : z. 
Therefore nd measures z. 
And, since e :f =z :u, 

e measures z. 
Therefore 4 , the L .CM . of nd, e, measures 2 : which is impossible, since 

z < / a or pnd. 
The step (line 86) inferring that G : R = K: S is of course alternando 

from G : K [= C : D) = R : S. 
It will be observed that v m . 4 corresponds to the portion of vi . 23 which 

shows how to compound two ratios between straight lines. 

therefore N, O, M, P are the least numbers continuously 
proportional in the ratios A : B, C': D, E1: F. Q. E. D. 

69, ft, 09. t h e rat ios A : B , C : D, B : F . This abbreviated expression is in the 
Greek oi AB, FA, EZ XA701. 

The term " in continued proportion " is here not used in its proper sense, 
since a geometrical progression is not meant, but a series of terms each of 
which bears to the succeeding term a given, but not the same, ratio. 

The proposition furnishes a good example of the cumbrousness of the 
Greek method of dealing with non-determinate numbers. The proof in fact 
is not easy to follow without the help of modern symbolical notation. If 
this be used, the reasoning can be made clear enough. 

Euclid takes three given ratios and therefore requires to find four numbers. 
We will leave out the simpler particular case which he puts first, that namely 
in which E accidentally measures K, the multiple of D found in the first few 
lines; and we will reproduce the general case with three ratios. 

Let the ratios in their lowest terms be 
a : b, c :d, e :f 

Take / , , the L .CM . of b, c, and suppose that 
lx = mb = nc. 

Form the numbers ma, mb 1, nd. 
= nc I 

These are in the ratios of a to b and of c to d respectively. 
Next, let / a be the L .CM . of nd, e, and let 

/, = pnd = qe. 
Now form the numbers 

pma, pmb \ , pnd \ , qf, 
=pnc I = qe ) 



PROPOSITION 5. 

Plane numbers have to one another the ratio compounded 
of the ratios of their sides. 

Let A, B be plane numbers, and let the numbers C, D 
be the sides of A, and E, F oi B; 

5 I say that A has to B the ratio com- B 

pounded of the ratios of the sides. c D 

For, the ratios being given which C _E F 

has to E and D to F, let the least G 

numbers G, H, A' that are continuously H 

10 in the ratios C: £, D : F be taken, so K 

that, L 

as C is to E, so is G to H', 
and, as D is to F, so is H to K. [vm. 4] 

And let D by multiplying E make L. 
15 Now, since D by multiplying C has made A, and by 

multiplying E has made L, 
therefore, as C is to E, so is A to L. [vn. 17] 

But, as C is to E, so is G to ZZ; 
therefore also, as G is to ZZ, so is A to L. 

20 Again, since E by multiplying Z> has made L, and further 
by multiplying F has made B, 
therefore, as D is to F, so is Z, to B. [vn. 17] 

But, as D is to Z", so is ZZ to AT; 
therefore also, as ZZ is to K, so is L to B. 

25 But it was also proved that, 
as G is to ZZ, so is A to Z ; 

therefore, ex aequali, 
as G is to A", so is A to B. [vn. 14] 

But G has to K the ratio compounded of the ratios of the 
30 sides; 

therefore A also has to B the ratio compounded of the ratios 
of the sides. Q. E. D. 

1, 5, 29, 31. compounded of the ratios of their sides. A s in vi. 2$, the Greek 
has the less exact phrase, " compounded of their sides." 

If a = cd, b = ef, 
then a has to b the ratio compounded of c : e and d : f. 

Take three numbers the least which are continuously in the given ratios. 



PROPOSITION 6. 

If there be as many numbers as we please in continued 
proportion, and the first do not measure the second, neither 
will any other measure any other. 

Let there be as many numbers as we please, A, B, C, D, E, 
in continued proportion, and let A not measure B; 
I say that neither will any other measure any other. 

A 
B 

C 

D 

E 

F 
G 

H 

Now it is manifest that A, B, C, D, E do not measure 
one another in order; for A does not even measure B. 

I say, then, that neither will any other measure any other. 
For, if possible, let A measure C. 
And, however many A, B, C are, let as many numbers 

E, G, H, the least of those which have the same ratio with 
A, B, C, be taken. [vn. 33] 

Now, since F, G, H are in the same ratio \ ith A, B, C, 
and the multitude of the numbers A, B, C is equal to the 
multitude of the numbers F, G, H, 
therefore, ex aequali, as A is to C, so is F to H. [vn. 14] 

If / is the L.C.M. of e, d and l=me = nd, the three numbers are 
mc, me \ , nf. [ vm. 4] 

= nd j 
Now dc:de=c:e [vn. 17] 

= mc : me - mc : nd. 
Also ed : ef= d : f [vn. 17] 

= nd : nf. 
Therefore, ex aequali, cd : ef=mc : nf 

= (ratio compounded of c : e and d; f). 
It will be seen that this proof follows exactly the method of vi. 23 for 

parallelograms. 



PROPOSITION 7. 

If there be as many numbers as we please in continued 
proportion, and the first measure the last, it will measure the 
second also. 

Let there be as many numbers as we please, A, B, C, D, 
in continued proportion; and 
let A measure D ; A 

I say that A also measures B. B 

For, if A does not measure 0 

B, neither will any other of the D 

numbers measure any other. [vm. 6] 
But A measures D. 
Therefore A also measures B. 

q. E. D. 
A n obvious proof by reductio ad absurdum from v m . 6. 

And since, as A is to B, so is F to G, 
while A does not measure B, 
therefore neither does F measure G ; [vn. Def. 20] 
therefore F is not an unit, for the unit measures any number. 

N o w / 1 , Hare prime to one another. [vm. 3] 
And, as F is to H, so is A to C; 

therefore neither does A measure C. 
Similarly we can prove that neither will any other measure 

any other. 
Q. E. D. 

Let a, b, c ... k be a geometrical progression in which a does not measure b. 
Suppose, if possible, that a measures some term of the series, as / 
Take x, y, 2, u, v, w the least numbers in the ratio a, b, c, d, e, f. 
Since x : y = a : b, 

and a does not measure b, 
x does not measure^ ; therefore x cannot be unity. 

And, ex aequali, x : w = a :/. 
Now x, w are prime to one another. [vm. 3] 

Therefore a does not measure / . 
We can of course prove that an intermediate term, as b, does not measure 

a later term / by using the series b, c, d, e, f and remembering that, since 
b : c = a : b, b does not measure c. 



PROPOSITION 8. 

If between two numbers there fall numbers in continued 
proportion with them, then, however many numbers fall between 
them in continued proportion, so many will also fall in con
tinued proportion between the numbers which have the same 
ratio with the original numbers. 

Let the numbers C, D fall between the two numbers A, 
B in continued proportion with them, and let £ be made in 
the same ratio to F as A is to B ; 
I say that, as many numbers as have fallen between A, B in 
continued proportion, so many will also fall between E, F in 
continued proportion. 

A E-
c — M 
D N -

B F-
G 
H 
K 
L 

For, as many as A, B, C, D are in multitude, let so many 
numbers G, H, K, L, the least of those which have the same 
ratio with A, C, D, B, be taken ; [vn. 33] 
therefore the extremes of them Gx L are prime to one another. 

[vm. 3] 
Now, since A, C, D, B are in the same ratio with G, H, 

K, L, 
and the multitude of the numbers A, C, D, B is equal to the 
multitude of the numbers G, H, K, L, 
therefore, ex aequali, as A is to B, so is G to L. [vn. 14] 

But, as A is to B, so is £ to F; 
therefore also, as G is to L, so is E to F. 

But G, L are prime, 
primes are also least, [vn. 2 1 ] 
and the least numbers measure those which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent. [vn. 20] 



Therefore G measures E the same number of times as L 
measures F. 

Next, as many times as G measures E, so many times let 
H, K also measure M, N respectively ; 
therefore G, H, K, L measure E, M, N, F the same number 
of times. 

Therefore G, H, K, L are in the same ratio with E, M, 
N, F. [vu. Def. 20] 

But G, H, K, L are in the same ratio with A, C, D, B; 
therefore A, C, D, B are also in the same ratio with E, M, 
N,F. 

But A, C, D, B are in Continued proportion ; 
therefore E, M, N, F are also in continued proportion. 

Therefore, as many numbers as have fallen between A, B 
in continued proportion with them, so many numbers have also 
fallen between E, F in continued proportion. 

Q. E. D. 
i. fal l . T h e Greek word is lurtwrtw, "fal l i ' « " = " c a n be interpolated." 

If a : b = e :/, and between a, b there are any number of geometric 
means c, d, there will be as -many such means between e, f. 

Let a, /?, y , 8 be the least possible terms in the same ratio as a, 
c, d, ...b. 

Then a, 8 are prime to one another, [vm. 3] 
and, ex aequali, o : 8 = a : b 

= , : / . 
Therefore e = ma,/= m&, where m is some integer. [vn. 20] 

Take the numbers ma, mf3, my, ... mi. 
This is a series in the given ratio, and we have the same number of 

geometric means between ma, mS, or e,f, that there are between «, b. 

PROPOSITION 9. 

If two numbers be prime to one another, and numbers fall 
between them in continued proportion, then, however many 
numbers fall between them in continued proportion, so many 
will also fall between each of them and an unit in continued 
proportion. 

Let A, B be two numbers prime to one another, and let 
C, D fall between them in continued proportion, 
and let the unit E be set out ; 
I say that, as many numbers as fall between A, B in con-



tinued proportion, so many will also fall between either of 
the numbers A, B and the unit in continued proportion. 

For let two numbers F, G, the least that are in the ratio 
of A, C, D, B, be taken, 
three numbers H, K, L with the same property, 
and others more by one continually, until their multitude is 
equal to the multitude of A, C, D, B. [vm. 2] 

A-
C-
0 -
B -

E -
F — 
a— 

H-
K-
L-

M-
N -

O -

P -

Let them be taken, and let them be M, N, O, P. 
It is now manifest that F by multiplying itself has made 

H and by multiplying H has made M, while G by multiplying 
itself has made L and by multiplying L has made P. 

[vm. 2, Por.] 
And, since M, N, O, P are the least of those which have 

the same ratio with F, G, 
and A, C, D, B are also the least of those which have the 
same ratio with F, G, [vm. 1] 
while the multitude of the numbers M, N, 0, P is equal to the 
multitude of the numbers A, C, D, B, 
therefore M, N, O, P are equal to A, C, D, B respectively ; 
therefore M is equal to A, and P to B. 

Now, since F by multiplying itself has made H, 
therefore F measures H according to the units in F. 

But the unit E also measures F according to the units in it; 
therefore the unit E measures the number F the same number 
of times as F measures H. 

Therefore, as the unit E is to the number F, so is F to H. 
[vn. Def. 20] 

Again, since F by multiplying H has made M, 
therefore H measures M according to the units in F. 



PROPOSITION 10. 

If numbers fall between each of two numbers and an unit 
in continued proportion, however many numbers fall between 
each of them and an unit in continued proportion, so many 
also will fall between the numbers themselves in continued 
proportion. 

But the unit E also measures the number F according to 
the units in i t ; 
therefore the unit E measures the number F the same number 
of times as H measures M. 

Therefore, as the unit E is to the number F, so is H to M. 
But it was also proved that, as the unit E is to the number 

F, so is F to H; 
therefore also, as the unit E is to the number F, so is F to H, 
and H to M. 

But M is equal to A ; 
therefore, as the unit E is to the number F, so is F to H, 
and H to A. 

For the same reason also, 
as the unit E is to the number G, so is G to L and L to B. 

Therefore, as many numbers as have fallen between A, 
B in continued proportion, so many numbers also have fallen 
between each of the numbers A, B and the unit £ in continued 
proportion. 

Q. E. D. 

Suppose there are n geometric means between a, b, two numbers prime to 
one another; there are the same number («) of geometric means between r 
and a and between i and b. 

If e, d... are the n means between a, b, 
a, c, d ... b 

are the least numbers in that ratio, since a, b are prime to one another, [vm. i ] 
The terms are therefore respectively identical with 

A N + 1 , A"/J, A " " 1 ^ ... A£», /3" + 1 , 
where A, f} is the common ratio in its lowest terms. [ v m . 2, Por.] 

Thus a = A " + 1 , b = j8"+ 1. 
Now I : 0 = 0 : a'= a' : a'... = A" : A » + 1 , 

and 1 : p = B:F = p>:P>...=£•:p*»; 
whence there are n geometric means between 1, o, and between 1, b. 
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For let the numbers D, £ and E, G respectively fall 
between the two numbers A, B and the unit C in continued 
proportion; 
I say that, as many numbers as have fallen between each of 
the numbers A, B and the unit C in continued proportion, so 
many numbers will also fall between A, B in continued pro
portion. 

For let D by multiplying F make H, and let the numbers 
D, F by multiplying H make K, L respectively. 

c_ A 

B 
D — 

E H 
F K 
G L 

Now, since, as the unit C is to the number D, so is D to £ , 
therefore the unit C measures the number D the same number 
of times as D measures E. [vu. Def. 20] 

But the unit C measures the number D according to the 
units in D; 
therefore the number D also measures E according to the units 
in D\ 
therefore D by multiplying itself has made E. 

Again, since, as C is to the number D, so is E to A, 
therefore the unit C measures the number D the same number 
of times as E measures A. 

But the unit C measures the number D according to the 
units in D; 
therefore E also measures A according to the units in D; 
therefore D by multiplying £ has made A. 

For the same reason also 
F by multiplying itself has made G, and by multiplying G has 
made B. 

And, since D by multiplying itself has made E and by 
multiplying F has made H, 
therefore, as D is to F, so is £ to H. [vn. 17] 
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For the same reason also, 
as D is to F, so is H to G. [vn. 18] 

Therefore also, as E is to H, so is H to G. 
Again, since D by multiplying the numbers E, H has 

made A, K respectively, 
therefore, as E is to H, so is A to K. [vu. 17] 

But, as E is to H, so is D to F\ 
therefore also, as D is to F, so is A to K. 

Again, since the numbers D, F by multiplying H have 
made K, L respectively, 
therefore, as D is to F, so is K to L. [vu. 18] 

But, as D is to F, so is A to A*; 
therefore also, as A is to K, so is AT to L. 

Further, since F by multiplying the numbers H, G has 
made L, B respectively, 
therefore, as H is to G, so is L to B. [vu. 17] 

But, as H is to G, so is D to 
therefore also, as D is to F, so is A to B. 

But it was also proved that, 
as D is to F, so is ^4 to K and A ' to L ; 

therefore also, as is to A", so is K to A and A to 77. 
Therefore ^4, K, L, B are in continued proportion. 
Therefore, as many numbers as fall between each of the 

numbers A, B and the unit C in continued proportion, so 
many also will fall between A, B in continued proportion. 

Q . E . D . 

If there be n geometric means between 1 and a, and also between 1 and 
b, there will be n geometric means between a and b. 

The proposition is the converse of the preceding. 
The n means with the extremes form two geometric series of the form 

I , A, A2 . . . A", A B + 1 , 

i, Ii, 

where a" + 1 = a, fi"+, = b. 
By multiplying the last term in the first line by the first in the second, 

the last but one in the first line by the second in the second, and so on, we 
get the series 

a"*1, a*'/8, a"- ' /? ... a 3/?"- 1, A/3", 
and we have the n means between a and b. 

It will be observed that, when Euclid says " For the same reason also, as 
D is to F, so is H\o G," the reference is really to vn. 18 instead of vn. 17. 



He infers namely that D x F: Fx F=D : F. But since, by vn. 16, the 
order of multiplication is indifferent, he is practically justified in saying " for 
the same reason." The same thing occurs in later propositions. 

PROPOSITION I I . 

Between two square numbers there is one mean proportional 
number, and the square has to the square the ratio duplicate 
of that which the side has to the side. 

Let A, B be square numbers, 
and let C be the side of A, and D of B; 
I say that between A, B there is one mean proportional 
number, and A has to B the ratio 
duplicate of that which C has to D. A 

For let C by multiplying D make E. B 
Now, since A is a square and C is c D 

its side, E 

therefore C by multiplying itself has 
made A. 

For the same reason also 
D by multiplying itself has made B. 

Since then C by multiplying the numbers C, D has made 
A, E respectively, 
therefore, as C is to D, so is A to E. [vn. 17] 

For the same reason also, 
as C is to D, so is E to B. [vn. 18] 

Therefore also, as A is to E, so is E to B. 
Therefore between A, B there is one mean proportional 

number. 
I say next that A also has to B the ratio duplicate of 

that which C has to D. 
For, since A, E, B are three numbers in proportion, 

therefore A has to B the ratio duplicate of that which /i has 
to E. [v. Def. 9] 

But, as A is to E, so is C to D. 
Therefore A has to B the ratio duplicate of that which 

the side C has to D. Q. E. D. 
According to Nicomachus the theorems in this proposition and the next, 

that two squares have one geometric mean, and two cubes two geometric 
means, between them are Platonic. Cf. Timaeus, 32 A sqq. and the note 
thereon, p. 294 above. 



C H G 
D K 

For let C by multiplying itself make E, and by multiplying 
D let it make F; 
let D by multiplying itself make G, 
and let the numbers C, D by multiplying F make H, K 
respectively. 

Now, since A is a cube, and C its side, 
and C by multiplying itself has made E, 
therefore C by multiplying itself has made E and by multiply
ing E has made A. 

For the same reason also 
D by multiplying itself has made G and by multiplying G has 
made B. 

And, since C by multiplying the numbers C, D has made 
E, F respectively, 
therefore, as C is to D, so is £ to F. [vn. 17] 

a', 6* being two squares, it is only necessary to form the product ab and 
to prove that 

a\ ab, P 
are in geometrical progression. Euclid proves that 

a* :ab = ab:bt 

by means of vn . 17, 18, as usual. 
In assuming that, since a 2 is to b2 in the duplicate ratio of a? to ab, a* is 

to b* in the duplicate ratio of a to b, Euclid assumes that ratios which are 
the duplicates of equal ratios are equal. This , an obvious inference from 
v. 22, can be inferred just as easily for numbers from vn . 14. 

PROPOSITION 12 . 

Between two cube numbers there are two mean proportional 
numbers, and the cube has to the cube the ratio triplicate of that 
which the side has to the side. 

Let A, B be cube numbers, 
and let C be the side of A, and D of B; 
I say that between A, B there are two mean proportional 
numbers, and A has to B the ratio triplicate of that which C 
has to D. 

A E 
B F 



For the same reason also, 
as C is to D, so is F to G. [vn. 18] 

Again, since C by multiplying the numbers E, F has 
made A, H respectively, 
therefore, as E is to F, so is A to H. [vn. 17] 

But, as E is to F, so is C to D. 
Therefore also, as C is to D, so is A to H. 
Again, since the numbers C, D by multiplying F have 

made H, K respectively, 
therefore, as C is to D, so is H to K. [vu. 18] 

Again, since D by multiplying each of the numbers F, G 
has made K, B respectively, 
therefore, as F is to G, so is A* to B. [vn. 17] 

But, as F is to G, so is C to Z?; 
therefore also, as C is to D, so is A to H,H to AT, and A ' to B. 

Therefore H, A 'a re two mean proportionals between A, B. 
I say next that A also has to B the ratio triplicate of that 

which C has to D. 
For, since A, H, K, B are four numbers in proportion, 

therefore A has to B the ratio triplicate of that which A has 
to H. [v. Def. 10] 

But, as A is to H, so is C to D ; 
therefore ^4 also has to B the ratio triplicate of that which C 
has to D. 

Q. E. D. 

The cube numbers a*, P being given, Euclid forms the products a*b, ab* 
and then proves, as usual, by means of vn. 17, 18 that 

a 8, a'b, ab\ b° 

are in continued proportion. 
He assumes that, since a* has to b* the ratio triplicate of a* : a*b, the 

ratio a 3 : P is triplicate of the ratio a : b which is equal to a' : a*b. This 
is again an obvious inference from v u . 14. 

PROPOSITION 1 3 . 

If there be as many numbers as we please in continued 
proportion, and each by multiplying itself make some number, 
the products will be proportional; and, If the original numbers 
by multiplying the products make certain numbers, the latter 
will also be proportional. 



A Q 
B H 
C K 
D 
E M 

F N 

L P 
O Q 

For let A by multiplying B make L, 
and let the numbers A, B by multiplying L make M. N 
respectively. 

And again let B by multiplying C make 0, 
and let the numbers B, C by multiplying O make P, Q 
respectively. 

Then, in manner similar to the foregoing, we can prove 
that 
D, L, E and G, M, N, 77 are continuously proportional in the 
ratio of A to B, 
and further E, O, F and 77, P, Q, K are continuously propor
tional in the ratio of B to C. 

Now, as A is to B, so is B to C; 
therefore 7J>, L, E are also in the same ratio with E, 0, F, 
and further G, M, N, 77 in the same ratio with 77, P, Q, K. 

And the multitude of D, L, E is equal to the multitude of 
£, O, F, and that of G, M, N, 77 to that of 77, P,Q,K; 
therefore, ex aequali, 

as D is to E, so is E to F, 
and, as G is to 77, so is 77 to K. [vn. 14] 

Let there be as many numbers as we please, A, B, C, in 
continued proportion, so that, as A is to B, so is B to C; 
let A, B, C by multiplying themselves make D, E, F, and by 
multiplying D, E, Elet them make G, 77, K; 
I say that D, E, F and G, 77, K are in continued proportion. 



PROPOSITION 14. 

If a square measure a square, the side will also measure 
the side ; and, if the side measure the side, the square will also 
measure the square. 

Let A, B be square numbers, let C, D be their sides, and 
let A measure B; 
I say that C also measures D. A 

For let C by multiplying D make E; B 
therefore A, E, B are continuously pro- ~~ c D 

portional in the ratio of C to D. [ vm. n ] E 
And, since A, E, B are continuously 

proportional, and A measures B, 
therefore A also measures E. [ v m . 7] 

If a, b, c ... be a series in geometrical progression, then 
a*, fi. <• ... \ , 

J g ^ > are also in geometrical progression. 
Heiberg brackets the words added to the enunciation which extend the 

theorem to any powers. The words are "and this always occurs with the 
extremes " ( r a i a c t irepl TOVS aVpovs T O C T O o-v/i/?aiV«). They seem to be rightly 
suspected on the same grounds as the same words added to the enunciation 
of vn . 27. There is no allusion to them in the proof, much less any proof 
of the extension. 

Euclid forms, besides the squares and cubes of the given numbers, the 
products ab, a°b, ab1, be, fie) be*. When he says that " we prove in manner 
similar to the foregoing," he indicates successive uses of vn . 17, 18 as 
in v m . 12. 

With our notation the proof is as easy to see for any powers as for squares 
and cubes. 

T o prove that a", b", c»... are in geometrical progression. 
Form all the means between a", bu, and set out the series 

a", a""1/', a""2*2 . . . ab*-*, b". 
The common ratio of one term to the next is a : b. 

Next take the geometrical progression 
b*, b'-'e, b"-Y ... e», 

the common ratio of which a t ye. 
Proceed thus for all pairs of consecutive terms. 
Now a : b = b : c= ... 

Therefore any pair of succeeding terms in one series are in the same ratio as 
any pair of succeeding terms in any other of the series. 

And the number of terms in each is the same, namely (« + 1). 
Therefore, ex aequali, 

a" : bn = bn :c* = cn : dn = ... 



And, as A is to E, so is C. to D; 
therefore also C measures D. [vn. Def. 20] 

Again, let C measure D ; 
I say that A also measures B. 

For, with the same construction, we can in a similar 
manner prove that A, E, B are continuously proportional in 
the ratio of C to D. 

And since, as C is to D, so is A to E, 
and C measures D, 
therefore A also measures E. [vn. Def. 20] 

And A, E, B are continuously proportional; 
therefore A also measures B. 

Therefore etc. 
Q. E. D. 

If a2 measures b\ a measures b; and, if a measures b, a1 measures b2. 

(1) a2, ab, b2 are in continued proportion in the ratio of a to b. 
Therefore, since a2 measures b2, 

a2 measures ab. [vm, 7] 
But a2 : ab=a: b. 

Therefore a measures b. 

(2) Since a measures b, a" measures ab. 
And a', ab, b' are continuously proportional. 
Thus ab measures b2. 
And a2 measures ab. 
Therefore a' measures b2. 
It will be seen that Euclid puts the last step shortly, saying that, since 

a2 measures ab, and a2, ab, b2 are in continued proportion, a2 measures b2. 
T h e same thing happens in v m . 15, where the series of terms is one more 
than here. 

PROPOSITION 15 . 

If a cube number measure a cube number, the side will also 
measure the side; and, if the side measure the side, the cube 
will also measure the cube. 

For let the cube number A measure the cube B, 
and let C be the side of A and D of B; 
I say that C measures D. 



c - H-
0 -
E — 
Q 
F • 

Now it is manifest that E, F, G and A, H, K, B are 
continuously proportional in the ratio of C t o D. [ vm. n , 12] 

And, since A, M, K, B are continuously proportional, 
and A measures B, 
therefore it also measures H. [ v m . 7] 

And, as A is to H, so is C to D ; 
therefore C also measures D. [vn. Def. 20] 

Next, let C measure /? ; 
I say that A will also measure B. 

For, with the same construction, we can prove in a similar 
manner that A, H, K, B are continuously proportional in the 
ratio of C to D. 

And, since C measures D, 
and, as C is to D, so is A to H, 
therefore A also measures H, [vn. Def. 20] 
so that A measures B also. 

Q. E. D. 

If a* measures b*, a measures b; and vice versa. The proof is, mutatis 
mutandis, the same as for squares. 

(1) a", a*b, aP, P are continuously proportional in the ratio of a to b; 
and a* measures P. 

Therefore a* measures alb; [vm. 7] 
and hence a measures b. 

(2) Since a measures b, a* measures a'b. 
And, a", a*b, aP, P being continuously proportional, each term measures the 

succeeding term; 
therefore a* measures P. 

For let C by multiplying itself make E, 
and let D by multiplying itself make G; 
further, let C by multiplying D make E, 
and let C, D by multiplying F make H, K respectively. 

A 
Q 
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PROPOSITION 16 . 

If a square number do not measure a square number, neither 
will the side measure the side ; and, if the side do not measure 
the side, neither will the square measure the square. 

Let A, B be square numbers, and let C, D be their sides; 
and let A not measure B; 
I say that neither does C measure D. A 

For, if C measures D, A will also B 

measure B. [vm. 14] c 
But A does not measure B ; 0 

therefore neither will C measure D. 

Again, let C not measure D ; 
I say that neither will A measure B. 

For, if A measures B, C will also measure D. [vm. 14] 
But C does not measure D ; 

therefore neither will A measure B. 
Q. E. D. 

If a2 does not measure V, a will not measure b; and, if a does not 
measure b, a" will not measure P. 

The proof is a mere reductio ad absurdum using vm. 14. 

PROPOSITION 17 . 

If a cube number do not measure a cube number, neither 
will the side measure the side ; and, if the side do not measure 
the side, neither will the cube measure the cube. 

For let the cube number A not measure the cube 
number B, 
and let C be the side of A, and D A 
oiB; 
I say that C will not measure D. 

For if C measures D, A will 
also measure B. [vm. 15] 

But A does not measure B ; 
therefore neither does C measure D. 

Again, let C not measure D; 
I say that neither will A measure B. 
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For, if A measures B, C will also measure D. [vm. 15] 
But C does not measure D; 

therefore neither will A measure B. 
Q. E. D. 

• 

If a 8 does not measure b*, a will not measure b; and vice versa. 
Proved by reductio ad absurdum employing v m . 15. 

PROPOSITION 18. 

Between two similar plane numbers there is one mean 
proportional number; and the plane number has to the plane 
number the ratio duplicate of that which the corresponding 
side has to the corresponding side. 

Let A, B be two similar plane numbers,and let the numbers 
C, D be the sides of A, and B, F of B. 

c — 
0 

E 
F 

Now, since similar plane numbers are those which have 
their sides proportional, [vn. Def. 21] 
therefore, as C is to D, so is E to F. 

I say then that between A, B there is one mean propor
tional number, and A has to B the ratio duplicate of that 
which C has to E, or D to F, that is, of that which the corre
sponding side has to the corresponding side. 

Now since, as C is to D, so is E to F, 
therefore, alternately, as C is to E, so is D to F. [vn. 13] 

And, since A is plane, and C, D are its sides, 
therefore D by multiplying C has made A. 

For the same reason also 
E by multiplying F has made B. 

Now let D by multiplying E make G. 
Then, since D by multiplying C has made A, and by 

multiplying E has made G, 
therefore, as C is to E, so is A to G. [vu. 17] 



But, as C is to E, so is D to F; 
therefore also, as D is to E, so is A to G. 

Again, since E by multiplying D has made G, and by 
multiplying F has made B, 
therefore, as D is to E, so is G to Z?. [vn. 17] 

But it was also proved that, 
as D is to F, so is A to G; 

therefore also, as A is to G, so is G to B. 
Therefore A, G, B are in continued proportion. 
Therefore between A, B there is one mean proportional 

number. 

I say next that A also has to B the ratio duplicate of 
that which the corresponding side has to the corresponding 
side, that is, of that which C has to E or D to F. 

For, since A, G, B are in continued proportion, 
A has to B the ratio duplicate of that which it has to G. 

[v. Def. 9] 

And, as A is to G, so is C to E, and so is D to F. 
Therefore A also has to B the ratio duplicate of that which 

C has to E or D to F. 
Q. E. D. 

If ab, cd be " similar plane numbers," i.e. products of factors such that 
a : b = c : d, 

there is one mean proportional between ab and cd; and ab is to cd in the 
duplicate ratio of a to c or of b to a". 

Form the product be (or aa", which is equal to it, by vn . 19). 

Then ab, be) , cd 
= adj-

> 

is a series of terms in geometrical progression. 

For a : b = c : d. 

Therefore a : c = b : d. [vu. 13] 

Therefore ab : bc = bc : cd. [vn. 17 and 16] 

Thus be (or ad) is a geometric mean between ab, cd. 
And ab is to cd in the duplicate ratio of ab to be or of be to of* that is, of 

a to £ or of b to a7. 



PROPOSITION 19 . 

Between two similar solid numbers there fall two mean 
proportional numbers; and the solid number has to the similar 
solid number the ratio triplicate of that which the corresponding 
side has to the corresponding side. 

Let A, B be. two similar solid numbers, and let C, D, E 
be the sides of A, and F\ G, H of B. 

Now, since similar solid numbers are those which have 
their sides proportional, [vn. Def. 21] 
therefore, as C is to D, so is F to G, 

and, as D is to E, so is G to H. 
I say that between A, B there fall two mean proportional 

numbers, and A has to B the ratio triplicate of that which C 
has to F, D to G, and also E to H. 

A 
B 
C- F - N-
D - G 0 _ 
E — H 

K— 
L 

For let C by multiplying D make K, and let F by 
multiplying G make L. 

Now, since C, D are in the same ratio with F, G, 
and K is the product of C, D, and L the product of F, G, 
K, L are similar plane numbers; [vn. Def. 21] 
therefore between K, L there is one mean proportional number. 

[vni . 18] 

Let it be M 
Therefore M is the product of D, F, as was proved in the 

theorem preceding this. [vm. 18] 
Now, since D by multiplying C has made K, and by 

multiplying F has made M, 
therefore, as C is to F, so is K to M. [vu. 17] 

But, as K is to M, so is M to L. 
Therefore K, M, L are continuously proportional in the 

ratio of C to F. 
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And since, as C is to D, so is F to G, 
alternately therefore, as C is to F, so is D to G. [vu. 13] 

For the same reason also, 
as Z? is to G, so is ZT to ZZ. 

Therefore K, M, L are continuously proportional in the 
ratio of C to F, in the ratio of D to G, and also in the ratio 
of E to H. 

Next, let Z?, Z / by multiplying M make A 7 , O respectively. 
Now, since A is a solid number, and C, D, E are its sides, 

therefore E by multiplying the product of C, D has made A. 
But the product of C, D is K; 

therefore ZT by multiplying K has made ^4. 
For the same reason also 

H by multiplying L has made B. 
Now, since Z? by multiplying K has made A, and further 

also by multiplying M has made A 7 , 
therefore, as K is to M, so is y4 to iV. [vn. 17] 

But, as K is to so is C to F, D to £, and also E to Z / ; 
therefore also, as C is to F, D to t7, and E to ZZ, so is A to A 7 . 

Again, since E, ZZ by multiplying have made N, 0 
respectively, 
therefore, as E is to ZZ, so is N to O. [vn. 18] 

But, as ZJ is to ZZ, so is C to Z 7 and D to G; 
therefore also, as C is to F, D to £7, and E to ZZ, so is A to 
A" and A 7 to O. 

Again, since ZZ by multiplying M has made 0, and further 
also by multiplying L has made Z?, 
therefore, as M is to Z , so is (9 to B. [vu. 17] 

But, as M is to Z , so is C to F, D to (r, and E to ZZ. 
Therefore also, as C is to Z 7 D to G, and ZT to H', so not 

only is 0 to Z?, but also A to N and N to 0. 
Therefore A, N,0, B are continuously proportional in the 

aforesaid ratios of the sides. 
I say that A also has to B the ratio triplicate of that which 

the corresponding side has to the corresponding side, that is, 
of the ratio which the number C has to F, or D to G, and 
also E to ZZ. 



PROPOSITION 20. 

If one mean proportional number fall between two numbers, 
the numbers will be similar plane numbers. 

For let one mean proportional number C fall between the 
two numbers A, B; 

5 1 say that A, B are similar plane numbers. 
Let D, E, the least numbers of those which have the same 

ratio with A, C, be taken ; [vn. 33] 
therefore D measures A the same number of times that E 
measures C. [vn. 20] 

10 Now, as many times as D measures A, so many units let 
there be in F; 
therefore F by multiplying D has made A, 
so that A is plane, and D, F are its sides. 

For, since A, N, O, B are four numbers in continued 
proportion, 
therefore A has to B the ratio triplicate of that which A has 
to N. [v. Def. 10] 

But, as A is to N, so it was proved that C is to F, D to G, 
and also E to H. 

Therefore A also has to B the ratio triplicate of that which 
the corresponding side has to the corresponding side, that is, 
of the ratio which the number C has to F, D to G, and also 
£ to H. Q. E. D. 

In other words, if a : b : c=d : e :f, then there are two geometric means 
between abc, def; and abc is to def in the triplicate ratio of a to d, or b to e, 
or c to / 

Euclid first takes the plane numbers ab, de (leaving out c, f) and forms 
the product bd. Thus, as in v in . 18, 

ab, bd) , de 
= ea) 

are three terms in geometrical progression in the ratio of a to d, or of b to e. 
He next forms the products of c , / respect ively into the mean bd. 
Then abc, cbd, fbd, def 

are in geometrical progression in the ratio of a to d etc. 
For abc : cbd = ab : bd = a : d \ 

bd:fbd=c:f I . [vn. 17 ] 
fbd: def= bd:de = b:ej 

A n d a : d=b : e = c :/. 
The ratio of abc to def is the ratio triplicate of that of abc to cbd, i.e. of 

that of a to d etc. 



B-
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A s many times, then, as E measures B, so many units let 
there be in G; 

20 therefore E measures B according to the units in G; 
therefore G by multiplying E has made B. 

Therefore B is plane, and E, G are its sides. 
Therefore A, B are plane numbers. 

I say next that they are also similar. 
25 For, f since E by multiplying D has made A, and by 

multiplying E has made C, 
therefore, as D is to E, so is A to C, that is, C to B. [vn. 17] 

Again, f since E by multiplying F, G has made C, B 
respectively, 

30 therefore, as F is to G, so is C to B. [vu. 17] 
But, as C is to B, so is D to E; 

therefore also, as D is to E, so is F to G. 
And alternately, as D is to F, so is E to G. [vn. 13] 
Therefore A,B are similar plane numbers; for their sides 

35 are proportional. Q. E. D. 
35. F o r , s i n c e F 27. C t o B . T h e t ex t h a s c l e a r l y suffered co r rup t ion he re . I t 

is no t n e c e s s a r y to infer f rom o t h e r fac ts tha t , as D is to E, so is A to C; for th is is pa r t o f 
t he h y p o t h e s e s (11. 6, 7). A g a i n , t he re is n o e x p l a n a t i o n o f t he s t a t e m e n t (1. 15) tha t ^ b y 
m u l t i p l y i n g E h a s m a d e C . I t i s t he s t a t e m e n t a n d e x p l a n a t i o n o f this la t ter fact w h i c h a re 
a l o n e w a n t e d ; after w h i c h t he p r o o f p r o c e e d s as in 1. t8. W e m i g h t therefore subs t i tu te for 
11. 25—38 t h e f o l l o w i n g . 

" F o r , s i n c e E m e a s u r e s C t h e s a m e n u m b e r o f t i m e s t h a t D measu re s A [1. 8], t ha t i s , 
a c c o r d i n g to t he un i t s in F [1.10], therefore F b y m u l t i p l y i n g £ h a s m a d e C. 

A n d , s i n c e E b y m u l t i p l y i n g F, C," e t c . e t c . 

This proposition is the converse of vm. 18. If a, c, b are in geometrical 
progression, a, b are " similar plane numbers." 

Let o : p be the ratio a : c (and therefore also the ratio e : b) in its lowest 
terms. 

Then [vn. 20] 
a = ma, c = mp, where m is some integer, 
c = na, b = np, where n is some integer. 

Again, since D, E are the least of the numbers which have 
15 the same ratio with C, B, 

therefore D measures C the same number of times that E 
measures B. [vn. 20] 



Thus a, b are both products of two factors, i.e. plane. 
Again, o : /3 = a : c = c : b 

= m:n. [vn. 18] 
Therefore, alternately, a : m = ft : n, [vn. 13] 

and hence ma, n/J are similar plane numbers. 

[Our notation makes the second part still more obvious, for *•=/«/? =//a.] 

PROPOSITION 21 . 

If two mean proportional numbers fall between ta>o numbers, 
the numbers are similar solid numbers. 

For let two mean proportional numbers C, D fall between 
the two numbers A, B ; 
I say that A, B are similar solid numbers. 

A E — 
B — — — — — F — 
C Q 
D H-

N K 
O L -

M 

For let three numbers E, F, G, the least of those which 
have the same ratio with A, C, D, be taken ; [vn. 33 or v m . 2] 
therefore the extremes of them E, G are prime to one another. 

[vm. 3] 
Now, since one mean proportional number F has fallen 

between E, G, 
therefore E, G are similar plane numbers. [vm. 20] 

Let, then, H, K be the sides of E, and L, M of G. 
Therefore it is manifest from the theorem before this that 

E, F, G are continuously proportional in the ratio of H to L 
and that of K to M. 

Now, since E, F, G are the least of the numbers which 
have the same ratio with A, C, D, 
and the multitude of the numbers E, F, G is equal to the 
multitude of the numbers A, C, D, 
therefore, ex aequali, as E is to G, so is A to D. [vn. 14] 

But E, G are prime, 
primes are also least, [vn. 21] 
and the least measure those which have the same ratio with 



them the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent; [vu. 20] 
therefore £ measures A the same number of times that G 
measures D. 

Now, as many times as E measures A, so many units let 
there be in N. 

Therefore N by multiplying E has made A. 
But E is the product of H, K; 

therefore N by multiplying the product of H, K has made A. 
Therefore A is solid, and H, K, N are its sides. 
Again, since E, F, G are the least of the numbers which 

have the same ratio as C, D, B, 
therefore E measures C the same number of times that G 
measures B. 

Now, as many times as £ measures C, so many units let 
there be in O. 

Therefore G measures B according to the units in O; 
therefore O by multiplying G has made B. 

But G is the product of L, M ; 
therefore O by multiplying the product of L, M has made B. 

Therefore B is solid, and L, M, O are its sides ; 
therefore A, B are solid. 

I say that they are also similar. 
For since N, 0 by multiplying £ have made A, C, 

therefore, as N is to 0, so is A to C, that is, E to E. [vu. 18] 
But, as E is to E, so is H to L and K to M; 

therefore also, as H is to L, so is K to M and N to O. 
And H, K, N are the sides of A, and 0, L, M the sides 

oiB. 
Therefore A, B are similar solid numbers. Q. E. D. 

T h e converse of v iu . 19. If a, c, d, b are in geometrical progression, a, b 
are "similar solid numbers." 

Let o, /?, y be the least numbers in the ratio of a, c, d (and therefore also 
of c, d, b). [vn. 33 or vtn. 2 

Therefore a, y are prime to one another. [vm. 3 
They are also "similar plane numbers." [vm. 20 
Le t a = mn, y = pq, 

where m:n=p:q. 



Then, by the proof of v m . 20, 
a : fi - m : p = n : q. 

Now, ex aequali, a : d = a : y, [vn. 14] 
and, since a, y are prime to one another, 

a = ra, d=ry, where r is an integer. 
But a = mn: 

therefore a = rmn, and therefore a is " solid." 
Again, ex aequali, c : b = a : y, 

and therefore c - sa, b = sy, where s is an integer. 
Thus b = spq, and b is therefore "solid." 
Now a : p = a : c = ra : sa 

= r :s. [VU. 18] 
And, from above, * : f3 = m : p = n : q. 
Therefore r : s = m : p = n : q, 

and hence a, b are similar solid numbers. 

PROPOSITION 22. 

If three numbers be in continued proportion, and the first 
be square, the third will also be square. 

Let A, B, C be three numbers in continued proportion, 
and let A the first be square ; 
I say that C the third is also square. 

For, since between A, C there is one 
mean proportional number, B, 
therefore A, C are similar plane numbers. [vm. 20] 

But A is square ; 
therefore C is also square. Q. E. D. 

A mere application of v m . 20 to the particular case where one of the 
"similar plane numbers" is square. 

PROPOSITION 23. 

If four numbers be in continued proportion, and the first be 
cube, the fourth will also be cube. 

Let A, B, C, D be four numbers in continued proportion, 
and let A be cube ; 
I say that D is also cube. A 

For, since between A, D there e 

are two mean proportional numbers D 

B, C, 
therefore A, D are similar solid numbers. [vm. 21] 



For, since C, D are square, 
C, D are similar plane numbers. 

Therefore one mean proportional number falls between 
C, D. [vm. 18] 

And, as C is to D, so is A to B; 
therefore one mean proportional number falls between A, B 
also. [vm. 8] 

And A is square ; 
therefore B is also square. [vm. 22] 

Q. E. D. 
If a : b = c' : d\ and a is a square, then b is also a square. 
For c2, d' have one mean proportional cd. [ vm. 18] 
Therefore a, b, which are in the same ratio, have one mean proportional. 

[vm. 8] 
And, since a is square, b must also be a square. [vm. 22] 

PROPOSITION 25. 

If two numbers have to one another the ratio which a cube 
number has to a cube number, and the first be cube, the second 
will also be cube. 

For let the two numbers A, B have to one another the 
ratio which the cube number C has to the cube number D, 
and let A be cube ; 
I say that B is also cube. 

But A is cube ; 
therefore D is also cube. 

Q. E. D. 

A mere application of v m . 21 to the case where one of the " similar solid 
numbers " is a cube. 

PROPOSITION 24. 

If two numbers have to one another the ratio which a square 
number has to a square number, and the first be square, the 
second will also be square. 

For let the two numbers A, B have to one another the 
ratio which the square number C has 
to the square number D, and let A be A 
square; B - ~~ 
I say that B is also square. D 



A E 
B F 
o 
D 

And, as many numbers as fall between C, D in continued 
proportion, so many will also fall between those which have 
the same ratio with them ; [ v m . 8] 
so that two mean proportional numbers fall between A, B 
also. 

Let E, E so fall. 
Since, then, the four numbers A, E, E, B are in continued 

proportion, 
and A is cube, 
therefore B is also cube. [vm. 23] 

Q. E. D. 

If a : b-c* : d*, and a is a cube, then b is also a cube. 
For c', d' have two mean proportionals. [ v m . 19] 
Therefore a, b also have two mean proportionals. [vm. 8] 
And a is a cube : 

therefore b is a cube. [vm. 23] 

PROPOSITION 26. 

Similar plane numbers have to one another the ratio which 
a square number has to a square number. 

Let A, B be similar plane numbers ; 
I say that A has to B the ratio which a square number has 
to a square number. 

c -
E-

For, since A, B are similar plane numbers, 
therefore one mean proportional number falls between A, B. 

[vm. 18] 

For, since C, D are cube, 
C, D are similar solid numbers. 

Therefore two mean proportional numbers fall between 
C, D. [vm. 19] 



A c-
B D-

E F 0 H 

For, since A, B are similar solid numbers, 
therefore two mean proportional numbers fall between A, B. 

[vm. 19] 
Let C, D so fall, 

and let E, F, G, H, the least numbers of those which have 
the same ratio with A, C, D, B, and equal with them in 
multitude, be taken ; [vu. 33 or vm. 2] 
therefore the extremes of them E, H are cube. [vm. 2, Por.] 

And, as E is to H, so is A to B; 
therefore A also has to B the ratio which a cube number has 
to a cube number. 

Q. E. D. 

Let it so fall, and let it be C; 
and let D, E, F, the least numbers of those which have the 
same ratio with A, C, B, be taken ; [vn. 33 or v m . 2] 
therefore the extremes of them D, F are square. [vm. 2, Por.] 

And since, as D is to F, so is A to B, 
and D, F are square, 
therefore A has to B the ratio which a square number has to 
a square number. 

Q. E. D. 

If a, b are similar "plane numbers," let c be the mean proportional 
between them. [vm. 18" 

Take a, fj, y the smallest numbers in the ratio of a, c, b. [vn. 33 or v m . 2 
Then a, y are squares. [vm. 2, Por. 
Therefore a, b are in the ratio of a square to a square. 

PROPOSITION 27. 

Similar solid numbers have to one another the ratio which 
a cube number has to a cube number. 

Let A, B be similar solid numbers ; 
I say that A has to B the ratio which a cube number has to 
a cube number. 



The same thing as v m . 26 with cubes. It is proved in the same way 
except that v m . 19 is used instead of v m . 18. 

The last note of an-Nairizi in which the name of Heron is mentioned is 
on this proposition. Heron is there stated (p. 194—5, ed. Curtze) to have 
added the two propositions that, 

1. If two numbers have to one another the ratio of a square to a square, the 
numbers are similar plane numbers; 
2. If two numbers have to one another the ratio of a cube to a cube, the numbers 
are similar solid numbers. 

The propositions are of course the converses of VIII. 26, 27 respectively. 
They are easily proved. 

(1) If a:b = ci:d\ 
then, since there is one mean proportional (cd) between c2, d1, 

[vm. 11 or 18] 
there is also one mean proportional between a, b. [vm. 8] 

Therefore a, b are similar plane numbers. [vm. 20] 
(2) is similarly proved by the use of v m . 12 or iy , v m . 8, v m . 21. 

The insertion by Heron of the first of the two propositions, the converse 
of v m . 26, is perhaps an argument in favour of the correctness of the text of 
ix . 10, though (as remarked in the-note on that proposition) it does not give 
the easiest proof Cf. Heron's extension of v n . 3 tacitly assumed by Euclid 
in vn . 33. 



BOOK IX. 

PROPOSITION I. 

If two similar plane numbers by multiplying one another 
make some number, the product will be square. 

Let A, B be. two similar plane numbers, and let A by 
multiplying B make C; 
I say that C is square. A 

For let A by multiplying itself c 

make D. D, 
Therefore D is square. 
Since then A by multiplying itself has made D, and by 

multiplying B has made C, 
therefore, as A is to B, so is D to C. [vn. 17] 

And, since A, B are similar plane numbers, 
therefore one mean proportional number falls between A, B. 

[vm. 18] 
But, if numbers fall between two numbers in continued 

proportion, as many as fall between them, so many also fall 
between those which have the same ratio; [vm. 8] 
so that one mean proportional number falls between D, C also. 

And D is square ; 
therefore C is also square. [vm. 22] 

Q. E. D. 

The product of two similar plane numbers is a square. 
Let a, b be two similar plane numbers. 
Now a : b = a* : ab. 
And between a, b there is one mean proportional. 
Therefore between « s : ab there is one mean proportional. 
And a* is square; 

[vn. 17 
[vm. 18 
[vm. 8' 

therefore ab is square. [vm. 22] 
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PROPOSITION 2. 

If two numbers by multiplying one another make a square 
number, they are similar plane numbers. 

Let A, B be. two numbers, and let A by multiplying B 
make the square number C; 
I say that A, B are similar plane A 

numbers. B 

For let A by multiplying itself c 

make D; ' D 

therefore D is square. 
Now, since A by multiplying itself has made D, and by 

multiplying B has made C, 
therefore, as A is to B, so is D to C. [vn. 17] 

And, since D is square, and C is so also, 
therefore D, C are similar plane numbers. 

Therefore one mean proportional number falls between 
D, C. ' [vm. 18] 

And, as D is to C, so is A to B; 
therefore one mean proportional number falls between A, B 
also. [vm. 8] 

But, if one mean proportional number fall between two 
numbers, they are similar plane numbers ; [vm. 20] 
therefore A, B are similar plane numbers. 

Q. E. D. 

If ab is a square number, a, b are similar plane numbers. (The converse 
of ix. 1.) 

For a : b = a ' : at). [vn. 17] 
And a1, ab being square numbers, and therefore similar plane numbers, 

they have one mean proportional. [vm. 18] 
Therefore a, b also have one mean proportional. [vm. 8] 

whence a, b are similar plane numbers. [vm. 20I 

PROPOSITION 3. 

If a cube number by multiplying itself make some number, 
the product will be cube. 

For let the cube number A by multiplying itself make B; 
I say that B is cube. 



3«6 B O O K I X 

For let C, the side of A, be taken, and let C by multiplying 
itself make D. 

It is then manifest that C by multiplying A — 
D has made A. 8 

Now, since C by multiplying itself has c - D— 
made D, 
therefore C measures D according to the units in itself. 

But further the unit also measures C according to the units 
in it ; 
therefore, as the unit is to C, so is C to D. [vu. Def. 20] 

Again, since C by multiplying D has made A, 
therefore D measures A according to the units in C. 

But the unit also measures C according to the units in it; 
therefore, as the unit is to C, so is D to A. 

But, as the unit is to C, so is C to D ; 
therefore also, as the unit is to C, so is C to D, and D to A. 

Therefore between the unit and the number A two mean 
proportional numbers C, D have fallen in continued proportion. 

Again, since A by multiplying itself has made B, 
therefore A measures B according to the. units in itself. 

But the unit also measures A according to the units in it; 
therefore, as the unit is to A, so is A to B. [vu. Def. 20] 

But between the unit and A two mean proportional numbers 
have fallen ; 
therefore two mean proportional numbers will also fall between 
A, B. [vm. 8] 

But, if two mean proportional numbers fall between two 
numbers, and the first be cube, the second will also be cube. 

[vm. 23] 
And A is cube ; 

therefore B is also cube. Q. E. D. 
The product of a3 into itself, or a3. a3, is a cube. 
For 1 : a = a : a2 = a' : a'. 
Therefore between 1 and a3 there are two mean proportionals. 
Also 1 : a? = a3 ; a3 .a*. 
Therefore two mean proportionals fall between a3 and a*. a3. [vm. 8] 

(It is true that v m . 8 is only enunciated of two pairs of numbers, but the 
proof is equally valid if one number of one pair is unity.) 

And a3 is a cube number ; 
therefore a3. a3 is also cube. [vm. 23] 
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PROPOSITION 4. 

If a cube number by multiplying a cube number make some 
number, the product will be cube. 

For let the cube number A by multiplying the cube number 
B make C; 
I say that C is cube. A 

For let A by multiplying B 
itself make D ; c 
therefore D is cube. [ix. 3] D 

And, since A by multiply
ing itself has made D, and by multiplying B has made C 
therefore, as A is to B, so is D to C. [vu. 17] 

And, since A, B are cube numbers, 
A, B are similar solid numbers. 

Therefore two mean proportional numbers fall between 
A, B; [vm. 19] 

so that two mean proportional numbers will fall betweer. D, 
C also. [vm. 8] 

And D is cube ; 
therefore C is also cube [vm. 23] 

Q. K. D. 

The product of two cubes, say a3. P, is a cube. 
For a3 : P = a3 . a3 : a3. P.' [vn. 17] 
And two mean proportionals fall between a3, b3 which are similar solid 

numbers. [vm. 1 9 ' 
Therefore two mean proportionals fall between a3. a3, a3. P [vm. 8 
B J t a3. a3 is a cube : [ix. 3 

therefore a3. P is a cube. [vm. 23 

PROPOSITION 5. 

If a cube number by multiplying any number make a cube 
number, the multiplied number will also be cube. 

For let the cube number A by multiplying any number B 
make the cube number C; 
I say that B is cube. A 

For let A by multiplying B _ 
itself make D ; c 
therefore D is cube. [ ix . 3] O—• — 



Now, since A by multiplying itself has made D, and by 
multiplying B has made C, 
therefore, as A is to B, so is D to C. [vn. 17] 

And since D, C are cube, 
they are similar solid numbers. 

Therefore two mean proportional numbers fall between 
D, C. [vm. 19] 

And, as D is to C, so is A to B; 
therefore two mean proportional numbers fall between A, B 
also. [vm. 8] 

And A is cube ; 
therefore B is also cube. [vm. 23] 

If the product a3* is a cube number, b is cube. 
By ix. 3, the product a 8 . a 3 is a cube. 
And a*. a 3 : a*b = a 3 : b. [vn. 17] 
The first two terms are cubes, and therefore "similar solids"; therefore 

there are two mean proportionals between them. [vm. 19] 
Therefore there are two mean proportionals between a3, b. [vm. 8] 
And a 3 is a cube : 

therefore b is a cube number. [vm. 23] 

PROPOSITION 6. 

If a number by multiplying itself make a cube number, it 
will itself also be cube. 

For let the number A by multiplying itself make the cube 
number B; 
I say that A is also cube. A 

For let A by multiplying B make C. B 

Since, then, A by multiplying itself c 

has made B, and by multiplying B has 
made C, 
therefore C is cube. 

And, since A by multiplying itself has made B, 
therefore A measures B according to the units in itself. 

But the unit also measures A according to the units in it. 
Therefore, as the unit is to A, so is A to B. [vn. Def. 20] 
And, since A by multiplying B has made C, 

therefore B measures C according to the units in A. 
But the unit also measures A according to the units in it. 
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Therefore, as the unit is to A, so is B to C. [vu. Def. 20] 
But, as the unit is to A, so is A to B; 

therefore also, as A is to B, so is B to C. 
And, since B, C are cube, 

they are similar solid numbers. 
Therefore there are two mean proportional numbers 

between B, C. [ vm. 19] 
And, as B is to C, so is A to B. 
Therefore there are two mean proportional numbers 

between A, B also. [vm. 8] 
And B is cube ; 

therefore A is also cube. [cf. v m . 23] 
Q. E. D. 

If a' is a cube number, a is also a cube. 
For 1 : a = a : a3 = a' : a3. 
Now a1, a3 are both cubes, and therefore "similar sol ids"; therefore there 

; i r e two mean proportionals between them. [vm. 19] 
Therefore there are two mean proportionals between a, a1. [vm. 8] 
And a3 is a cube : 

therefore a is also a cube number. [vm. 23] 
It will be noticed that the last step is not an exact quotation of the result 

of v m . 23, because it is there the first of four terms which is known to be a 
cube, and the last which is proved to be a cube ; here the case is reversed. 
But there is no difficulty. Without inverting the proportions, we have only 
to refer to v m . 21 which proves that a, a3, having two mean proportionals 
between them, are two similar solid numbers; whence, since a1 is a cube, 
a is also a cube. 

PROPOSITION 7. 

If a composite number by multiplying any number make 
some number, the product will be solid. 

For let the composite number A by multiplying any number 
B make C; 
I say that C is solid. 

For, since^4 is composite, c 

it will be measured by some D £ 

number. [vn. D e f . 13] 
Let it be measured by D; 

and, as many times as D measures A, so many units let there 
be in E. 



square, as are also all those which leave D 

out one ; C, the fourth, is cube, as are E 

also all those which leave out two ; and F 

F, the seventh, is at once cube and 
square, as are also all those which leave out five. 

For since, as the unit is to A, so is A to B, 
therefore the unit measures the number A the same number 
of times that A measures. B. [vu. Def. 20] 

But the unit measures the number A according to the 
units in i t ; 
therefore A also measures B according to the units in A. 

Therefore A by multiplying itself has made B; 
therefore B is square. 

And, since B, C, D are in continued proportion, and B is 
square, 
therefore D is also square. [vm. 22] 

Since then .D measures A according to the units in E, 
therefore £ by multiplying D has made A. [ V I L Def. 15] 

And, since A by multiplying B has made C, 
and A is the product of £>, £ , 
therefore the product of D, £ by multiplying B has made C. 

Therefore C is solid, and D, £, B are its sides. 
Q. E. D. 

Since a composite number is the product of two factors, the result of 
multiplying it by another number is to produce a 'number which is the 
product of three factors, i.e. a "sol id number." 

PROPOSITION 8C 

If as many numbers as we please beginning from an unit be 
in continued proportion, the third from the unit will be square, 
as will also those which successively leave out one; the fourth 
will be cube, as will also all those which leave out two; and the 
seventh will be at once cube and square, as will also those which 
leave out five. 

Let there be as many numbers as we please, A, B, C, D, 
E, F, beginning from an unit and in con
tinued proportion ; A 
I say that B, the third from the unit, is 8 3 Z Z H _ 



•• a' : «„, 
whence a3 = a', a cube number. 

And, since a.it at, as, a, are in geometrical progression, and a, is a cube, 
a, is a cube. [vm. 23] 

For the same reason 
F is also square. 

Similarly we can prove that all those which leave out one 
are square. 

I say next that C, the fourth from the unit, is cube, as are 
also all those which leave out two. 

For since, as the unit is to A, so is B to C, 
therefore the unit measures the number A the same number 
of times that B measures C. 

But the unit measures the number A according to the units 
in A ; 
therefore B also measures C according to the units in A. 

Therefore A by multiplying B has made C. 
Since then A by multiplying itself has made B, and by 

multiplying B has made C, 
therefore C is cube. 

And, since C, D, E, F are in continued proportion, and C 
is cube, 
therefore F is also cube. [vm. 23] 

But it was also proved square ; 
therefore the seventh from the unit is both cube and square. 

Similarly we can prove that all the numbers which leave 
out five are also both cube and square. 

Q. E. D. 

If 1, a, a.,, a„ ... be a geometrical progression, then a2, at, « „ . . . are 
.squares; 
a3, a„, ... are cubes ; 
a„ am ... are both squares and cubes. 

Since 1 : a = a : a„ 
a2 = a1. 

And, since a2, a3, at are in geometrical progression and a, (= a2) is a square, 
at is a square. [vm. 22] 

Similarly at, aB, ... are squares. 
Next, 1 : a = a, : u3 



Similarly a „ au, . . . are cubes. 
Clearly then aa, ais, ... are both squares and cubes. 
The whole result is of course obvious if the geometrical progression is 

written, with our notation, as 
1, a, a2, a", a*, ... a". 

PROPOSITION 9. 

If as many numbers as we please beginning from an unil be 
in continued proportion, and the number after the unit be square, 
all the rest will also be square. And, if the number after the 
unit be cube, all the rest will also be cube. 

Let there be as many numbers as we please, A, B, C, D, 
E, F, beginning from an unit and in con
tinued proportion, and let A, the number * 
after the unit, be square ; B 

I say that all the rest will also be square. 
Now it has been proved that B, the E 

third from the unit, is square, as are also F 
all those which leave out one; [ix. 8] 
I say that all the rest are also square. 

For, since A, B, C are in continued proportion, 
and A is square, 
therefore C is also square. [vm. 22] 

Again, since B, C, D are in continued proportion, 
and B is square, 
D is also square. [vm. 22] 

Similarly we can prove that all the rest are also square. 
Next, let A be cube; 

I say that all the rest are also cube. 
Now it has been proved that C, the fourth from the unit, 

is cube, as also are all those which leave out two ; [ix. 8] 
I say that all the rest are also cube. 

For, since, as the unit is to A, so is A to B, 
therefore the unit measures A the same number of times as A 
measures B. 

But the unit measures A according to the units in it; 
therefore A also measures B according to the units in itself; 
therefore A by multiplying itself has made B. 



ix . 9, io] P R O P O S I T I O N S 8 — I O 393 

And A is cube. 
But, if a cube number by multiplying itself make some 

number, the product is cube. [ix. 3] 
Therefore B is also cube. 
And, since the four numbers A, B, C, D are in continued 

proportion, 
and A is cube, 
D also is cube. [vm. 23] 

For the same reason 
E is also cube, and similarly all the rest are cube. 

Q. E. D. 

If 1, a3, a „ a,, at, ... are in geometrical progression, a„ a3, ait ... are all 
squares; 
and, if 1, a3, a,, a3,a„ . . . are in geometrical progression, a.„ a3, ... are all cubes. 

( 1 ) By ix. 8, a„ a 4 , a,, ... are all squares. 
And, a', a„ a3 being in geometrical progression, and a3 being a square, 

a3 is a square. [vm. 22] 
For the same reason <?„ a „ ... arc all squares. 

(2) By ix. 8, i7 3 , a 9 , a„ . . . are all cubes. 
Now 1 : a3 = a3 : a2. 

Therefore « a = a3. a3, which is a cube, by ix. 3. 
And, a3, « „ a „ at being in geometrical progression, and a3 being cube, 

at is cube. [vm. 23] 
Similarly we prove that a, is cube, and so on. 
The results are of course obvious in our notation, the series being 

( 1 ) 1, a3, a*, a', . . . a**, 

(2) 1 , a3, a\ a", ... a » . 

PROPOSITION IO. 

If as many numbers as we please beginning from an unit be 
in continued proportion, and the number after the unit be not 
square, neither will any other be square except the third from 
the unit and all those which leave out one. And, if the number 
after the unit be not cube, neither will any other be cube except 
the fourth from the unit and all those which leave out two. 

Let there be as many numbers as we please, A, B, C, D, 
E, F, beginning from an unit and in continued proportion, 
and let A, the number after the unit, not be square ; 



I say that neither will any other be square except the third 
from the unit <and those which 
leave out one > . A 

For, if possible, let C b e square. B 
But B is also square ; [ ix . 8] o 

[therefore B, C have to one another 0 

the ratio which a square number E 

has to a square number]. F 

And, as B is to C, so is A to B; 
therefore A, B have to one another the ratio which a square 
number has to a square number ; 
[so that A, B are similar plane numbers]. [ vm. 26, converse] 

And B is square ; 
therefore A is also square : 
which is contrary to the hypothesis. 

Therefore C is not square. 
Similarly we can prove that neither is any other of the 

numbers square except the third from the unit and those which 
leave out one. 

Next, let A not be cube. 
I say that neither will any other be cube except the fourth 

from the unit and those which leave out two. 
For, if possible, let D be cube. 
Now C is also cube ; for it is fourth from the unit. [ix. 8] 
And, as C is to D, so is B to C; 

therefore B also has to C the ratio which a cube has to a cube. 
And C is cube ; 

therefore B is also cube. [vm. 25] 
And since, as the unit is to A, so is A to B, 

and the unit measures A according to the units in it, 
therefore A also measures B according to the units in itself; 
therefore A by multiplying itself has made the cube number B. 

But, if a number by multiplying itself make a cube number, 
it is also itself cube. [ix. 6] 

Therefore A is also cube : 
which is contrary to the hypothesis. 

Therefore D is not cube. 



Similarly we can prove that neither is any other of the 
numbers cube except the fourth from the unit and those which 
leave out two. 

Q. E. D. 

If i , a, a2, a3, a4, ... be a geometrical progression, then ( i ) , if a is not a 
square, none of the terms will be square except a 2 , a 4 , a,1, 
and (2), if a is not a cube, none of the terms will be cube except a3, as, a„, 

With reference to the first part of the proof, viz. that which proves that, if 
a3 is a square, a must be a square, Heiberg remarks that the words which 
I have bracketed are perhaps spurious; for it is easier to use vui . 24 than 
the converse of v m . 26, and a use of v m . 24 would correspond better to the 
use of v m . 25 in the second part relating to cubes. I agree in this view and 
have bracketed the words accordingly. (See however note, p. 383, on 
converses of villi 26, 27 given by Heron.) It this change be made, the 
proof runs as follows. 

(1) If possible, let a3 be square. 
Now «.2 : a3 = a : a 2 . 
But a 2 is a square. [ ix. 8] 
Therefore a is to a2 in the ratio of a square to a square. 
And « 2 is square; 

therefore a is square [vm. 24] : which is impossible. 

(2) If possible, let at be a cube. 
Now « 3 : at = a 8 : a3. 

And a3 is a cube. [ix. 8] 
Therefore a, is to a, in the ratio of a cube to a cube. 
And a, is a cube : 

therefore <z2 is a cube. [vm. 25] 
But, since 1 : a = a : at, 

<23 = a2. 

And, since a2 is a cube, 
a must be a cube [ix. 6 ] : which is impossible. 

The propositions v m . 24, 25 are here not quoted in their exact form in 
that the first and second squares, or cubes, change places. But there is no 
difficulty, since the method by which the theorems are proved shows that 
either inference is equally correct. 

PROPOSITION I I . 

If as many numbers as we please beginning from an unit be 
in continued proportion, the less measures the greater according 
to some one of the numbers which have place among the propor
tional numbers. 



Let there be as many numbers as we please, B, C, D, E, 
beginning from the unit A and in con
tinued proportion ; A 

I say that B, the least of the numbers B, B 
C, D, E, measures E according to some c 
one of the numbers C, D. D 

For since, as the unit A is to B, so E • 
is D to E, 
therefore the unit A measures the number B the same number 
of times as D measures E ; 
therefore, alternately, the unit A measures D the same number 
of times as B measures E. [vn. 15] 

But the unit A measures D according to the units in it; 
therefore B also measures E according to the units in D ; 
so that B the less measures E the greater according to some 
number of those which have place among the proportional 
numbers.— 

PORISM. And it is manifest that, whatever place the 
measuring number has, reckoned from the unit, the same 
place also has the number according to which it measures, 
reckoned from the number measured, in the direction of the 
number before it.— 

The proposition and the porism together assert that, if 1, a, a a , . . . a . be a 
geometrical progression, ar measures a„ and gives the quotient a „ _ r (r < n). 

Euclid only proves that a„ = a . a n _ , , as follows. 

Therefore 1 measures a the same number of times as a„_, measures a„. 
Hence 1 measures a„_, the same number of times as a measures a , ; 

Q. E. D. 

1 : a = a„_ 

that is, a , = a . a*.,. 
We can supply the proof of the porism as follows. 

1 : a = ar : a r + l , 
a : a a = a r + , : a r + a , 

[vn. 14] 



PROPOSITION 12 . 

If as many numbers as we please beginning from an unit be 
in continued proportion, by however many prime numbers the 
last is measured, the next to the unit will also be measured by 
the same. 

Let there be as many numbers as we please, A, B, C, D, 
beginning from an unit, and in continued proportion ; 
I say that, by however many prime numbers D is measured, 
A will also be measured by the same. 

A — P 
B G 
O H 
D 
P 

For let D be measured by any prime number E; 
I say that E measures A. 

For suppose it does not; 
now E is prime, and any prime number is prime to any which 
it does not measure ; [vu. 29] 
therefore E, A are prime to one another. 

And, since E measures D, let it measure it according to F, 
therefore E by multiplying F has made D. 

Again, since A measures D according to the units in C, 
[ix. 11 and Por.] 

therefore A by multiplying C has made D. 
But, further, E has also by multiplying F made D; 

therefore the product of A, C is equal to the product of E, F. 
Therefore, as A is to E, so is Fto C. [vu. 19] 
But A, E are prime, 

primes are also least, [vn. 21] 
and the least measure those which have the same ratio the 
same number of times, the antecedent the antecedent and the 
consequent the consequent; [vn. 20] 
therefore E measures C. 

Let it measure it according to G; 
therefore E by multiplying G has made C. 

But, further, by the theorem before this, 
A has also by multiplying B made C. [ ix. 11 and Por.] 



Therefore the product of A, B is equal to the product of 
£, G. 

Therefore, as A is to E, so is G to B. [vn. 19] 
But A, E are prime, 

primes are also least, [vn. 21] 
and the least numbers measure those which have the same 
ratio with them the same number of times, the antecedent the 
antecedent and the consequent the consequent: lvn. 20] 
therefore E measures B. 

Let it measure it according to H; 
therefore E by multiplying H has made B. 

But further A has also by multiplying itself made B; 
[ix. 8] 

therefore the product of E, H is equal to the square on A. 
Therefore, as E is to A, so is A to H. [vn. 19] 
But A, E are prime, 

primes are also least, [vn. 21] 
and the least measure those which have the same ratio the 
same number of times, the antecedent the antecedent and the 
consequent the consequent; [vu. 20] 
therefore E measures A, as antecedent antecedent. 

But, again, it also does not measure i t : 
which is impossible. 

Therefore E, A are not prime to one another. 
Therefore they are composite to one another. 
But numbers composite to one another are measured by 

some number. [vn. Def. 14] 
And, since E h by hypothesis prime, 

and the prime is not measured by any number other than itself, 
therefore £ measures A, E, 
sa that E measures A. 

[But it also measures D ; 
therefore £ measures A, D.~\ 

Similarly we can prove that, by however many prime 
numbers D is measured, A will also be measured by the same. 

Q. E. D. 

If 1, a, a a„ be a geometrical progression, and an be measured by any 
prime number / , a will also be measured by p. 



For, if possible, suppose that p does not measure a) then, / being prime, 
/, a are prime to one another. [vn. 29] 

Suppose «„ = m.p. 
Now an = a . «„_, . [ ix. 1 1 ] 
Therefore a . «„_, = / » . / , 

and a : p = m : <»»_,. [vn. 19] 
Hence, a, p being prime to one another, 

/ measures «„_, . [vn. 20, 21] 
By a repetition of the same process, we can prove that / measures aM_ 2 

and therefore a„_ 3 , and so on, and finally that / measures a. 
But, by hypothesis, / does not measure a: which is impossible. 
Hence / , a are not prime to one another: 

therefore they have some common factor. [vn. Def. 14] 
But / is the only number which measures / ; 

therefore / measures a. 
Heiberg remarks that, as, in the ! K 0 « T « , Euclid sets himself to prove that 

E measures A, the words bracketed above are unnecessary and therefore 
perhaps interpolated. 

PROPOSITION 13 . 

If as many numbers as we please beginning from an unit be 
in continued proportion, and the number after the unit be prime, 
the greatest will not be measured by any except those which, have 
a place among the proportional numbers. 

Let there be as many numbers as we please, A, B, C, D, 
beginning from an unit and in continued proportion, and let A, 
the number after the unit, be prime ; 
I say that D, the greatest of them, will not be measured by any 
other number except A, B, C. 

A £ 
B F 
C Q 
D H 

For, if possible, let it be measured by E, and let E not be 
the same with any of the numbers A, B, C. 

It is then manifest that E is not prime. 
For, if £ is prime and measures Dr 

it will also measure A [ i x . 12] , which is prime, though it is not 
the same with i t : 
which is impossible. 



Therefore E is not prime. 
Therefore it is composite. 
But any composite number is measured by some prime 

number; [vn. 31] 
therefore E is measured by some prime number. 

I say next that it will not be measured by any other prime 
except A. 

For, if E is measured by another, 
and E measures D, 
that other will also measure D; 
so that it will also measure A [ ix . 12], which is prime, though 
it is not the same with i t : 
which is impossible. 

Therefore A measures E. 
And, since E measures D, let it measure it according to F. 
I say that F is not the same with any of the numbers 

A, B, C. 
For, if F\s the same with one of the numbers A, B, C, 

and measures D according to E, 
therefore one of the numbers A,B, C also measures D according 
to E. 

But one of the numbers A, B, C measures D according to 
some one of the numbers A, B, C; [ix. 11] 
therefore E is also the same with one of the numbers A, B, C: 
which is contrary to the hypothesis. 

Therefore F is not the same as any one of the numbers 
A. B, C. 

Similarly we can prove that F is measured by A, by 
proving again that F is not prime. 

For, if it is, and measures D, 
it will also measure A [ix. 12], which is prime, though it is not 
the same with i t : 
which is impossible; 
therefore F is not prime. 

Therefore it is composite. 
But any composite number is measured by some prime 

number; [vu. 31] 
therefore F is measured by some prime number. 
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I say next that it will not be measured by any other prime 
except A. 

For, if any other prime number measures F, 
and F measures D, 
that other will also measure D; 
so that it will also measure A [ix. 12] , which is prime, though it 
is not the same with i t : 
which is impossible. 

Therefore A measures F. 
And, since E measures D according to F, 

therefore E by multiplying F has made D. 
But, further, A has also by multiplying C made D; [ ix. u ] 

therefore the product of A, C is equal to the product of E, F. 
Therefore, proportionally, as A is to E, so is F to C. 

[vn. 19] 
But A measures E; 

therefore ./''also measures C. 
Let it measure it according to G. 
Similarly, then, we can prove that G is not the same with 

any of the numbers A, B, and that it is measured by A. 
And, since F measures C according to G 

therefore F by multiplying G has made C. 
But, further, A has also by multiplying B made C; [ix. n ] 

therefore the product of A, B is equal to the product of F, G. 
Therefore, proportionally, as A is to F, so is G to B. 

[vn. 19] 

But A measures F; 
therefore G also measures B. 

Let it measure it according to / / . 
Similarly then we can prove that H is not the same 

with A. 
And, since G measures B according to H, 

therefore G by multiplying H has made B. 
But further A has also by multiplying itself made B; 

[ l * . 8] 

therefore the product of / / , G is equal to the square on A. 
Therefore, as H is to A, so is A to G. [vn. 19] 



But A measures G ; 
therefore H also measures A, which is prime, though it is not 
the same with i t : 
which is absurd. 

Therefore D the greatest will not be measured by any 
other number except A, B, C. 

Q. E. D. 

If i, a, au ... a„ be a geometrical progression, and if a is prime, fl„ will not 
be measured by any numbers except the preceding terms of the series. 

If possible, let a„ be measured by b, a number different from all the 
preceding terms. 

Now b cannot be prime, for, if it were, it would measure a. [ix. 12] 
Therefore b is composite, and hence will be measured by some prime 

number [vn. 31] , say / . 
Thus / must measure a„ and therefore a [ix. 1 2 ] ; so that / cannot be 

different from a, and b is not measured by any prime number except a. 
Suppose that aH — b.e. 
Now c cannot be identical with any of the terms a, a 2 , ... a n _, ; for, if it 

were, b would be identical with another of them: [ix. 11] 
which is contrary to the hypothesis. 

We can now prove (just as for b) that c cannot be prime and cannot be 
measured by any prime number except a. 

Since b. e = an = a . an.u [ ix. 11] 
a :b = c: a „_ , , 

whence, since a measures b, 
c measures a„_ , . 

Let a„_, = c.d. 
We now prove in the same way that d is not identical with any of the terms 
a, aj , ... a„_ 2 , is not prime, and is not measured by any prime except a, and 
also that 

d measures a n _ s . 
Proceeding in this way, we get a last factor, say k, which measures a 

though different from i t : 
which is absurd, since a is prime. 

Thus the original supposition that a„ can be measured by a number b 
different from all the terms a, a„, . . . a,,., must be incorrect. 

Therefore etc. 

PROPOSITION 14. 

If a number be the least that is measured by prime numbers, 
it will not be measured by any other prime number except those 
originally measuring it. 

For let the number A be the least that is measured by the 
prime numbers B, C, D; 



F 

Now, since E measures A, let it measure it according 
to F\ 

therefore E by multiplying F has made A. 
And A is measured by the prime numbers B, C, D. 
But, if two numbers by multiplying one another make some 

number, and any prime number measure the product, it will 
also measure one of the original numbers ; [vu. 30] 
therefore B, C, D will measure one of the numbers E, F. 

Now they will not measure £ ; 
for £ is prime and not the same with any one of the numbers 
B, C, D. 

Therefore they will measure F, which is less than A : 
which is impossible, for A is by hypothesis the least number 
measured by B, C, D. 

Therefore no prime number will measure A except 
B, C, D. 

Q. E. D. 

In other words, a number can be resolved into prime factors in only 
one way. 

Let a be the least number measured by each of the prime numbers 
b, c, d, ... k. 

If possible, suppose that a has a prime fac to r / different from b, c, d, ... i. 
Let a=p ,m. 

Now b, c, d, ... k, measuring a, must measure one of the two factorsp, m. 
[vn. 30] 

They do not, by hypothesis, measure p; 
therefore they must measure m, a number less than a : 
which is contrary to the hypothesis. 

Therefore a has no prime factors except b, c, d, ... k. 

I say that A will not be measured by any other prime number 
except B, C, D. 

For, if possible, let it be measured by the prime number 
E, and let £ not be the same with any one of the numbers 
B, C, D. 

A B 
E C 

D 



PROPOSITION 15 . 

If three numbers in continued proportion be the least of 
those which have the same ratio with them, any two whatever 
added together will be prime to the remaining number. 

Let A, B, C, three numbers in continued proportion, be 
the least of those which have the same 
ratio with them; A 8 

I say that any two of the numbers c 

A, B, C whatever added together are D—•£—F 
prime to the remainingnumber, namely 
A, B to C; B, C to A ; and further A, C to B. 

For let two numbers DE, EF, the least of those which 
have the same ratio with A, B, C, be taken. [vm. 2] 

It is then manifest that DE by multiplying itself has made 
A, and by multiplying EF has made B, and, further, EF by 
multiplying itself has made C. [vm. 2] 

Now, since DE, EF are least, 
they are prime to one another. [vn. 22] 

But, if two numbers be prime to one another, 
their sum is also prime to each ; [vu. 28] 
therefore DF is also prime to each of the. numbers DE, EF. 

But further DE is also prime to EF; 
therefore DF, DE are prime to EF. 

But, if two numbers be prime to any number, 
their product is also prime to the other ; [vn. 24] 
so that the product of FD, DE is prime to EF; 
hence the product of FD, DE is also prime to the square 
on EF. [vn. 25] 

But the product of FD, DE is the square on DE together 
with the product of DE, EF; [it 3] 
therefore the square on DE together with the product of DE, 
EF is prime to the square on EE. 

And the square on DE is A, 
the product of DE, EF is B, 
and the square on EF is C; 
therefore A, B added together are prime to C. 
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Similarly we can prove that B, C added together are 
prime to A. 

I say next that A, C added together are also prime to B. 
For, since DF is prime to each of the numbers DE, EF, 

the square on DF is also prime to the product of DE, EF. 
[vn. 2 4 , 2 5 ] 

But the squares on DE, EF together with twice the pro
duct of DE, EF are equal to the square on DF; [11. 4 ] 
therefore the squares on DE, EF together with twice the 
product of DE, EF are prime to the product of DE, EF. 

Separando, the squares on DE, EF together with once 
the product of DE, EF are prime to the product of DE, EF. 

Therefore, separando again, the squares on DE, EF are 
prime to the product of DE, EF. 

And the square on DE is A, 
the product of DE, EF is B, 
and the square on EF is C. 

Therefore A, C added together are prime to B. 
Q. E. D. 

If a, b, c be a geometrical progression in the least terms which have a 
given common ratio, (b + c), (c + a), (a + b) are respectively prime to a, b, c. 

Let a : /3 be the common ratio in its lowest terms, so that the geometrical 
progression is 

a", oj9, j8>. [vm. 2] 

Now, a, /3 being prime to one another, 
a + /3 is prime to both a and p. [vn. 28 ] 

Therefore (a + /3), a are both prime to /3. 
Hence (o + /?) o is prime to p, [vn. 2 4 ] 

and therefore to ft*; [vu. 2 5 ] 
i.e. o ' + aP is prime to p2, 
or a + b is prime to c. 

Similarly, 0/8 + /3» is prime to a», 
or b + c is prime to a. 

Lastly, a + p being prime to both a and P, 
(a + P)* is prime to a/}, [vn . 24 , 2 5 ] 

or o* + p1 + 2a/8 is prime to o j 8 : 
whence a ' + P1 is prime to a/}. 

The latter inference, made in two steps, may be proved by reductio ad 
absurdum as Commandinus proves it. 

If a J + p1 is not prime to a/3, let x measure them; 
therefore x measures a' + p2 + ia.p as well as a / 3 ; 
hence a ' + / 3 s + 2 a/3 and a/3 are not prime to one another, which is contrary 
to the hypothesis. 



PROPOSITION 16. 

If two numbers be prime to one another, the second will not 
be to any other number as the first is to the second. 

For let the two numbers A, B be prime to one another ; 
I say that B is not to any other number as 
A is to B. A 

For, if possible, as A is to B, so let B be B 
to C. c 

Now A, B are prime, 
primes are also least, [vn. 21] 
and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent; [vn. 20] 
therefore A measures B as antecedent antecedent. 

But it also measures itself; 
therefore A measures A, B which are prime to one another: 
which is absurd. 

Therefore B will not be to C, as A is to B. 
Q. E. D. 

If a, b are prime to one another, they can have no integral third 
proportional. 

If possible, let a : b = b : x. 
Therefore [vn. 20, 21] a measures b; and a. b have the common measure 

a, which is contrary to the hypothesis. 

PROPOSITION 17. 

If there be as many numbers as we please in continued 
proportion, and the extremes of them be prime to one another, 
the last will not be to any other number as the first to the 
second. 

For let there be as many numbers as we please, A,B, C,D, 
in continued proportion, 
and let the extremes of them, A, B 

D, be prime to one another; £ 
I say that D is not to any other E 

number as A is to B. 
For, if possible, as A is to B, so let D be to E; 

therefore, alternately, as A is to D, so is B to E. [vn. 13] 



PROPOSITION I 8. 

Given two numbers, to investigate whether it is possible to 
find a third proportional to them. 

Let A, B be the given two numbers, and let it be required 
to investigate whether it is possible to find a third proportional 
to them. 

Now A, B are either prime to one another or not. 
And, if they are prime to one another, it has been proved 

that it is impossible to find a third proportional to them. 
[ ix. 16] 

But A, D are prime, 
primes ar& also least, [vn. 21] 
and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent. [vn. 20] 

Therefore A measures B. 
And, as A is to B, so is B to C. 
Therefore B also measures C ; 

so that A also measures C. 
And since, as B is to C, so is C to D, 

A D r and B measures C, 
therefore C also measures D. 

But A measured C; 
so that A also measures D. 

But it also measures itself; 
therefore A measures A, D which are prime to one another: 
which is impossible. 

Therefore D will not be to any other number as A is to B. 
Q. E. D. 

If a, a2, alt ... an be a geometrical progression, and a, a„ are prime to one 
another, then a, a2, an can have no integral fourth proportional. 

For, if possible, let a : a2 = an : x. 
Therefore a : an = a, : x, 

and hence [vn. 20, 21] a measures a,. 
Therefore a2 measures a3, [vn. Def. 20] 

and hence a measures « 8 , and therefore also ultimately aK. 
Thus a, an are both measured by a : which is contrary to the hypothesis. 



Next, let A, B not be prime to one another, 
and let B by multiplying itself make C. 

Then A either measures C or does not measure it. 

First, let it measure it according to D; 
therefore A by multiplying D has made C. 

But, further, B has also by multiplying itself made C; 
therefore the product of A, D is equal to the square on B. 

Therefore, as A is to B, so is Z? to Z? ; [vn. 19] 
therefore a third proportional number D has been found to 

I say that it is impossible to find a third proportional number 
to A, B. 

For, if possible, let D, such third proportional, have been 
found. 

Therefore the product of A, D is equal to the square on B. 
But the square on B is C; 

therefore the product of A, D is equal to C. 
Hence A by multiplying D has made C; 

therefore A measures C according to D. 
But, by hypothesis, it also does not measure i t : 

which is absurd. 
Therefore it is not possible to find a third proportional 

number to A, B when A does not measure C. Q. E. D. 
Given two numbers a, b, to find the condition that they may have an 

integral third proportional. 
(1) a, b must not be prime to one another. [ix. 16] 
(2) a must measure P. 

For, if a, b, c be in continued proportion, 

Therefore a measures P. 
Condition (1) is included in condition (2) since, if b1 - ma, a and b cannot 
be prime to one another. 

The result is of course easily seen if the three terms in continued 
proportion be written 

A, B. 

Next, let A not measure C; 
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PROPOSITION 19 . 

Given three numbers, to investigate when it is possible to 

Let A, B, C be the given three numbers, and let it be 
required to investigate when it is A 

possible to find a fourth proportional B 

to them. c 

Now either they are not in con- D 

tinued proportion, and the extremes E 

of them are prime to one another ; 
or they are in continued proportion, and the extremes of them 
are not prime to one another ; 
or they are not in continued proportion, nor are the extremes 
of them prime to one another ; 
or they are in continued proportion, and the extremes of them 
are prime to one another. 

If then A, B, C are in continued proportion, and the 
extremes of them A, C are prime to one another, 
it has been proved that it is impossible to find a fourth pro-

tNext , let A, B, C not be in continued proportion, the 
extremes being again prime to one another; 
I say that in this case also it is impossible to find a fourth 

For, if possible, let D have been found, so that, 
as A is to B, so is C to D, 

and let it be contrived that, as B is to C, so is D to E. 
Now, since, as A is to B, so is C to D, 

and, as B is to C, so is D to E, 
therefore, ex aequali, as A is to C, so is C to E. [vu. 14] 

But A, C are prime, 
primes are also least, [vn. 21] 
and the least numbers measure those which have the same 
ratio, the antecedent the antecedent and the consequent the 
consequent [vn. 20] 

Therefore A measures C as antecedent antecedent. 

find a fourth proportional to them. 

portional number to them. [ix. 17] 

proportional to them. 



But it also measures itself; 
therefore A measures A, C which are prime to one another : 
which is impossible. 

Therefore it is not possible to find a fourth proportional 
to A, B, C.t 

Next, let A, B, C be again in continued proportion, 
but let A, C not be prime to one another. 

I say that it is possible to find a fourth proportional to 
them. 

For let B by multiplying C make D ; 
therefore A either measures D or does not measure it. 

First, let it measure it according to E; 
therefore A by multiplying E has made D. 

But, further, B has also by multiplying C made D ; 
therefore the product of A, £ is equal to the product of 
B, C; 
therefore, proportionally, as A is to B, so is C to £ ; [vn. 19] 
therefore £ has been found a fourth proportional to A, B, C. 

Next, let A not measure D; 
I say that it is impossible to find a fourth proportional number 
to A, B,C. 

For, if possible, let E have been found ; 
therefore the product of A, E is equal to the product of B, C. 

[vn. 19] 
But the product if B, C is D ; 

therefore the product of A, E is also equal to D. 
Therefore A by multiplying E has made D ; 

therefore A measures D according to E, 
so that A measures D. 

But it also does not measure i t : 
which is absurd. 

Therefore it is not possible to find a fourth proportional 
number to A, B, C when A does not measure D. 

Next, let A, B, C not be in continued proportion, nor the 
extremes prime to one another. 

And let B by multiplying C make D. 
Similarly then it can be proved that, if A measures D, 

it is possible to find a fourth proportional to them, but, if it 
does not measure it, impossible. Q. E. D. 
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Given three numbers a, b, c, to find the condition that they may have an 
integral fourth proportional. 

The Greek text of part of this proposition is hopelessly corrupt. Accord
ing to it Euclid takes four cases. 
(1) a, b, c not in continued proportion, and a, c prime to one another. 
(2) a, b, c in continued proportion, and a, c not prime to one another. 
(3) a, b, c not in continued proportion, and a, c not prime to one another. 
(4) a, b, c in continued proportion, and a, c prime to one another. 

(4) is the case dealt with in ix. 17, where it is shown that on hypothesis 
(4) a fourth proportional cannot be found. 

The text now takes case (1) and asserts that a fourth proportional cannot 
be found in this case either. We have only to think of 4, 6, 9 in order to see 
that there is something wrong here. The supposed proof is also wrong. If 
possible, says the text, let d be a fourth proportional to a, b, c, and let e 
be taken such that 

b : c - d : e. 
Then, ex aequali, a : c - c : e, 

whence a measures c : [vn. 20, 21] 
which is impossible, since a, c are prime to one another. 

But this does not prove that a fourth proportional d cannot be found ; it 
only proves that, if a" is a fourth proportional, no integer e can be found to 
satisfy the equation 

b : c = d : e. 
Indeed it is obvious from ix. 16 that in the equation 

a : c = c :e 
e cannot be integral. 

The cases (2) and (3) are correctly given, the first in full, and the other as 
a case to be proved "similarly" to it. 

These two cases really give all that is necessary. 
Let the product be be taken. 
Then, if a measures be, suppose bc = ad; 

therefore a : b = c : d, 
and a" is a fourth proportional. 

But, if a does not measure be, no fourth proportional can be found. 
For, if x were a fourth proportional, ax would be equal to be, and a would 
measure be. 

The sufficient condition in any case for the possibility of finding a fourth 
proportional to a, b, c is that a should measure be. 

Theon appears to have corrected the proof by leaving out the incorrect 
portion which I have included between daggers and the last case (3) dealt 
with in the last lines. Also, in accordance with this arrangement, he does not 
distinguish four cases at the beginning but only two. " Either A, B, C are 
in continued proportion and the extremes of them A, C are prime to one 
another; or not." Then, instead of introducing case (2) by the words 
" N e x t let A, B, C . t o find a fourth proportional to them," immediately 
following the second dagger above, Theon merely says "But, if not," [i.e. 
if it is not the case that a, b, c are in G.P. and a, c prime to one another] "let 
B by multiplying C make D," and so on. 



August adopts Theon's form of the proof. Heiberg does not feel able to 
do this, in view of the superiority of the authority for the text as given above 
( P ) ; he therefore retains the latter without any attempt to emend it. 

PROPOSITION 20. 

Prime numbers are more than any assigned multitude of 
prime numbers. 

Let A, B, C be the assigned prime numbers ; 
I say that there are more 
prime numbers than A, B, C. A— 

For let the least number B Q 

measured by A, B, C be c 
taken, E * F 
and let it be DE; 
let the unit DF be added to DE. 

Then EF is either prime or not. 
First, let it be prime ; 

then the prime numbers A, B, C, EF have been found which 
are more than A, B, C. 

Next, let EF not be prime ; 
therefore it is measured by some prime number. [vn. 31] 

Let it be measured by the prime number G. 
I say that G is not the same with any of the numbers 

A, B, C. 
For, if possible, let it be so. 
Now A, B, C measure DE; 

therefore G also will measure DE. 
But it also measures EF. 
Therefore G, being a number, will measure the remainder, 

the unit DF: 
which is absurd. 

Therefore G is not the same with any one of the numbers 
A, B, C. 

And by hypothesis it is prime. 
Therefore the prime numbers A, B, C, G have been found 

which are more than the assigned multitude of A, B, C. 
Q. E. D. 



We have here the important proposition that the number of prime numbers 
is infinite. 

The proof will be seen to be the same as that given in our algebraical 
text-books. Let a, b, e,... k be any prime numbers. 

Take the product abc... h and add unity. 
Then (abc... k + 1) is either a prime number or not a prime number. 

(1) If it is, we have added another prime number to those given. 
(2) If it is not, it must be measured by some prime number [vn. 31] , say / . 
N o w / cannot be identical with any of the prime numbers a, b,c,... k. 
For, if it is, it will divide abc ...k. 

Therefore, since it divides (abc...h+ 1) also, it will measure the difference, 
or unity: 
which is impossible. 

Therefore in any case we have obtained one fresh prime number. 
And the process can be carried on to any extent. 

PROPOSITION 2 1 . 

If as many even numbers as we please be added together, 
the whole is even. 

For let as many even numbers as we please, AB, BC, CD, 
DE, be added together; 
I say that the whole AE A ? c 0—E 
is even. 

For, since each of the numbers AB, BC, CD, DE is even, 
it has a half part.; [vn. Def. 6] 
so that the whole AE also has a half part. 

But an even number is that which is divisible into two 
equal parts; [id.] 
therefore AE is even. 

Q. E. D. 

In this and the following propositions up to ix. 34 inclusive we have a 
number of theorems about odd, even, "even-times e v e n " and "even-times 
odd " numbers respectively. They are all simple and require no explanation 
in order to enable them to be followed easily. 

PROPOSITION 22. 

If as many odd numbers as we please be added together, and 
their multitude be even, the whole will be even. 

For let as many odd numbers as we please, AB, BC, CD, 
DE, even in multitude, be added together; 
I say that the whole AE is even. 



But the multitude of the units is also even. 
Therefore the whole AE is also even. [ix. 21] 

Q . E . D . 

PROPOSITION 23. 

If as many odd numbers as we please be added together, 
and their multitude be odd, the whole will also be odd. 

For let as many odd numbers as we please, AB, BC, CD, 
the multitude of which is odd, 
be added together; A B C E O 
I say that the whole AD is 1 ' l~ 
also odd. 

Let the unit DE be subtracted from CD; 
therefore the remainder CE is even. [vu. Def. 7] 

But CA is also even ; [ix. 22] 
therefore the whole AE is also even. [ix. 21] 

And DE is an unit. 
Therefore AD is odd. [vn. Def. 7] 

Q . E . D . 

3. Literally " let there lie as many numbers as we please, of which let the multitude be 
odd." This form, natural in Greek, is awkward in English. 

PROPOSITION 24. 

If from an even number an even number be subtracted, the 
remainder will be even. 

For from the even number AB let the even number BC 
be subtracted: 
I say that the remainder CA is even. A 9 B 

For, since AB is even, it has a half 
part. [vn. Def. 6] 

For, since each of the numbers AB, BC, CD, DE is odd, 
if an unit be subtracted from each, each of the remainders will 
be even ; [vu. Def. 7] 
so that the sum of them will be even. [ix. 21] 

A ? ? ? ? 



PROPOSITION 25. 

If from an even number an odd number be subtracted, the 
remainder will be odd. 

For from the even number AB let the odd number BC be 
subtracted; 
I say that the remainder CA is odd. A c D B 

For let the unit CD be sub
tracted from BC; 
therefore DB is even. [vu. Def. 7] 

But AB is also even ; 
therefore the remainder AD is also even. [ix. 24] 

And CD is an unit; 
therefore CA is odd. [vn. Def. 7] 

Q . E . D . 

PROPOSITION 26. 

If from an odd number an odd number be subtracted, the 
remainder will be even. 

For from the odd number AB let the odd number BC be 
subtracted ; 
I say that the remainder CA is even. A c D B 

For, since AB is odd, let the unit 
BD be subtracted ; 
therefore the remainder AD is even. [vu. Def. 7] 

For the same reason CD is also even ; [vn. Def. 7] 
so that the remainder CA is also even. [ix. 24] 

Q . E . D . 

For the same reason BC also has a half part; 
so that the remainder [CA also has a half part, and] AC is 
therefore even. 

Q . E . D . 



PROPOSITION 27. 

If from an odd number an even number be subtracted, the 
remainder will be odd. 

For from the odd number AB let the even number BC be 
subtracted; 
I say that the remainder CA is odd. 

Let the unit AD be subtracted ; —1 1 
therefore DB is even. [vu. Def. 7] 

But BC is also even ; 
therefore the remainder CD is even. [ix. 24] 

Therefore CA is odd. [ra Def. 7] 
Q . E . D . 

PROPOSITION 28. 

If an odd number by multiplying an even number make 
some number, the product will be even. 

For let the odd number A by multiplying the even number 
B make C; 
I say that C is even. 

For, since A by multiplying B has o 
made C, 
therefore C is made up of as many numbers equal to B as 
there are units in A. [vn. Def. 15] 

And B is even ; 
therefore C is made up of even numbers. 

But, if as many even numbers as we please be added 
together, the whole is even. [ix. 21] 

Therefore C is even. 
Q . E . D . 

PROPOSITION 29. 

If an odd number by multiplying an odd number make 
some number, the product will be odd. 

For let the odd number A by multiplying the odd number 
B make C; 
I say that C is odd. * 

For, since A by multiplying B has c 

made C, 



therefore C is made up of as many numbers equal to B as 
there are units in A. [vn. Def. 15] 

And each of the numbers A, B is odd ; 
therefore C is made up of odd numbers the multitude of which 
is odd. 

' rr»us C is odd. [ix. 23] 
Q . E . D . 

PROPOSITION 30. 

If an odd number measure an even number, it will also 
measure the half of it. 

For let the odd number A measure the even number B; 
I say that it will also measure the half 
of it. A _ 

For, since A measures B, B 
let it measure it according to C ; c 
I say that C is not odd. 

For, if possible, let it be so. 
Then, since A measures B according to C, 

therefore A by multiplying C has made B. 
Therefore B is made up of odd numbers the multitude 

of which is odd. 
Therefore B is odd : [ix. 23] 

which is absurd, for by hypothesis it is even. 
Therefore C is not odd ; 

therefore C is even. 
Th ifs A measures B an even number of times. 
For this reason then it also measures the half of it. 

Q . E . D . 

PROPOSITION 3 1 . 

If an odd number be prime to any number, it will also be 
prime to the double of it. 

For let the odd number A be prime to any number B, 
and let C be double of B; 
I say that A is prime to C. A 

For, if they are not prime 8 

to one another, some number c 

will measure them. D 
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Let a number measure them, and let it be D. 
Now A is odd; 

therefore D is also odd. 
And since D which is odd measures C, 

and C is even, 
therefore [Z>] will measure the half of C also. [ix. 30] 

But B is half of C; 
therefore D measures B. 

But it also measures A ; 
therefore D measures A, B which are prime to one another: 
which is impossible. 

Therefore A cannot but be prime to C. 
Therefore A, C are prime to one another. 

Q . E . D . 

PROPOSITION 32. 

Each of the numbers which are continually doubled beginning 
from a dyad is even-times even only. 

For let as many numbers as we please, B, C, D, have been 
continually doubled beginning 
from the dyad A ; A 

I say that B, C, D are even- B 

times even only. _ _ 
Now that each of the 

numbers B, C, D is even-times even is manifest; for it is 
doubled from a dyad. 

I say that it is also even-times even only. 
For let an unit be set out. 
Since then as many numbers as we please beginning from 

an unit are in continued proportion, 
and the number A after the unit is prime, 
therefore £>, the greatest of the numbers A, B, C, D, will not 
be measured by any other number except A, B, C. [ix. 13] 

And each of the numbers A, B, C is even ; 
therefore D is even-times even only. [vn. Def. 8] 

Similarly we can prove that each of the numbers B, C is 
even-times even only. 

Q . E , D . 



See the notes on vu . Deff. 8 to 11 for a discussion of the difficulties 
shown by Iamblichus to be involved by the Euclidean definitions of " even-
times even," " even-times odd " and " odd-times even." 

PROPOSITION 33. 

If a number have its half odd, it is even-times odd only. 
For let the number A have its half odd ; 

I say that A is even-times odd only. 
Now that it is even-times odd is * 

manifest; for the half of it, being odd, 
measures it an even number of times. [vn. Def. 9] 

I say next that it is also even-times odd only. 
For, if A is even-times even also, 

it will be measured by an even number according to an even 
number ; [vn. Def. 8] 
so that the half of it will also be measured by an even number 
though it is odd : 
which is absurd. 

Therefore A is even-times odd only. Q. E. D. 

PROPOSITION 34. 

If a number neither be one of those which are continually 
doubled from a dyad, nor have its half odd, it is both even-
times even and even-times odd. 

For let the number A neither be one of those doubled 
from a dyad, nor have its half odd'; 
I say that A is both even-times even A 
and even-times odd. 

Now that A is even-times even is manifest; 
for it has not its half odd. [vn. Def. 8] 

I say next that it is also even-times odd. 
For, if we bisect A, then bisect its half, and do this con

tinually, we shall come upon some odd number which will 
measure A according to an even number. 

For, if not, we shall come upon a dyad, 
and A will be among those which are doubled from a dyad: 
which is contrary to the hypothesis. 
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Thus A is even-times odd. 
But it was also proved even-times even. 
Therefore A is both even-times even and even-times odd. 

Q . E . D . 

PROPOSITION 35. 

If as many numbers as we please be in continued proportion, 
and there be subtracted from the second and the last numbers 
equal to the first, then, as the excess of the second is to the 
first, so will the excess of the last be to all those before it. 

Let there be as many numbers as we please in continued 
proportion, A, BC, D, EF, 
beginning from A as least, A -
and let there be subtracted B~<r~0 
from BC and EF the numbers 0 
BG, FH, each equal to A ; e -j* JHJ-F 
I say that, as GC is to A, so 
is EH to A, BC, D. 

For let FK be made equal to BC, and FL equal to D. 
Then, since FK is equal to BC, 

and of these the part FH is equal to the part BG, 
therefore the remainder HK is equal to the remainder GC. 

And since, as EF is to D, so is D to BC, and BC to A, 
while D is equal to FL, BC to FK, and A to FH, 
therefore, as EF is to FL, so is LF to FK, and FK to FH. 

Separando, as EL is to LF, so is LK to FK, and KH 
to FH. [vn. 1 1 , 1 3 ] 

Therefore also, as one of the antecedents is to one of the 
consequents, so are all the antecedents to all the consequents; 

[vn. 12} 
therefore, as KH is to FH, so are EL, LK. KH to LF, 
FK, HF. 

But KH is equal to CG, FH to A, and LF, FK, HF to 
D, BC, A ; 
therefore, as CG is to A, so is EH to D, BC, A. 

Therefore, as the excess of the second is to the first, so is 
the excess of the last to all those before it. 

Q . E . D . 



ix. 35, 3°] P R O P O S I T I O N S 34—36 421 

This proposition is perhaps the most interesting in the arithmetical Books, 
since it gives a method, and a very elegant one. of summing any series of 
terms in geometrical progression. 

Let a , , a „ a3,...an, a B + 1 be a series of terms in geometrical progression. 
Then Euclid's proposition proves that 

0 « + i - « i ) : (<h + "1 + ••• + « » ) = ( « « - < * i ) : « i -
For clearness' sake we will on this occasion use the fractional notation of 

algebra to represent proportions. 
Euclid's method then comes to this. 

Since ISHMJB.: S , 
a „ a „ _ , a i 

we have, separando, 
»n+i - « n _ a . - _ a , - a , _ g a - « i 

« » « n - i a a « i ' 

whence, since, as one of the antecedents is to one of the consequents, so is 
the sum of all the antecedents to the sum of all the consequents, [vn. 12] 

- "1 ' <**-<*\ 

which gives o, + « „ + . . . .+ an, or S„ . 
If, to compare the result with that arrived at in algebraical text-books, we 

write the series in the form 
a, ar, ar1,...arn'' (n terms), 

ar" -a ar-a we have 

or 

5 , a 

PROPOSITION 36. 

If as many numbers as we please beginning from an unit 
be set out continuously in double proportion, until the sum of all 
becomes prime, and if the sum multiplied into the last make 
some number, the product will be perfect. 

For let as many numbers as we please, A, B, C, D, 
beginning from an unit be set out in double proportion, until 
the sum of all becomes prime, 
let E be equal to the sum, and let E by multiplying D 
make EG; 
I say that EG is perfect. 

For, however many A, B, C, D are in multitude, let so 
many E, HK, L, M be taken in double proportion beginning 
from E; 
therefore, ex aequali, as A is to D, so is E to M. [vn. 14] 



Therefore the product of E, D is equal to the product of 
A, M. [vn. 19] 

And the product of E, D is EG; 
therefore the product of A, Mis also EG. 

Therefore A by multiplying M has made EG ; 
therefore M measures EG according to the units in A. 

And A is a dyad ; 
therefore EG is double of M. 

—A B 

0 
L 

M 

--G 

Q — 

But M, L, HK, E are continuously double of each other; 
therefore E, HK, L, M, EG are continuously proportional in 
double proportion. 

Now let there be subtracted from the second HK and the 
last EG the numbers HN, FO, each equal to the first E; 
therefore, as the excess of the second is to the first, so is the 
excess of the last to all those before it. [ix. 35] 

Therefore, as NK is to E, so is OG to M, L, KH, E. 
And NK is equal to E; 

therefore OG is also equal to M, L, HK, E. 
But FO is also equal to E, 

and E is equal to A, B, C, D and the unit. 
Therefore the whole EG is equal to E, HK, L, M and 

A, B, C, D and the unit; 
and it is measured by them. 

I say also that EG will not be measured by any other 
number except A, B, C, D, E, HK, L, M and the unit. 

For, if possible, let some number P measure EG, 
and let P not be the same with any of the numbers A, B, C, 
D, E, HK, L, M. 

And, as many times as P measures EG, so many units let 
there be in Q; 
therefore Q by multiplying P has made EG. 
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But, further, E has also by multiplying D made EG; 
therefore, as E is to Q, so is P to D. [vn. 19] 

And, since A, B, C, D are continuously proportional 
beginning from an unit, 
therefore D will not be measured by any other number except 
A, B, C. [ix. 13] 

And, by hypothesis, P is not the same with any of the 
numbers A, B, C; 
therefore P will not measure D. 

But, as P is to D, so is E to Q; 
therefore neither does E measure Q. [vn. Def. 20] 

And E is prime; 
and any prime number is prime to any number which it does 
not measure. [vn. 29] 

Therefore E, Q are prime to one another. 
But primes are also least, [vn. 21] 

and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent; [vn. 20] 
and, as E is to Q, so is P to D; 
therefore E measures P the same number of times that Q 
measures D. 

But D is not measured by any other number except 
A, B, Ci 
therefore Q is the same with one of the numbers A, B, C. 

Let it be the same with B. 
And, however many B, C, D are in multitude, let so many 

E, HK, L be taken beginning from E. 
Now E, HK, L are in the same ratio with B, C, D\ 

therefore, ex aequali, as B is to D, so is E to L. [vu. 14] 
Therefore the product of B, L is equal to the product of 

D, E. [vu. 19] 
But the product of D, E is equal to the product of Q, P; 

therefore the product of Q, P is also equal to the product of 
B, L. 

Therefore, as Q is to B, so is L to P. [vn. 19] 
And Q is the same with B ; 

therefore L is also the same with P: 



which is impossible, for by hypothesis P is not the same with 
any of the numbers set out. 

Therefore no number will measure FG except A, B, C, 
D, E, HK, L, J / a n d the unit. 

And FG was proved equal to A, B, C, D, E, HK, L, M 
and the unit; 
and a perfect number is that which is equal to its own parts; 

[vn. Def. 22] 
therefore FG is perfect. 

Q . E . D . 

If the sum of any number of terms of the series 
1, 2, 2', ... 2-" 1 

be prime, and the said sum be multiplied by the last term, the product will be 
a "perfect" number, i.e. equal to the sum of all its factors. 

Let i + 2 + 2 J + .. . + 2 " _ I (= Sn) be prime; 
then shall Sn . 2"" 1 be " perfect." 

Take (n - 1) terms of the series 

These are then terns proportional to the terms 
2, 22, 2', ... 2"- 1 . 

Therefore, ex aequali, 
2 : 2»-' = i ' n : 2 - - ' ^ , , [vn. 14] 

or 2 . 2 n - a 5 n = 2 - 1 . S „ . [vn. 19] 
(This is of course obvious algebraically, but Euclid's notation requires him to 
prove it.) 

Now, by ix. 35, we can sum the series Sn + 2Sn + ... + 2 " _ a 5 n , 
and (2Sn-S„) : Sn = (2— Sn - S„) : (Sn + 2$. + . . . + 2»-»5B). 

Therefore Sn + 2 ^ n + 2 a S„ + ... + 2 n - a 5 n = 2« - ' 5 n - Sn, 
or 2"- 1 S„ = Sn + 2Sn+ 2>Sn + . . . + 2 " - ' ^ , + S„ 

= S „ + 25„ + ... + 2*-*SK + (1 + 2 + 2' + ... + 2-- 1), 
and 2"-1 Sa is measured by every term of the right hand expression. 

It is now necessary to prove that 2 " " ' 5 B cannot have any factor except 
those terms. 

Suppose, if possible, that it has a factor x different from all of them, 
and let 2 B _ 1 ^ » '. *»• 

Therefore Sn:m = x: 2""'. [vn. 19] 
Now 2"" 1 can only be measured by the preceding terms of the series 

1, 2, 21,... 2"-\ [ix. 13] 
and x is different from all of these; 
therefore does not measure 2 n _ 1 , 
so that 5 , does not measure m. [vu. Def. 20] 

And Sn is prime; therefore it is prime to m. [vn. 29] 
It follows [vn. 20, 21] that 

m measures a" - 1 . 



Suppose that m = 2'. 
Now, ex aequali, 2r : 2* _ 1 = S„ : 2n~r~1 Sn. 
Therefore 2r . 2n-r~15. = 2 " - 1 5 , [vn. 19] 

= x.m, from above. 
And m = 2r; 

therefore x = 2n~r~1S„, one of the terms of the series S„, 2SX, 2 ! 5 „ , . . . 2n~'SH: 
which contradicts the hypothesis. 

There 2n-lS„ has no factors except 
£„, 2Sn, 2'S„, ... 2 " -«5„ 1, 2, 2', ... 2"-\ 

Theon of Smyrna and Nicomachus both define a " perfect" number and 
give the law of its formation. Nicomachus gives four perfect numbers and no 
more, namely 6, 28, 496, 8128. He says they are formed in "o rde r ed" 
fashion, there being one among the units (i.e. less than 10), one among the 
tens (less than 100), one among the hundreds (less than 1000) and one among 
the thousands (less than roooo) ; he adds that they terminate in 6 or 8 
alternately. They do all terminate in 6 or 8, as can easily be proved by 
means of the formula (2*— 1 ) 2 " " ' (cf. Loria, Le scienze esatte nelV antica 
Grecia, pp. 840—1), but not alternately, for the fifth and sixth perfect numbers 
both end in 6, and the seventh and eighth both end in 8. Iamblichus adds 
a tentative suggestion that perhaps there may be, in like manner, one perfect 
number among the "first myriads" (less than ioooo 8 ) , one among the "second 
myriads" (less than ioooo 3 ) , and so on. This is, as we shall see, incorrect. 

It is natural that the subject of perfect numbers should, ever since Euclid's 
time, have had a fascination for mathematicians. Fermat (1601 — 1655), in a 
letter to Mersenne (CEuvres de Fermat, ed. Tannery and Henry, Vol . 11., 
1894, pp. 197—9), enunciated three propositions which much facilitate the 
investigation whether a given number of the form 2 " - 1 is prime or not. If 
we write in one line the exponents 1, 2, 3, 4, etc. of the successive powers of 
2 and underneath them respectively the numbers representing the correspond
ing powers of 2 diminished by 1, thus, 

1 2 3 4 5 6 7 8 9 10 11 ...n 
' 3 7 15 3 ' 6 3 I 2 7 25S S 1 1 1 Q 2 3 2 0 4 7 . . . 2 " - 1 , 

the following relations are found to subsist between the numbers in the first 
line and those directly below them in the second line. 

1. If the exponent is not a prime number, the corresponding number is 
not a prime number either (since a'*' — 1 is always divisible by a" — 1 as well 
as by a ' - 1). 

2. If the exponent is a prime number, the corresponding number dimi
nished by 1 is divisible by twice the exponent. [(2* — aViW = (2"" 1 — 1 ) / « ; so 
that this is a special case of " Fermat's theorem " that, i f / is a prime number 
and a is prime to / , then ap~' is divisible by / . ] 

3. If the exponent n is a prime number, the corresponding number is 
only divisible by numbers of the form (2« i«+ i ) . If therefore the corre
sponding number in the second line has no factors of this form, it has no 
integral factor. 

The first and third of these propositions are those which are specially 
useful for the purpose in question. As usual, Fermat does not give his proofs 
but merely adds: " Voila trois fort belles propositions que j 'ay trouvees et 
prouvees non sans peine. Je les puis appeller les fondements de l'invention 
des nombres parfaits." 



I append a few details of discoveries of further perfect numbers after the 
first four. The next are as follows : 

fifth, 2 " ( 2 1 3 - i ) = 33 550 336 
sixth, 2" (2 1 7 - 1) = 8 589 869 056 
seventh, 2 1 8 ( 2 " - 1) = 137 438 691 328 
eighth, 2 ' 0 (2 S , — 1 ) = 2 305 843 008 139 952 128 
ninth, 2M (2" - 1) = 2 658 455 991 569 831 744654692 615 953 842 176 
tenth, 2 " ( 2 w - i ) . 

It has further been proved that 2 i w - i is prime, and so is 2 1 ! , - i . Hence 
2 I M ( 2 1 0 7 - i ) and 2m(2iv-i) are two more perfect numbers. 

The fifth perfect number may have been known to Icmblichus, though he 
does not give i t ; it was however known, with all its factors, in the fifteenth 
century, as appears from a tract written in German which was discovered by 
Curtze (Cod. lat. Monac. 14908). T h e first eight perfect numbers were 
calculated by Jean Prestet (d. 1670). Fermat had stated, and Euler proved, 
that 2 ' 1 - 1 is prime. The ninth perfect number was found by P. Seelhoff 
(Zeitschrift far Math. u. Physik, x x x i . , 1886, pp. 174—8) and verified by 
E. Lucas (Mathisis, vn., 1887, pp. 45—6). The tenth was discovered by 
R. E. Powers (see Bulletin of the American Mathematical Society, xvn i . , 1912, 
p. 162). 21 0 7—1 was proved to be prime by E . Fauquembergue and R. E. 
Powers (1914) , while Fauquembergue proved that 2 l a 7 - i is prime. 

There have been attempts, so far unsuccessful, to solve the question 
whether there exist other " perfect numbers " than those of Euclid, and, in 
particular, perfect numbers which are odd. (Cf. several notes by Sylvester in 
Comptes rendus, cvi . , 1888 ; Catalan, " Melanges mathematiques " in Mim. de 
la Soc. de Liige, 2' Serie, xv. , 1888, pp. 205—7 ; C. Servais in Mathisis, vn. , 
pp. 228—30 and v m . , pp. 92—93, 1 3 5 ; E. Cesaro in Mathisis, vn. , 
pp. 245—6 ; E . Lucas in Mathisis, x . , pp. 74—6). 

For the detailed history of the whole subject see L. E. Dickson, History 
of the Theory of Numbers, Vol . 1., 1919, pp. iii—iv, 3—33. 



I N D E X O F G R E E K W O R D S A N D F O R M S . 

inpm, e x t r e m e (of n u m b e r s in a series) 318, 367: ixpov Kal filaov \6yov Ter/xijoffat, " t o 
be cu t in e x t r e m e a n d m e a n r a t i o " 189 

dXeyot , i r ra t ional 117-8 dvaXoyla, p r o p o r t i o n : def in i t ions of . inter
p o l a t e d 119 fodXayov = dva Xbyov, p r o p o r t i o n a l o r in p ro 
por t ion : used as i n d e c l i n a b l e a d j . a n d a s 
a d v . 129, 165: plcr\ dvd\oyw, m e a n p r o 
por t iona l (of s t ra igh t l ine) 119, s i m i l a r l y pjaos dvdXoyov o f n u m b e r s 195, 363 e t c . : rptrri {rpLroi) dvdXoyov, th i rd p r o p o r t i o n a l 
114, 407-8: Ttrdpn} ( W r o p r o i ) dvdXoyov, 
fourth p ropo r t i ona l 115, 409: e£ijs dvdXoyov 
in c o n t i n u e d p r o p o r t i o n 346 AvdraXiv (\6yoi), inverse ( ra t io) , i n v e r s e l y 134 dvaffTptipavTi, convertendo 135 

dvaaTpo<pT) X6yov, c o n v e r s i o n o f a ra t io 135 
deicreUis itfiadKis taos, u n e q u a l b y u n e q u a l 

b y e q u a l (o f so l id n u m b e r s ) = scalene, fftprjtfivKtn, (rtpijKtffKoi o r fiwpUeicos 290 dvop-olm reTay/itvuv rtov \bya>v (of perturbed proportion) i n A r c h i m e d e s 136 apravatptats, TJ afrrii, def in i t ion o f same ratio 
in A r i s t o t l e (ivSvipalptftt A l e x a n d e r ) 110: 
t e rms e x p l a i n e d i l l dvTiTtvovBbra. oxilfMtTai r e c i p r o c a l ( = rec i 
p r o c a l l y r e l a t ed ) figures, i n t e rpo l a t ed def. 
of, 189 

cta-Xari)*, b read th le s s (of p r i m e n u m b e r s ) 285 dTroKaTaoTWTLKbs, recurrent (=spherical), o f 
n u m b e r s 291 cbereoffcu, to meet, o c c a s i o n a l l y to touch 
( instead of ttpirrtaOat) 2: a l so = to pass through, t o lie on 79 ipiOpLot, n u m b e r , def in i t ions of, 280 

dprtdirit apriobiranov ( N i c o m a c h u s ) 282 dpridias ipriot, even-times even 281-2 
d p r i d m repurobs, even-times odd 282-4 
d p r i o W p n r o t , «<£M-0«i/(,\ ' icomachus e tc . ) 282 Uprrun (ipiS/iAs), e v e n (number ) 281 
ifirBeTot, ( p r ime a n d ) i n c o m p o s i t e ( o f 

n u m b e r s ) 284 

p V / S W r a i , to stand (of a n g l e s t a n d i n g o n 
c i r cumfe rence ) 4 ftupioittn, altar-shaped (of " s c a l e n e " so l id 
numbers ) 290 

yeyovhw (in cons t ruc t ions ) , " l e t i t b e m a d e " 
248 

yeyovbs 4» rfi; rb ivvraxiif, " w h a t w a s en 
j o i n e d w i l l h a v e b e e n d o n e " 80, 261 yevopevos, b i( abrur, " t h e i r product" 316, 326 e t c . : b tK rod Ms yeyb/uvos="the square o f t h e o n e " 327 yvibfiuv, g n o m o n : D e m o c r i t u s rtpl Sicupo-pijs yvupovos (yvtlffiijt o r ytavlnjit) yj repl if/atotot KVKXOV KOX o<palp-qs 40: (of n u m b e r s ) 
289 

ypap.fj.iK6s, l inear (of n u m b e r s in o n e d i m e n 
sion) 287: (of p r i m e n u m b e r s ) 285 ypdfcffdcu, " t o be proved" ( A r i s t o t l e ) 120 

Sifrrepoi, secondary ( o f n u m b e r s ) : in N i c o 
m a c h u s a n d I a m b l i c h u s a s u b d i v i s i o n o f odd 286, 287 btxbp.aov, " a d m i t t i n g " ( o f s e g m e n t o f c i r c l e 
a d m i t t i n g o r c o n t a i n i n g an a n g l e ) 5 SiatpeuiSax (used o f " s e p a r a t i o n " o f r a t i o s ) : SiaipedtvTa, separando, o p p . t o avyKclixem, componendo 168 Siaipeou \byov, separation, l i t e ra l ly division, 
o f ra t io 135 bicttvypjvr) [dvaXoyla), d i s j o i n e d , = d i s c r e t e 
( p r o p o r t i o n ) 293 tukbrrt, separando, l i t e ra l ly dividendo (of 
p ropor t ions ) 135 

otr)p-i)p.tvT] (dvaXoyla), discrete ( p ropor t ion ) , i . e . 
in four t e r m s , as d i s t i nc t f rom continuous (ovrtxh*, » " W * l ) ' n three t e r m s 131, 
*93 

SiilxBu (Stdyciv), " l e t i t b e d r a w n through" o r "across" 7 
8t' toov, ex aequali ( o f ra t ios) 136: Si' to-ov iv Terapayptv-Q dvaXoyla, "ex aequali in per 

t u rbed p r o p o r t i o n " 136 SucbXovpot, twice-truncated (of p y r a m i d a l 
n u m b e r s ) 291 SirXdoun Xbyos, double r a t i o : SiirXao-tav \byos, duplicate r a t io , c o n t r a s t e d w i t h , 133 duvapus, p o w e r : = a c t u a l v a l u e o f a s u b -
m u l t i p l e in un i t s ( N i c o m a c h u s ) 282: = s i d e 
o f n u m b e r no t a c o m p l e t e squa re ( i .e . root 
or surd) in P l a t o 288, 290: =square in 

tfdot, figure 234: = f o r m 254 
IKOOTOS, e a c h : c u r i o u s u s e of , 79 
A X e i / ^ i o , defect (in a p p l i c a t i o n o f areas) 262 tXXdtuv, " f a l l s h o r t " (in a p p l i c a t i o n o f 

a reas ) 161 
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4.8 I N D E X O F G R E E K W O R D S A N D F O R M S 

tftriwtw, fall in ( = be i n t e r p o l a t e d ) 358 
tva r\etu, " s e v e r a l ones" (def. o f n u m b e r ) 

180 
iraXkaf (Xbyos), a l t e rna t e ( r a t i o ) : a l t e r n a t e l y , 

alternando 134 
ivapiUftw, t o fit in ( a c t i v e ) , i v . D e f . 7 a n d 

i v . 1, 70, 80, 81 
irrln, w i t h i n (o f i n t e r n a l c o n t a c t o f c i rc les ) 

'3 
i^yfi dvdXoyov, in c o n t i n u e d p r o p o r t i o n (of 

t e r m j in g e o m e t r i c a l p r o g r e s s i o n ) 346 
iTLfidpiot Xbyos, superparticularis ratio, 

— the ra t io (n + 1): », 295 
4rlxeSos (dpidpbs), p l a n e ( n u m b e r ) 287-8 
iirbpeva, c o n s e q u e n t s ( = " f o l l o w i n g " t e rms) 

i n a p r o p o r t i o n 134, 238 
irepoii^Kris, oblong (of n u m b e r s ) : in P l a t o = Trpop.JKT)s, w h i c h h o w e v e r is d i s t i n g u i s h e d 

f rom irtpo/iJi'Vi b y N i c o m a c h u s e t c . 289-
90, 193 

ciSirypapipuKbt, r ec t i l i nea r ( t e rm for p r i m e 
n u m b e r s ) 285 ci8vp.tTpiK6t, e u t h y m e t r i c (of p r i m e s ) 285 

Tryovpcva, a n t e c e d e n t s ( " l e a d i n g " t e rms) in 
a p r o p o r t i o n 134 

fvep, t h a n : c o n s t r u c t i o n af ter SiirXtvjtwv e t c . 
•33 

18u>p.1iktis, o f squa re n u m b e r ( l a m b l i c h u s ) 293 
io-dxis laiim lo-os, e q u a l m u l t i p l i e d b y e q u a l 

a n d a g a i n b y e q u a l (o f a c u b e n u m b e r ) 
290, 291 iaaKLS taos, e q u a l m u l t i p l i e d b y e q u a l (o f 
a s q u a r e n u m b e r ) 291 IffdKts toot t\aTTOv&Kti (pxifciv&icii), spec i e s o f 
so l i d n u m b e r s , = TXLVOU (bonis o r ffTTJXls) 
291 

« a W f w , " le t it be c a l l e d , " i n d i c a t i n g o r i g i 
n a l i t y o f a def in i t ion 129 Karapfrpdv, m e a s u r e 115: w i t h o u t r e m a i n d e r , 
c o m p l e t e l y (-rXiipovvTm) 280 KaraoKtvd^u, c o n s t r u c t : tuv olvtwv Kara-
OK€vao64vruv, " w i t h the s a m e cons t ruc 
t ion 11 

Kararofi-ij Kavbvos, Sectio canonis o f E u c l i d 
*95 kIvtpov, c e n t r e : ij 4k too k. = radius 2 

K€paro€iSrjs yuvia, hornlike a n g l e 4, 39, 40 
kX3.V, to break off, infect: KtK\do8u Si] TT&XIV 

47: KCK\doilat, def. of, a l l u d e d to b y 
A r i s t o t l e 47 k6\ovpos, truncated (of p y r a m i d a l n u m b e r 
minus v e r t e x ) 291 

KvxXtKbs, cyclic, a p a r t i c u l a r s p e c i e s o f squa re 
n u m b e r 291 

XAyos, r a t i o : m e a n i n g 117: def ini t ion of, 
116-9: o r i g i n a l m e a n i n g (of s o m e t h i n g 
expressed) a c c o u n t s for use o f &Xoyos, 
having no ratio, irrational 117 

fufiovCtoBai, t o b e isolated, o f fiovds ( T h e o n 
o f S m y r n a ) 279 

pipos, p a r t : t w o m e a n i n g s 115: g e n e r a l l y = 
s u b m u l t i p l e 180: /tip*), parts ( — p r o p e r 
f rac t ion) 115, 280 

pjfflj dvdXoyov (ebBeta), pjtios dvdXoyov (dpid-
pbs), m e a n p r o p o r t i o n a l (s t ra ight l ine o r 
n u m b e r ) 129, 295, 363 e t c . fiij ydp, " s u p p o s e it i s n o t " 7 pvqKos, l e n g t h (of n u m b e r in o n e d i m e n s i o n ) : 
= s ide o f c o m p l e t e squa re in P l a t o 288 

povds, un i t , m o n a d : s u p p o s e d e t y m o l o g i c a l 
c o n n e x i o n w i t h pbvos, so l i t a ry , iiorl), rest 

»79 
S/MHOS, s i m i l a r : ( o f rec t i l inea l figures) 188: 

(of p l a n e a n d so l id n u m b e r s ) 293 opotoTij! \byar, " s i m i l a r i t y o f r a t i o s " (inter
p o l a t e d def . o f p ropor t ion ) 119 

bpdXoyot, h o m o l o g o u s , c o r r e s p o n d i n g 134: 
e x c e p t i o n a l l y " in t he s a m e ra t io w i t h " 
238 

Spos, termy in a p r o p o r t i o n 131 

irapafiaWfiv drb, u s e d , e x c e p t i o n a l l y , ins tead 
o f wapafidWetv irapd, o r iyaypdupciv dxd 262 

wapa\\&TTtat " f a l l s i d e w a y s ' ' o r " a w r y " 54 
revrdypafifioy 99 
irtpalvovva roaonjs, " l i m i t i n g q u a n t i t y " 

( T h y m a r i d a s ' def in i t ion o f uni t ) 179 irepicrcr&Kf; Aprtoi, odd-times even 182-4 T€puT<r&Kit irtpuTffSs, odd-times odd 284 
TTepiffo-dprtot, odd-even ( N i c o m a c h u s e tc . ) 283 
T€pioa6s, o d d 281 
TIJXLKOI, h o w g r e a t : refers to continuous 

( g e o m e t r i c a l ) m a g n i t u d e as TOC6S to discrete 
(mul t i tude ) 116-7 

mjXtKirijt, used in v . D e f . 3, and spur ious 
D e f . 5 o f v i . : = size (not quantupHicity a s it 
i s t r ans la ted b y D e M o r g a n ) 116-7, x^9~ 
90: s upposed mu l t i p l i c a t i on o f mj\t*r6np'« 
( v i . D e f . 5) 133: d i s t inc t ion b e t w e e n 
TIJXIKSTIJS a n d ft4y€$ot 117 

irXdroi , b r e a d t h : (of n u m b e r s ) 388 7r\€vpdt s i d e : (of factors o f " p l a n e " a n d 
" s o l i d " numbers ) 288 

WXT/OQS wptfffjJvov o r wtT€pafffityoy, d e n n e d or 
finite mu l t i t ude (defini t ion o f n u m b e r ) 280: 
4K {JLOV&SUV avyKttfxfvoy TrKrjOos ( E u c l i d ' s 
def . ) 280 

Tro\\aw\a<Tia{?Li>, m u l t i p l y : def ined 287 
wo\\ar\aoiaofi6st m u l t i p l i c a t i o n : na0' 6wotov-ovv TroWatrXao-iaoiibv " ( a r i s i n g ) f rom a n y 

mul t i p l i c a t i on w h a t e v e r " 120 
r o W a i r X d m o f , m u l t i p l e : tVdxis iro\\air\dffia, 

e q u i m u l t i p l e s 120 e t c . 
To\>iir\€vpov, m u l t i l a t e r a l : e x c l u d e s rerpd-wXtvpov, quad r i l a t e r a l 239 iroptaaffdat, to Jind 248 voadKii troodKii iroaol, " s o m a n y t imes so 

m a n y t imes so m a n y " (of sol id number s , 
in A r i s t o t l e ) 286, 290 

7TOCT6.Kis woaol, " so m a n y t imes so m a n y " (of 
p l a n e n u m b e r s , in A r i s t o t l e ) 286 voabV) quantity, in A r i s t o t l e 115: refers 
t o m u l t i t u d e as ITTI\IKOV t o m a g n i t u d e 
116-7 
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T^o^tJktji, oblong (of n u m b e r s ) : in P l a t o = 
4TtpofjLi)KT)s, bu t d i s t i ngu i shed b y N i c o 
m a c h u s e t c . 289-90, 293 

-rpo<Tavaypd\f/ai, to draw on to: (of a c i r c l e ) to 
complete, w h e n s e g m e n t i s g i v e n 56 

vpoff€vpetpt to find in add i t i on (o f f i nd ing 
th i rd a n d four th p ropo r t i ona l s ) 214 

jrpurror, p r i m e 284-5 
rpwTot wpbt AWTJXOUJ, ( numbers ) p r i m e to 

o n e a n o t h e r 285-6 

/lifTtii, r a t iona l ( l i t e ra l ly " e x p r e s s i b l e " ) 117 

WWQ|4*i c o n t i n u o u s : <rwfx4t A ' a X o y f a , " c o n 
t inuous p r o p o r t i o n " (in th ree t e rms) 131 

ffwij/i/Unj dvaXoyla., connected ( i .e . c o n 
t inuous) p r o p o r t i o n 131, 2 9 : trvyrtfifiivotf 
o f compound ra t io in A r c h i m e d e s 133 

ffwrBhm, componendo 134—5 
ovv Bum Xoyov, c o m p o s i t i o n o f a r a t io , d i s 

t inct f rom compounding o f ra t ios 134-5 
(nVfleros, c o m p o s i t e (o f n u m b e r s ) : in N i c o 

m a c h u s a n d I a m b l i c h u s a s u b d i v i s i o n o f 
o d d 286 

o-vvloTaaBat, construct', oil o w T a ^ f f e r a i 53 
ffwrtfriifu, <rvyK€tfiat (of ratios) 135, 189-90: 

(TvyKtlfxtva. and StaipeBtva {componendo a n d 
separando) used r e l a t i ve ly t o o n e a n o t h e r 
168, 170 

<jvoTi)ft.a fiov&Swv, " c o l l e c t i o n o f u n i t s " (def. 
o f n u m b e r ) 280 

<Tv0T-i}pLa.TiK6it c o l l e c t i v e 279 
(KftaLpttcds, spherical (of a pa r t i cu l a r s p e c i e s o f 

c u b e d u m b e r ) 291 
0-t^iprtVtfOT, o r o-tfyijvtffHos, o f so l id n u m b e r 

wi th a l l th ree s ides unequa l ( = " sca lene ") 
290 

(rx^fftJ, " r e l a t i o n " : rocA <rx&ri», " a sort o f 
r e l a t i o n " ( in def . o f ra t io ) 116-7 

TCLVTofiTjKrjs, o f squa re n u m b e r ( N i c o m . ) 293 
TO.I>T6TTIS X6yuv, " s a m e n e s s o f r a t i o s " 119 
W X « o s , perfect ( o f a c l a s s o f n u m b e r s ) 293-4 
rerayixivy* {dvaXoyla)," o r d e r e d ( p r o p o r t i o n ) ' 

' 3 7 
Ttrapayfifvri dvaXoyla, perturbed proportion 

136 
T€Tpdir\€opov, q u a d r i l a t e r a l , n o t a " p o l y g o n " 

739
 , , • , r/iiftua {KVKXOV), s e g m e n t (o f c i r c l e ) : r / i i ^ i a ro r 

yuvla, a n g l e of a s e g m e n t 4: iv rpdipMTt 
yujvta, a n g l e in a s e g m e n t 4 

TOfievs (KVKXOV), s e c t o r (of c i r c l e ) : <TKVTOTO-
twcbs TOIMVS, " s h o e m a k e r ' s k n i f e " 5 

TopLoetSijs (of figure), sector-like 5 
ToaavrairXdrnov, " t h e s a m e m u l t i p l e " 146 
Tplyuvov : rb TpnrXovv, TO bt* dXXrjXwv, t r ip le , 

i n t e r w o v e n t r i ang le , = p e n t a g r a m 99 
T/mrXd<riot, t r i p l e , rptirKaaitav, t r i p l i ca t e (of 

ra t ios) 133 
rvyxdveiv, h a p p e n : &X\a, d trvxttVy Urdxts 

iroXXairXdoia, " o t h e r , c h a n c e , e q u i m u l t i 
p l e s " 143-4: rvxoCva ywvta, "any a n g l e " 
212 

vrepreXi^s o r wrcpWXeios, " o v e r - p e r f e c t " (o f 
a c l a s s o f n u m b e r s ) 293-4 

faro&rXcurtof, sub-duplicate, = h a l f ( N i c o 
m a c h u s ) 280 

uToxoXXcurXdVioy, s u b m u l t i p l e ( N i c o m a c h u s ) 
280 

v\pos, h e i g h t 189 

X^plov, a r ea 254 





Adrastus 392 
Alcinous 98 
Alternate and alternately (of ratios) 134 
Alternative proofs, interpolated (cf. i n . 9 

and following) 22 : that in i n . 10 claimed 
by Heron 23-4 

Amaldi, Ugo, 30, 116 
Ambiguous case of v i . 7, 108-9 
Anaximander i n 
Anaximenes 111 
Angle : angles not less than two right angles 

not recognised as angles (cf. Heron, 
Proclus, Zenodorus) 47-9: hollow-angled 
figure (the re-entrant angle was exterior) 
48: did Euclid extend " a n g l e " to angles 
greater than two right angles in VI. 33? 
«75~6: "angle of semicircle" and " of 
segment" 4 : hornlike angle 4, 39, 40: 
controversies about " angle of semicircle " 
and hornlike angle 39-41 (see also Hornlike) 

Antecedents (leading terms in proportion) 134 
Antiparallels : may be used for construction 

of v i . 12, 215 
Apollonius : Plane vevatts, problem from, 81, 

lemma by Pappus on, 64-5: Plane Loci, 
theorem from (arising out of Eucl. VI. 3), 
also found in Aristotle 198-200: 75, 190, 
' 5 8 

Application of areas (including exceeding and 
falling short) corresponding to solution of 
quadratic equations 187, 158-60, 163-5, 
166-7 

Approximations: 7/5 as approximation to 
(Pythagoreans and Plato) 119: approxi
mations to in Archimedes and (in 
sexagesimal fractions) in Ptolemy 119 : to 
w (Archimedes) 119 : to V4500 (Theon of 
Alexandria) 119 

Archimedes: Method of, 40: Liber assump-
torum, proposition from, 65: approxima
tions to ^3, square roots of large numbers, 
and to w 119: extension of a proportion in 
commensurablesto cover incommensurables 
193: 136, 190 

Arcnytas: proof that there is no numerical 
geometric mean between n and n + 1 195 

Aristotle: indicates proof (pre- Euclidean) that 
angle in semicircle is right 63: on def. of 
same ratio (=same irranalpeoa) 110-1 : 
on proportion as ' ' equality of ratios " 119: 

on theorem in proportion not proved 
generally till his time 113: on proportion 
in three terms (ffi/rexijf, continuous), and 
in four terms (ItmyjMfti discrete) 131,193 : 
on alternate ratios 134: on inverse ratio 
134, 149: on similar rectilineal figures 188 : 
has locus-theorem (arising out of Eucl . VI. 
3) also given in Apollonius' Plane Loci 
198-100: on unit 179: on number 180: 
on non-applicability of arithmetical proofs 
to magnitudes if these are not numbers 
113: on definitions of odd and even by one 
another 181: on prime numbers 184-5: 
on composite numbers as plane and solid 
186, 188, 190: on representation of 
numbers by pebbles forming figures 188 

Arithmetic, Elements of, anterior to Euclid 
'95 

August, E . F . 13, 15, 149, 138, 156, 411 
Austin, W . 171, 188, 111, 159 
Axioms tacitly assumed : in Book v . 137 : 

in Book VII. 194 

Babylonians i l l 
Baermann, G . F . 113 
Baltier, R. 30 
Barrow: on Eucl . v . Def. 3, 117: on V. 

Def. 5, 111 : 56, 186, 138 
Billingsley, H . 56, 138 
Boethius 195 
Borelli, G . A . 1, 84 
Breadth (of numbers) = second dimension or 

factor 188 
Briggs, H . 143 

Camerer, J . G . 11, 15, 18, 33, 34, 40, 67, 
i l l , 131, 189, 113, 144 

Campanus 18, 41, 56, 90, 116, 119,111, 146, 
189,111, 134, 135,153, 175, 310, 311, 318 

Candalla 189 
Cantor, Moritz 5 , 40, 97 
Cardano, Hieronimo 41 
Case: Greeks did not infer limiting cases, 

but proved them separately 75 
Casey, J . 117 
Catalan 416 
Cesaro, E . 416 
" Chance equimultiples" in phrase " other, 

chance, equimultiples" 143-4 
Circ le : definition of equal circles 1: circles 

E N G L I S H I N D E X . 



touching^ m e a n i n g o f de f in i t ion , 3: " c i r c l e " 
in sense o f " c m n t m f e r e n c e " 33: c i r c l e s 
i n t e r s e c t i n g a n d t o u c h i n g , diff icul t ies in 
E u c l i d ' s t r e a t m e n t of, 25-7, 28-9, m o d e r n 
t r e a t m e n t of, 30-2 

C l a v i u s 2, < 1, 41, 47, 49, 53, 56, 67, 70, 73, 
130. 17?, 190. 23'» 3̂8» H4» 371 

C o m m a n d i n u s 47, 130, 190 
Componendo (ITWWFTI), d e n o t i n g " c o m p o s i 

t ion " o f r a t i o s q.v.: componendo a n d 
separando u sed r e l a t i v e l y to e a c h o t h e r 
168, 170 

C o m p o s i t e n u m b e r s , in E u c l i d 286: w i t h 
E u c l . a n d T h e o n o f S m y r n a m a y b e e v e n , 
b u t w i t h N i c o m . a n d I a m b i , a re a s u b 
d i v i s i o n o f odd 286: p l a n e a n d so l id 
n u m b e r s s p e c i e s of, 286 

" C o m p o s i t e t o o n e a n o t h e r " (o f n u m b e r s ) 
286-7 

C o m p o s i t i o n o f ra t ios [povBtvix \6yov), d e 
n o t e d b y componendo (ovvBivrt). d i s t inc t 
f rom c o m p o u n d i n g ra t ios 134-5 

C o m p o u n d r a t i o : e x p l a n a t i o n of, 132-3: 
q u e s t i o n a b l e def in i t ion of, 189-90: c o m 
p o u n d e d ra t ios i n v . 20-23, 176-8 

Consequents ( ' 1 f o l l o w i n g " t e r m s in p r o p o r 
t ion) 134, 238 

Continuous p r o p o r t i o n (ovvcxW o r avwTjfjLpJvij 
dvaXoyla) in th ree t e r m s 131 

C o n v e r s i o n o f ra t io {avao-TpoQi) \6yov), de 
n o t e d b y convertendo {dvaarptrf/avTi) 135 : 
convertendo t h e o r e m not e s t a b l i s h e d b y v . 
19, P o r . 174-5, bu t p r o v e d b y S i m s o n ' s 
P r o p . E 175 

Convertendo d e n o t i n g *' c o n v e r s i o n " o f ra t ios , 
q.v* 

Corresponding m a g n i t u d e s 134 
C u b e : d u p l i c a t i o n of, r e d u c e d b y H i p p o 

c ra t e s t o p r o b l e m o f t w o m e a n p ro 
p o r t i o n a l s 133 : c u b e n u m b e r , de f . of, 291: 
t w o m e a n p r o p o r t i o n a l s b e t w e e n t w o c u b e 
n u m b e r s , 294, 364-5 

C u r t z e , M . 426 
Cyclic, o f a p a r t i c u l a r k i n d o f s q u a r e n u m b e r 

791 
Cyclomathia o f L e o t a u d 43 

Data o f E u c l i d : D e f . 2, 248 : P r o p . 8, 249-
50: P r o p . 34, 246-7: P r o p . 55, 354: 
P r o p s . 56 a n d 68, 249: P r o p . 58, 263,265: 
P r o p s . 59 a n d 84, 266-7 : P r o p . 67 a s s u m e s 
par t o f c o n v e r s e o f S i m s o n ' s P r o p . B ( B o o k 
v i . ) 224 : P r o p . 70, 250: P r o p . 85, 264 : 
P r o p . 87, 238 : P r o p . 93, 337 

D e c h a l e s 359 
D e d e k i n d ' s t h e o r y o f i r ra t iona l n u m b e r s 

c o r r e s p o n d s e x a c t l y to E u c l . V . D e f . 5, 
134-6 

D e m o c r i t u s : " On difference of gnomon " e t c . 
(? on " a n g l e o f c o n t a c t " ) 40 : o n pa ra l l e l 
a n d inf in i te ly n e a r s e c t i o n s o f c o n e 40 : 
s t a t e d , w i t h o u t p r o v i n g , p r o p o s i t i o n s a b o u t 
v o l u m e s o f c o n e a n d p y r a m i d 40 

D e M o r g a n , A . : o n def in i t ion o f r a t io r 16—7 : 
o n ex t ens ion o f m e a n i n g o f ratio to c o v e r 

i n c o m m e n s u r a b l e s 118: m e a n s o f express 
i n g ra t ios b e t w e e n i n c o m m e n s u r a b l e s by 
a p p r o x i m a t i o n t o a n y e x t e n t n 8-9: d e 
fence a n d e x p l a n a t i o n o f v . D e f . 5, 131-4: 
o n neces s i t y o f p r o o f that tests for g rea te r 
a n d less , o r g r e a t e r a n d e q u a l , ra t ios c a n 
no t c o e x i s t 130-1,157 : o n c o m p o u n d ra t io 
133-3, 234: s k e t c h o f p r o o f o f ex i s t ence o f 
four th p r o p o r t i o n a l ( assumed in V . 18) 171: 
p r o p o s e d l e m m a a b o u t d u p l i c a t e ra t ios a s 
a l t e r n a t i v e m e a n s o f p r o v i n g Vl« 33,146-7: 
5. 7, 9-10, 11, 15, 10, 33, 39, 56, 76-7, 
83, 101, 104, 116-9, 120, 130, 139, 145. 
197, 301, 117-8, 333, 333, 334, 373, 375 

D e r c y l l i d e s i n 
D i c k s o n , L . E . 436 
Diorismus for so lu t ion o f a q u a d r a t i c 359 
Discrete p r o p o r t i o n , StyprjfUfij or flieftiry^1"!' 

dvaXoyla, in four t e rms 131, 393 
" Dissimilarly ordered" p r o p o r t i o n (drojuotws Terayfiivwu TWIT \6yuv) in A r c h i m e d e s 

= " Perturbed p r o p o r t i o n " 136 
Dividendo (of ra t ios) , see S e p a r a t i o n , separ

ando 
" D i v i s i o n (of r a t i o s ) , " see S e p a r a t i o n 
Divisions {offigures). On, t rea t ise b y E u c l i d , 

p ropos i t i on f rom, 5 
D o d e c a h e d r o n : d e c o m p o s i t i o n o f faces in to 

e l e m e n t a r y t r i a n g l e s , 98 
D o d g s o n , C . L . 48, 375 
D u p l i c a t e ra t io 133: BiirXaoluv, d u p l i c a t e , 

d i s t i nc t f rom 5iwXd<nost d o u b l e ( = rat io 
1 : 1 ) , t h o u g h use o f t e rms no t un i fo rm 133: 
" d u p l i c a t e " o f g i v e n ra t io found b y VI. 
11, 314: l e m m a o n d u p l i c a t e ra t io a s a l 
t e r n a t i v e t o m e t h o d o f v i . 33 ( D e M o r g a n 
a n d o thers ) 343-7 

D u p l i c a t i o n o f c u b e : r educ t ion of, b y H i p p o 
c ra t e s , t o p r o b l e m o f finding t w o m e a n 
p r o p o r t i o n a l s 133: w r o n g l y supposed t o 
b e a l l u d e d t o in Timaeus 33 A, B , 394-5 n. 

E g y p t i a n s 113: E g y p t i a n v i e w o f number 180 
E n r i q u e s ( F . ) a n d A maid i ( U . ) 30, 126 
E q u i m u l t i p l e s : " a n y e q u i m u l t i p l e s w h a t 

e v e r , " iaaKtt iroXXavXdota icaO brotovovv 
iroXXawXaoiaofiov n o : s t e r e o t y p e d ph rase 
' ' o the r , c h a n c e , e q u i m u l t i p l e s " 143-4 : 
shou ld inc lude once e a c h m a g n i t u d e 145 

E r a t o s t h e n e s : m e a s u r e m e n t o f o b l i q u i t y o f 
e c l i p t i c (130 51' i o " ) * i n 

E s c r i b e d c i r c l e s o f t r i ang le 85, 86-7 
E u d e m u s 99, i n 
E u d o x u s 99, 180, 195 : d i s c o v e r e d g e n e r a l 

t h e o r y o f p r o p o r t i o n a l s c o v e r i n g i n c o m 
m e n s u r a b l e s 111-3 : w a s first to p rove 
sc ien t i f i ca l ly t he p ropos i t i ons a b o u t v o l u m e s 
o f c o n e a n d p y r a m i d 40 

E u l e r 426 
E u t o c i u s : o n " v i . D e f . 5" a n d m e a n i n g o f 

mjXiKOTTjs 116, 132, 189-90: g i v e s locus -
t h e o r e m from A p o l l o n i u s ' Plane Loci 108-
200 

E v e n ( n u m b e r ) : def in i t ions b y P y t h a g o r e a n s 
a n d in N i c o m a c h u s 281: def in i t ions o f o d d 
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and even by one another unscientific 
(Aristotle) 181: Nicom. divides even into 
three classes (i)even-times even and (i)even-
limes odd as extremes, and (3) odd-times 
even as intermediate 181-3 

Even-times even: Euclid's use differs from 
use by Nicomachus, Theon of Smyrna and 
Iamblichus 181-1 

Even-times odd in Euclid different from even-
odd of Nicomachus and the rest 181-4 

Ex aequali, of ratios, 136: ex aequali pro
positions (v. 10, 11), and ex aequali " in 
perturbed proportion" (v. n , 13) 176-8 

Faifofer 116 
Fauquembergue, E . 416 
Fermat, 415, 416 
Fourth proportional: assumption of existence 

of, in V . 18, and alternative methods for 
avoiding (Saccheri, De Morgan, Simson, 
Smith and Bryant) 170-4: Clavius made 
the assumption an axiom 170: sketch of 
proof of assumption by De Morgan 171: 
condition for existence of number which 
is fourth proportional to three numbers 
409-11 

Galileo Gali lei: on angle of contaet 41 
Geometric means 357 sqq.: one mean between 

square numbers 194, 363, or between 
similar plane numbers 371-1: two means 
between cube numbers 194, 364-5, or 
between similar solid numbers 373-5 

Geometrical progression 346sqq.: summation 
of » terms of (IX. 35) 410-1 

Gherard of Cremona 47 
Gnomon (of numbers) 189 
Golden section (section in extreme and mean 

ratio), discovered by Pythagoreans 99: 
theory carried further by Plato and Eu-
doxus 99 

Greater ratio: Euclid's criterion not the only 
one 130: arguments from greater to less 
ratios etc. unsafe unless they go back to 
original definitions (Simson on v . 10) 156-7: 
test for, cannot coexist with test for equal 
or less ratio 130-1 

Greatest common measure: Euclid's method 
of finding corresponds exactly to ours 118, 
1991 Nicomachus gives the same method 300 

Gregory, D . 116, 143 

Hiibler, T h . 1940. 
Hankel, H . 116, 117 
Hauber, C . F . 144 
Heiberg, J . L . passim 
Henrici and Treutlein 30 
Heron of Alexandria: Eucl . III. 11 interpo

lated from, 18: extends III. 10,11 to angles 
in segments less than semicircles 47-8: does 
not recognise angles equal to or greater than 
two right angles 47-8: proof of formula for 
area of triangle, A =»Js {s - a) {s - b) (s - e) 
87-8: 5, 16-17, »8', 34, 36, 44, 116, 
189, 301, 310, 383, 395 

Hippasus 97 
Hippocrates of Chios 133 
Hornlike angle (xtparo€i lilt yuvia) 4, 39, 40: 

hornlike angle and angle of semicircle, con
troversies on, 39-41: Proclus on, 39-40: 
Democritus may have written on hornlike 
angle 40: Campanus (" not angles in same 
sense") 41: Cardann (quantities of different 
orders or kinds): Peletier (hornlike angle 
no angle, no quantity, nothing; angles of 
all semicircles right angles and equal) 41 : 
Clavius 41: V ie taand Galileo ("angle of 
contact no angle") 41: Wallis (angle of 
contact not inclination at all but degree of 
curvature) 41 

Hultsch, F . 133, 190 

Iamblichus 97, 116, 179, 180, 181, 183,184, 
185,186,187,188,189,190,191,191, 193, 
419, 415, 416 

Icosahedron 98 
Incommensurables: method of testing incom

mensurability (process of finding G.C.M.) 
118: means of expression consist in power 
of approximation without limit (De Morgan) 
119: approximations to ^/i (by means of 
side- and diagonal-numbers) 119, to 
and to r, 119: to V4500 by means of 
sexagesimal fractions 119 

Incomposite (of number) = prime 184 
Ingrami, G . 30, 116 
Inverse (ratio), inversely (avdm\tv) 134: in

version is subject of v. 4, Por. (Theon) 
144, and of v . 7, Por. 149, but is not 
properly put in either place 149: Simson's 
Prop. B on, directly deducible from v . 
Defl 5, 144 

Isosceles triangle of IV. 10: construction of, 
by Pythagoreans 97-9 

Jacobi, C . F . A . 188 

Lachlan, K. 116, 117, 145-6, 147, 156, 171 
Lardner, D . 58, 159, 171 
Least common multiple 336-41 
Legend re 30: proves v i . 1 and similar pro

positions in two parts (1) for commen-
surables, (1) for incommensurables 193-4 

Lemma assumed in VI. 11,141-3: alternative 
propositions on duplicate ratios and ratios 
of which they are duplicate (De Morgan 
and others) 141-7 

Length, HTJKOS (of numbers in one dimension) 
187: Plato restricts term to side of inte
gral square number 187 

Leotaud, Vincent 41 
Linear (of numbers) = ( i ) in one dimension 

187, (1) prime 185 
Logical inferences, not made by Euclid 11 ,19 
Loria, G . 415 
Lucas, E . 416 
Lucian 99 

M e a n s : three kinds, arithmetic, geometric 
and harmonic 191-3: geometric mean is 



"proportionpar excellence" (Kvplas) 391-3: 
one geometric mean between two square 
numbers, two between two cube numbers 
(Plato) 194, 363-5: one geometric mean 
between similar plane numbers, two be
tween similar solid numbers 371-5: no 
numerical geometric mean between n and 
» +1 (Archytas and Euclid) 195 

Moderatus, a Pythagorean 180 
Multiplication, definition of 187 

an-Nairizi 5, 16, 18, 34, 36, 44, 47, 301, 310, 
383 

Nasiraddin at-Tus! 18 
Nesselmann, G . H . F . 187, 193 
Nicomachus 116, 119, 131, 179, 180, 181, 

181,183,184,185,186,187, 188, 189, 190, 
191, 191, 193, 194, 300, 363, 415 

Nixon, R . C.J. 16 
Number: denned by Thales, Eudoxus, 

Moderatus, Aristotle, Euclid 180: Nico
machus and Iamblichus on, 180: repre
sented by lines 188, and by points or dots 
188-9 

Oblong (of number): in Plato either TpopijKrjs 
or iTipon^icris 188: but these terms denote 
two distinct divisions of plane numbers in 
Nicomachus, Theon of Smyrna and Iam
blichus 189-90 

Octahedron 98 
O d d (number): defs. of in Nicomachus 181: 

Pythagorean definition 181: def. of odd 
and even by one another unscientific 
(Aristotle) 181: Nicom. and Iambi, dis
tinguish three classes of odd numbers 
(1) prime and incomposite, (1) secondary 
and composite, as extremes, (3) secondary 
and composite in itself but prime and in-
composite to one another, which is inter
mediate 187 

Odd-limes even (number): definition in Eucl . 
spurious 183-4, and differs from definitions 
by Nicomachus etc. ibid. 

Odd-times odd (number): denned in Eucl. but 
not in Nicom. and Iambi. 184: Theon of 
Smyrna applies term to prime numbers 
184 

Oenopides of Chios i l l 
" O r d e r e d " proportion {jtrayiUrii imXoyla), 

interpolated definition of, 137 

Pappus: lemma on Apollonius' Plane vevoeu 
64-5: problem from same work 81: assumes 
case of v i . 3 where external angle bisected 
(Simson's v i . Prop. A ) 197: theorem from 
Apollonius' Plane Loci 198: theorem that 
ratio compounded of ratios of sides is equal 
to ratio of rectangles contained by sides 
150: 4, 17, 19, 67, 79, 81, 113, 133, 111, 
150, 151, 191 

" Parallelepipedal" (solid) numbers: two of 
the three factors differ by unity (Nicoma
chus) 190 

Peletarius (Peletier): on angle of contact and 

angle of semicircle 41: 47, 56, 84, 146, 

' 9 ° 
Pentagon: decomposition of regular pentagon 

into 30 elementary triangles 98: relation to 
pentagram 99 

Pentagonal numbers 189 
"Per fec t" (of a class of numbers) 193-4, 

411-6: Pythagoreans applied term to 10, 
194: 3 also called "perfect" 194 

Perturbedproportion (TtrapayiUn) ivdXoyla) 
136, 176-7 

Pfleiderer, C . F . 1 
Philoponus 134, 181 
Plane numbers, product of two factors 

("sides" or " l e n g t h " and "breadth") 
187-8: in Plato either square or oblong 
187-8: similar plane numbers 193: one 
mean proportional between similar plane 
numbers 371-1 

Plato: construction of regular solids trom 
triangles 97-8: op golden section 99: 7/5 
as approximation to Ji, 119: on square 
and oblong numbers 188, 193: on bvwiutts 
(square roots or surds) 188, 190: theorem 
that between square numbers one mean 
suffices, between cube numbers two means 
necessary 194, 364 

Playfair, John 1 
Plutarch 98, 154 
Porism (corollary) to proposition precedes 

" Q . B . D . " or " Q . K . F . " 8, 64: Porism to IV. 
15 mentioned by Proclus 109: Porism to 
VI. 19, 134 

Polygonal numbers 189 
Powers, R. E . 416 
Prestet, Jean 416 
Prime (number): definitions of, 184-5: Aris

totle on two senses of " p r i m e " 185; 1 
admitted as prime by Eucl . and Aristotle, 
but excluded by Nicomachus, Theon of 
Smyrna and Iamblichus, who make prime 
a subdivision of odd 184-5 : "prime and 
incomposite (iavvBeroi)" 184 : different 
names for prime," odd-times odd " (Theon), 
" l inear" (Theon), "rectilinear" (Thy-
maridas), "euthymetric" (Iamblichus) 185: 
prime absolutely or in themselves as dis
tinct from prime to one another (Theon) 
185: definitions of " prime to one another" 
185-6 

Proclus: on absence of formal divisions of 
proposition in certain cases, e.g. iv . ro, 
100: on use of " quindecagon" for as
tronomy i l l : 4, 39, 40, 193, 147, 169 

Proportion: complete theory applicable to 
incommensurables as well as commen-
surables is due to Eudoxus 111: old 
(Pythagorean) theory practically repre
sented by arithmetical theory of Eucl. VII. 
113. in giving older theory as well Euclid 
simply followed tradition 113: Aristotle 
on general proof (new in his time) of 
theorem (allernando) in proportion 113: 
x . 5 as connecting two theories 113: De 
Morgan on extension of meaning of ratio 



to cover incommensurables 118 : power of 
expressing incommensurable ratio is power 
of approximation without limit 119: in-
terpolated definitions of proportion as 
"sameness" or "similarity of ratios" 119: 
definition in V. Def. 5 substituted for that 
of v n . Def. 20 because latter found inade-

3uate, not vice versa 121: D e Morgan's 
efence of V. Def. 5 as necessary and 

sufficient 122-4: v . Def. 5 corresponds to 
Weierstrass' conception of number in 
general and to Dedekind's theory of ir
rationals 124-6 : alternatives for v . Def. 5 
by a geometer-friend of Saccheri, by 
Faifofer, Ingrami, Veronese, Enriques and 
Amaldi 126: proportionals of VII. Def. 10 
{numbers) a particular case of those of V. 
Def. 5 (Simson's Props. C , D and notes) 
126-9: proportion in three terms (Aristotle 
makes it four) the "least" 131: "con
tinuous " proportion (vwexh* o r avvT\ixtUvr\ 
dvaXoyfa, in Euclid i(r)t iriXoym) 131, 293: 
three "proportions" 292, but proportion 
par excellence or primary is continuous Or 
geometric 292-3: " discrete " or " dis
joined" (Siflpijjt^n), iu^evyiutmi) 131, 293: 
" ordered " proportion (rtTayiUm)), inter
polated definition of, 137 : " perturbed " 
proportion (rerapa-ypfai) 136, 176-7 : ex
tensive use of proportions in Greek 
geometry 187: proportions enable any 
quadratic equation with real roots to be 
solved 187: supposed use of propositions of 
Book v . in arithmetical Books 314, 320 

Psellus 2̂ 4 
Ptolemy, Claudius: lemma about quadri

lateral in circle (Simson's VI. Prop. D) 
225-7: I I I , 117, 119 

Pyramidal numbers 290: pyramids truncated, 
twice-truncated etc. 291 

Pythagoras : reputed discoverer of construc
tion of five regular solids 97: introduced 
" the most perfect proportion in four terms 
and specially called ' harmonic'" into 
Greece 112: construction of figure equal 
to one and similar to another rectilineal 
figure 154 

Pythagoreans: construction of dodecahedron 
in sphere 97 : construction of isosceles 
triangle of IV. 10 and of regular pentagon 
due to, 97-8: possible method of discovery 
of latter 97-9: theorem about only three 
regular polygons filling space round a 
point 98: distinguished three sorts of 
means, arithmetic, geometric, harmonic 
i l l : had theory of proportion applicable 
to commensurables only 112: 7/5 as ap
proximation to 119: definitions of 
unit 279: of even and odd 281: called 10 
"perfec t" 294 

Quadratic equations: solution by means of 
proportions 187, 163-5, 266-7 : *-u>p"ids 
or condition of possibility of solving 
equation of Eucl . v i . 18,159: one solution 

only given, for obvious reasons 160, 164, 
267: but method gives both roots if real 
158 : exact correspondence of geometrical 
to algebraical solution 163-4, 266-7 

Quadrilateral: inscribing in circle of quadri
lateral equiangular to another 91 -1 : con
dition for inscribing circle in, 93, 95: 
quadrilateral in circle, Ptolemy's lemma 
on (Simson's v i . Prop. D ) , 125-7: quadri
lateral not a " polygon " 239 

"Quindecagon" (fifteen-angled figure): use
ful for astronomy 111 

Radius : no Greek word for, 2 
Ramus, P. 121 
R a t i o : definition of, 116-9, no sufficient 

f round for regarding it as spurious 117, 
arrow's defence of it 117: method of 

transition from arithmetical to more general 
sense covering incommensurables 118: 
means of expressing ratio of incommen
surables is by approximation to any degree 
of accuracy 119: def. of greater ratio only 
one criterion (there are others) 130: tests 
for greater equal and less ratios mutually 
exclusive 130-1: test for greater ratio 
easier to apply than that for equal ratio 
129-30: arguments about greater and less 
ratios unsafe unless they go back to original 
definitions (Simson on v . 10) 156-7: com
pound ratio 132-3, 189-90, 234: operation 
of compounding ratios 134: " ratio com
pounded of their sides " (careless expres
sion) 248: duplicate, triplicate etc. ratio 
as distinct from double, triple etc. 133 : 
alternate ratio, alternando 134: inverse 
ratio, inversely 134: composition of ratio, 
componendo, different from compounding 
ratios 134-5: separation of ratio, separando 
(commonly dividendo) 135 : conversion of 
ratio, convertendo 135: ratio ex aequali 
136, ex aequali in perturbed proportion 
136 : division of ratios used in Data as 
general method alternative to compounding 
249-50: names for particular arithmetical 
ratios 291 

Reciprocal or reciprocally related figures: 
definition spurious 189 

Reductio ad aisurdum, the only possible 
method of proving i l l . 1, 8 

" R u l e of three": VI. 11 equivalent to, 215 

Saccheri, Gerolamo 116, 130: proof of ex
istence of fourth proportional by v i . 1, 1, 
12, 170 

Savile, H . 190 
Scalene, a class of solid numbers 290 
Scholia: i v . N o . 2 ascribes Book i v . to 

Pythagoreans 97: v . N o . 1 attributes 
Book V. to Eudoxus i l l 

Scholiast to Clouds of Aristophanes 99 
Seclio canonis attributed to Euclid 195 
Sector (of circle): explanation of name: two 

kinds (1) with vertex at centre, (2) with 
vertex at circumference 5 



Sector-like (figure) 5 : bisection of such a 
figure by straight line 5 

Seelhoff, P . 426 
Segment of circle: angle of, 4 : similar seg

ments 5 
Semicircle: angle of, 4, 39-41 (see Ang le ) : 

angle in semicircle a right angle, pre-
Euclidean proof 63 

Separation of ratio, Sutipeo-ts \6yov, and 
separando (8te\6vTt) 135 : separando and 
componendo used relatively to one another, 
not to original ratio 168, 170 

Servais, C . 426 
Sides of plane and solid numbers 287-8 
Similar plane and solid numbers 293: one 

mean between two similar plane numbers 
371-2, two means between two similar 
solid numbers 294, 373-5 

Similar rectilineal figures: def. of, given in 
Aristotle 188: def. gives at once too little 
and too much 188: similar figures on 
straight lines which are proportional are 
themselves proportional and conversely 
(vi. 12), alternatives for proposition 242-7 

Similar segments of circles 5 
Simon, M a x 124, 134 
Simpson, Thomas 121 
Simson, R . : Props. C , D (Book v.) connect

ing proportionals of v n . Def. 20 as par
ticular case with those of v . Def. 5, 126-9: 
Axioms to Book v . 137: Prop. B (inver
sion) 144: Prop. E 'convertendo) 175: 
shortens v . 8 by compressing two cases 
into one 151-3: important note showing 
flaw in V. 10 and giving alternative 156-7: 
Book VI. Prop. A extending VI. 3 to case 
where external angle bisected 197: Props. 
B , C , D 111-7: remarks on v i . 17-9, 
*58-̂ : 2, 3. 8» « . 23. 33. 34. 37. 43. 49. 
S3. 70. 73. 79. 9°. M 7 . '31. 13*. '4°. 
1*3-4, 145, 146, 148, 154, 161, 161, 163, 
165, 170-1, 177, 179, 180, 181, 183, 184, 
185, 186, 189, 193, 195, 109, i n , i n , 
130-1. »38, 251, 269, 170. *72-3 

Size, proper translation of TijXucinjs in V. 
Def. 3, 116-7, .189-90 

Smith and Bryant, alternative proofs of v . 16, 
17,18 by means of v i . 1, where magnitudes 
are straight lines or rectilineal areas 165-6, 
169. 173-4 

Solid numbers, three varieties according to 
relative length of sides 290-1 

Spherical number, a particular kind of cube 
number 291 

Square number, product of equal numbers 
289, 191: one mean between square 
numbers 194, 363-4 

Stobaeus 180 

Sulxluplicate of any ratio found by VI. 13, 
216 

Swinden, J . H . van 188 
Sylvester, J . 416 

Tacquet, A . 111, 258 
Tannery, P. 111, 113 
Tartaglia, Niccolb 2, 47 
Taylor, H . M. 16, 12, 19, 56, 75, 101, 127, 

244. 247, 171 
Tetrahedron 98 
Thales i n , 280 
Theodosius 37 
Theon of Alexandria: interpolation in V. 13 

and Porism 144 : interpolated Porism to 
v i . 20, 239: additions to v i . 33 (about 
sectors) 274-6: 43, 109, 117, 119, 149, 151, 
161, 186, 190,134,135,140, 142,156,162, 
311, 311, 411 

Theon of Smyrna: i n , 119, 179, 180, 181, 
184, 285, 286, 188, 189, 190, 191, 192, 
293. 294, 415 

Thrasyllus 191 
Thymaridas 179, 185 
Timaeus of Plato 97-8, 194-5, 363 
Todhunter, I . , 3,1, 22, 49, 51, 52, 67, 73, 90, 

99, 172, 195. 202, 204, 208, 259, 271, 272, 
300 

Trapezium: name applied to truncated 
pyramidal numbers (Theon of Smyrna) 291 

Triangle : Heron's proof of expression for 
area in terms of sides, */s{s-a)(s-b){s-c) 
87-8: right-angled triangle which is hall 
of equilateral triangle used for construction 
of tetrahedron, octahedron and icosahedron 
(Timaeus of Plato) 98 

Triangular numbers 289 
Triplicate, distinct from triple, ratio 133 
at-Tusi, see Nasiraddln 

Uni t : definitions of, by Thymaridas, "some 
Pythagoreans," Chrysippus, Aristotle and 
others 279: Euclid's definition was that 
of the " more recent" writers 279: por&t 
connected etymologically by Theon of 
Smyrna and Nicomachus with pbvot (soli
tary) or pari (rest) 279 

Veronese, G . 30, 116 
Vie ta : on angle of contact 41 

Walker 104, 108, 159 
Wallis, John: on angle of contact ("degree 

of curvature") 41 
Weierstrass 114 
Woepcke 5 

Zenodorus 176 
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